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Abstract: 



Let K be a number field or a function field in one variable over a finite field, and let 
K scp be a separable closure of K. Let C/-RT be a smooth, complete, connected curve. We 
prove a strong theorem of Fekete-Szego type for adelic sets E = Y\ v E v on C which satisfy 
local rationality conditions at finitely many places v of K, showing that under appropriate 
conditions there are infinitely many points in C(K sep ) whose conjugates all belong to E v at 
each place v. We give several variants of the theorem, including two for Berkovich curves, 
and we provide examples illustrating the theorem on the projective line and on elliptic 
_ ^ curves, Fermat curves, and modular curves. 
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Introduction 

One of the gems of mid-twentieth century mathematics was Raphael Robinson's theorem 
on totally real algebraic integers in a closed interval [a, b]: 

Theorem (Robinson [48], 1964). Let a < b G R. If b — a > 4, then there are infinitely 
many totally real algebraic integers whose conjugates all belong to the interval [a, b] . If 
b — a < 4, there are only finitely many. 

Four years later, he gave a criterion for the existence of totally real units in [a, b]: 

Theorem (Robinson [49], 1968). Suppose < a < b G R satisfy the conditions 

(0.1) log(^) > , 

, no , , ,b-a ,b-a ( Vft + ^/a \ 2 

(0.2) lo ^^)- lo ^i^)-( lo s(7rr^)) >0 - 

Then there are infinitely many totally real units a whose conjugates all belong to [a,b]. If 
either inequality is reversed, there are only finitely many. 

David Cantor's "Fekete-Szego theorem with splitting conditions" on the projective line 
( [14] . 1980) formulated Robinson's theorems adelically and set them in a potential-theoretic 
framework. In this work we generalize the Fekete-Szego theorem with splitting conditions 
to algebraic curves. Below we state the theorem, recall some history, and outline its proof. 

Let K be a global field, that is, a number field or a finite extension of F p (T) for some 
prime p. Let K be a fixed algebraic closure of K, and let K scp CKbe the separable closure 
of K. We will write Aut(K/K) for the group of automorphisms Aut(K/K) ^ Gal(K sep /K). 
Let M.k be the set of all places of K. For each v G M-k, let K v be the completion 
of K at v, let K v be an algebraic closure of K v , and let <C„ be the completion of K v . 
We will write Aut c (C„ / 'K v ) for the group of continuous automorphisms of C v /K v ; thus 
Aut c (C v /K v ) ^ Aut(K v /K v ) e* G&1(KT P /K V ). 

Let C/K be a smooth, geometrically integral, projective curve. Given a field F con- 
taining K, put Cf = C Xk Spec(i ? ) and write C(F) for the set of .F-rational points 
HoinF(Spec(-F),Cp); write F(C) for its function field. When F = K v , write C v for Ck v . 

Let X = {xi, . . . ,x m } be a finite, galois-stable set points of C(K), and let E = Mk = 
YlveM - E v be a K-rational adelic set for C, that is, a product of sets E v C ^(C^) such 
that each E v is stable under Aut c (C^/K^). For each v, fix an embedding K M- C v over 
K, inducing an embedding C(K) <-} C V (C V ). In this way X can be regarded as a subset 
of C V (C V ): since X is galois-stable, its image is well-defined, independent of the choice of 
embedding. The same is true for any other galois-stable set of points in C(K), for instance, 
the set of Aut(K /./^-conjugates of a given point a G C(K). 
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We will call a set E v C C V (C V ) an RL-domain ('Rational Lemniscate Domain') if there is 
a nonconstant rational function f v (z) £ C V (C V ) such that E v = {z E C V (C V ) : \f v {z)\ v < !}• 
This terminology is due to Cantor. By combining ( |26| . Satz 2.2) with ( |51j . Corollary 
4.2.14), one sees that a set is an RL-domain if and only if it is a strict afnnoid subdomain 
of C V (C V ), in the sense of rigid analysis. 

Fix an embedding C <—} P^ = P / Spec(K) for an appropriate N, and equip P^ with 
a system of homogeneous coordinates. For each nonarchimedean v, this data determines 
a model £ v / Spec(O v ) . There is a natural metric ||x,y||^ on P^ f (C 1) ): the chordal distance 
associated to the Fubini-Study metric, if v is archimedean; the u-adic spherical metric, 
if v is nonarchimedean (see §3141 below). The metric ||x,y||„ induces the f-topology on 
C V (C V ). Given a £ C V (C V ) and r > 0, we write B(a,r)~ = {z £ C V (C V ) : \\z, a\\ v < r} and 
B(a,r) = {z £ C V (C V ) : \\z, a\\ v < r} for the corresponding 'open' and 'closed' balls. 

Definition 0.1. If v is a nonarchimedean place of K, a set E v C C V (C V ) will be called X- 
trivial if £ v has good reduction at v, if the points of X specialize to distinct points (mod v), 
and if E v = C(C)\ U£i B (^ !)"• 

Definition 0.2. An adelic set E = rLe.M • &v C JXex • ^«(^) wiu be called compat- 
ible with X if the following conditions hold: 

(1) Each E v is bounded away from X in the u-topology; 

(2) For all but finitely many v, E v is j£-trivial. 

If E v is j£-trivial, it consists of all points of C V (C V ) which are X- integral at v for the 
model £„, i.e. which specialize to points complementary to X (mod v). If E v is X-trivial, 
it an RL-domain and is stable under Aut c (C v /K v ). The property of compatibility is 
independent of the embedding C ^-> P^ and the choice of coordinates on P^. 

There is a potential-theoretic measure of size for the adelic set E relative to the set of 
global points X: the Cantor capacity 7(E, X), defined in (|0.10p below. Our main result is: 

Theorem 0.3 (Fekete-Szego Theorem with Local Rationality Conditions, producing 
points in E). Let K be a global field, and let C/K be a smooth, geometrically integral, 
projective curve. Let X = {x±, . . . ,x m } C C(K) be a finite set of points stable under 
Aut(K/K), and let E = FJ^ E v C Yl v C V (C V ) be an adelic set compatible with X. Let 
S C Mk be a finite set of places v, containing all archimedean v, such that E v is X-trivial 
for each v ^ S. 

Assume that 7(E, X) > 1. Assume also that E v has the following form, for each v E S: 

(A) If v is archimedean and K v = C, then E v is compact, and is a finite union of sets 
E Vj £, each of which is the closure of its C V (C) -interior and has a piecewise smooth boundary; 

(B) If v is archimedean and K v = M., then E v is compact, stable under complex conju- 
gation, and is a finite union of sets E v £, where each E V £ is either 

(1) the closure of its C V (C) -interior and has a piecewise smooth boundary, or 

(2) is a compact, connected subset ofC v (M); 

(C) If v is nonarchimedean, then E v is stable under Aut c (C v /K v ) and is a finite union 
of sets E v< £, where each E v> £ is either 

(1) an RL-domain or a ball B(a£,r£), or 

(2) is compact and has the form C v (F We )DB(a£, r£j for some finite separable extension 
F W( /K V in C v , and some ball B(a,£,r£). 

Then there are infinitely many points a £ C(K scp ) such that for each v G Mr, the 
Aut(K/K)- conjugates of a all belong to E v . 
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Note that for a given v, the extensions F W( /K V need not be galois, the sets E V £ may 
overlap, and sets E v i of more than one type (intervals, sets with nonempty interior, RL- 
domains, balls, compact sets) may occur. The main content of the theorem is the satisfia- 
bility of the local rationality conditions (the fact that the E v i can be taken to be subsets 
of the C v (F Wt i) and the conjugates belong to E v , for each v); the Fekete-Szegd theorem 
without local rationality conditions, which constructs points a whose conjugates belong 
to arbitrarily small C V {C V ) neighborhoods of E v , was proved in ( |51j . Theorem 6.3.2). In 
§2141 we provide examples due to Daeshik Park, showing the need for the hypothesis of 
separability for the extensions F Wt /K v in (C2) of the theorem. 

Suppose that in the theorem, for each v G S we have E v C C V (K V ). Then for each 
v £ S, the conjugates of a belong to C V (K V ), which means that v splits completely in K(a). 
In this case, we speak of "the Fekete-Szegd theorem with splitting conditions" . 

Often it is the corollaries of a theorem, which are weaker but easier to apply, that are 
most useful. The following consequence of the Fekete-Szego theorem with local rationality 
conditions strengthens Laurent Moret-Bailly's theorem on "Incomplete Skolem Problems" 
( |39j Theoreme 1.3, p. 182) for curves, but does not require evaluating capacities. 

Corollary 0.4 (Fekete-Szegd with LRC, for Incomplete Skolem Problems). Let K 
be a global field, and let A/K be a geometrically integral {possibly singular) affine curve, 
embedded in A for some N. Let z\, . . . , zjy be the coordinates on A ; given a place v of 
K and a point P G K N {C v ), write \\P\\ V = max(|zi(P)|„, . . . , \zn(P)\ v ). 

Fix a place vq of K , and let S C Mk\{vo} be a finite set of places containing all 
archimedean v ^ vq. For each v £ S, let a nonempty set E v C A V (C V ) satisfying condition 
{A), (B) or (C) of Theorem 10.31 be given, and put Eg = Y\ veS E v . Assume that for each 
v G M.k\(S U {vo}) there is a point P G A(C V ) with \\P\\ V < 1. Then there is a constant 
C = C(A,E,s,vq) such that there are infinitely many points a G A(K sep ) for which 

(1) for each v G S, all the conjugates of a in A V (C V ) belong to E v ; 

(2) for each v G M. k\(S 'U {vq}) , all the conjugates of a in A V (C V ) satisfy \\o~(a)\\ Vo < 1; 

(3) for v = vo, all the conjugates of a in A Vo (C Vo ) satisfy \\cr(a)\\ VQ < C. 

In Chapter [T] below, we will give several variants of Theorem l0.3l including one involving 
"quasi-neighborhoods" analogous to the classical theorem of Fekete and Szego, one for more 
general sets E using the inner Cantor capacity 7(E, X), and two for sets on Berkovich curves. 
Theorem 10.31 Corollary 10.41 and the variants in Chapter Q] will be proved in Chapter HJ 



Some History 

The original theorem of Fekete and Szego ( [25] . 1955) said that if E C C is a compact 
set, stable under complex conjugation, with logarithmic capacity ^^(E) > 1, then every 
neighborhood U of E contains infinitely many conjugates sets of algebraic integers. (The 
neighborhood U is needed to 'fatten' sets like a circle E = C(0, r) with transcendental 
radius r, which contain no algebraic numbers.) 

A decade later Raphael Robinson gave the generalizations of the Fekete-Szego theo- 
rem for totally real algebraic integers and totally real units stated above. Independently, 
Bertrandias gave an adelic generalization of the Fekete-Szego theorem concerning algebraic 
integers with conjugates near sets E p at a finite number of p-adic places as well as the 
archimedean place (see Amice [3], 1975). 
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In the 1970's David Cantor carried out an investigation of capacities on P 1 dealing 
with all three themes: incorporating local rationality conditions, requiring integrality with 
respect to multiple poles, and formulating the theory adelically. In a series of papers 
culminating with ( |16j . 1980), he introduced the Cantor capacity 7(E, X), which he called 
the extended transfinite diameter. 

Cantor's capacity 7(E, X) is defined by means of a minimax property which encodes 
a finite collection of linear inequalities; its definition is given in (|0.10p below. The points 
in X will be called the poles for the capacity. In the special case where C = P 1 and 
X = {0,oo}, Cantor's conditions are equivalent those in Robinson's unit theorem. Among 
the applications Cantor gave in ( |16j ) were generalizations of the Polya-Carlson theorem and 
Fekete's theorem, and the Fekete-Szego theorem with splitting conditions. Unfortunately, 
as noted in ( |53| ). the proof of the satisfiability of the splitting conditions had gaps. 

In the 1980's the author ( |51j ) extended Cantor's theory to curves of arbitrary genus, 
and proved the Fekete-Szego theorem on curves, without splitting conditions. As an ap- 
plication he obtained a local-global principle for the existence of algebraic integer points 
on absolutely irreducible affine algebraic varieties ( |55j ). which had been conjectured by 
Cantor and Roquette (|17|). 

Moret-Bailly and Szpiro recognized that the theory of capacities (which imposes condi- 
tions at all places) was stronger than was needed for the existence of integral points. They 
reformulated the local-global principle in scheme-theoretic language as an "Existence Theo- 
rem" for algebraic integer points, and gave a much simpler proof. Moret-Bailly subsequently 
gave far-reaching generalizations of the Existence Theorem ( [38] . |39j . [40] ). which allowed 
imposition of i^-rationality conditions at a finite number of places, for a finite galois ex- 
tension F w /K v , and applied to algebraic stacks as well as schemes. However, the method 
required that there be at least one place vq where no conditions are imposed. Roquette, 
Green, and Pop ( |50| ) independently proved the Existence Theorem with i^-rationality 
conditions, and Green, Matignon, and Pop ( |30| ) have given very general conditions on 
the base field K for such theorems to hold. Rumely ( |55| ). van den Dries ( |66| ). Prestel- 
Schmidt (|47|). and others have given applications of these results to decision procedures 
in mathematical logic. 

Recently Tamagawa ( |63| ) proved an extension of the Existence Theorem in charac- 
teristic p, which produces points that are unramified outside Vq an d the places where the 
.F^-rationality conditions are imposed. 

The Fekete-Szego theorem with local rationality conditions constructs algebraic numbers 
satisfying conditions at all places. At its core it is analytic in character, while the Existence 
Theorem is algebraic. The proof of the Fekete-Szego theorem involves a process called 
"patching", which takes an initial collection of local functions f v (z) £ K V (C) with poles 
supported on X and roots in E v for each v, and constructs a global function G(z) G K(C) 
(of much higher degree) with poles supported on X, whose roots belong to E v for all v. In 
his doctoral thesis, Pascal Autissier ([6]) gave a reformulation of the patching process in 
the context of Arakelov theory. 

In ( |52j . [53] ) the author proved the Fekete-Szego theorem with splitting conditions 
for sets E in P 1 , when X = {00}. Those papers developed a method for carrying out 
the patching process in the p-adic compact case, and introduced a technique for patching 
together archimedean and nonarchimedean polynomials over number fields. 

When C = ¥ 1 /K, with K a finite extension of ¥ p (T), the Fekete-Szego theorem with 
splitting conditions was established in the doctoral thesis of Daeshik Park ([ 
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A Sketch of the Proof of the Fekete-Szego Theorem 

In outline, the proof of the classical Fekete-Szego theorem ( |25j . 1955) is as follows. Let a 
compact set £cC and a complex neighborhood U of E be given. Assume E is stable under 
complex conjugation, and has logarithmic capacity / j OQ (E) > 1. For simplicity, assume also 
that the boundary of E is piecewise smooth and the complement of E is connected. 

Under these assumptions, there is a real- valued function G(z,oo;E), called the Green's 
function of E respect to oo, which is continuous on C, on E, harmonic and positive in 
C\E, and has the property that G(z, oo; E) — log(|z|) is bounded as z — > oo. (We write 
log(x) for \n(x).) The theorem on removable singularities for harmonic functions shows that 
the Robin constant, defined by 

V^E) = lim G(z,oo;E)-log(\z\) , 

exists. By definition 7 co (i?) = e~ Vca ^ E '; our assumption that ^^(E) > 1 means V oc (E) < 0. 
It can be shown that Voo(E) is the minimum possible value of the 'energy integral' 



Iao(v) = II -logflz - w\) dv(z)dv(w) 
J JexE 

as v ranges over all probability measures supported on E. There is a unique probability 
measure fj,^ on E, called the equilibrium distribution of E with respect to oo, for which 

Voo(E) = // -\og(\z-w\)d/j, 00 (z)dfj, 00 (w). 

J JExE 

The Green's function is related to the equilibrium distribution by 

G(z,oo;E)-V OQ (E) = [ logflz - w\) d/iooH ■ 

Je 

Because of its uniqueness, the measure jj,^ is stable under complex conjugation. Taking 
a suitable discrete approximation /ijv = jj Sj=i ^.O 2 ) t° ^oo, stable under complex conju- 
gation, one obtains a monic polynomial f(z) = \\ i= i{z — Xi) G R[z] such that -^ log(|/(z)|) 
approximates G(z, oo, E) — V 00 (E) very well outside U. If the approximation is good enough, 
then since Voo(E) < 0, there will be an e > such that log(|/(z)|) > e outside U. 

One then uses the polynomial f(z) G M.[z] to construct a monic polynomial G(z) G Z[z] 
of much higher degree, which has properties similar to those of f(z). The construction is as 
follows. By adjusting the coefficients of f(z) to be rational numbers and using continuity, 
one first obtains a polynomial f(z) £ Q[z]. and an R > 1 such that \f(z)\ > R outside 
U. For suitably chosen n, the multinomial theorem implies that f(z) n will have a pre- 
designated number of high-order coefficients in Z. By successively modifying the remaining 
coefficients of G^°'(z) := P(z) n from highest to lowest order, writing k = mN + r and 
adding 5k ■ z r P(z) m to change a^,z k with a^ G R to (a*; + 5k)z k with a*, + 5t G Z (the 
"patching" process), one obtains the desired polynomial G(z) = G^ n '(z) G Z[z]. One uses 
the polynomials 6kZ r (f){z) rn in patching, rather than simply the monomials 8}~z , in order to 
control the sup-norms ||^ r (^(z) m ||£;. Each adjustment changes all the coefficients of order k 
and lower, but leaves the higher coefficients unchanged. Using a geometric series estimate 
to show that |G(z)| > 1 outside U, one concludes that G{z) has all its roots in U. The 
algebraic integers produced by the classical Fekete-Szego theorem are the roots of G{z) — 1 
for £= 1,2,3,.... 
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The proof of the Fekete-Szego theorem with local rationality conditions follows the same 
pattern, but with many complications. These arise from working on curves of arbitrary 
genus, from arranging that the zeros avoid the finite set X = {x\,. . . ,x m } instead of a 
single point, from working adelically, and from imposing the local rationality conditions. 

We will now sketch the proof in the situation where E v C C V (K V ) for each v E S. The 
proof begins reducing the theorem to a setting where one is given a C„(C„)-neighborhood 
U v of E v for each v, with U v = E v if v £ S, and one must construct points a E C(K scp ) 
whose conjugates belong to U v n C V (K V ) for each v E S, and to U v for each v ^ S. The 
strategy is to construct rational functions G{z) E K(C) with poles supported on X, whose 
zeros have the property above. 

One first constructs an 'initial approximating function' f v (z) E K V (C) for each v E S. 
Each f v (z) has poles supported on X and zeros in U v , with the zeros in C V (K V ) iivES. All 
the f v (z) have the same degree N, and they have the property that outside U v the logarithms 
\og v (\ f(z)\ v closely approximate a weighted sum of Green's functions G(z,Xi;E v ). The 
weights are determined by E and X, through the definition of the Cantor capacity. 

The construction of the initial approximating functions is one of the hardest parts of 
the proof. When working on curves of positive genus, one cannot simply take a discrete 
approximation to the equilibrium distribution, but must arrange that the divisor whose 
zeros come from that approximation and whose poles have the prespecified orders on the 
points in X, is principal. For places v E S there are additional constraints. When K v = K 
and E v C C t ,(K), one must assure that f v (z) is real- valued and oscillates between large 
positive and negative values on E v (a property like that of Chebyshev polynomials, first 
exploited by Robinson). In this work, we give a general potential-theoretic construction 
of oscillating functions. When K v is nonarchimedean and E v C C V (K V ), one must arrange 
that the zeros of f v (z) belong to U v n C V {K V ) and are uniformly distributed with respect 
to a certain generalized equilibrium measure. Both cases are treated by constructing a 
nonprincipal divisor with the necessary properties, and then carefully moving some of its 
zeros to obtain a principal divisor. In this construction, the 'canonical distance function' 
[x,y]<;, introduced in ( |51| . §2.1), plays an essential role: given a divisor D of degree 0, the 
canonical distance tells what the i>-adic absolute of a function with divisor D 'would be', if 
such a function were to exist. 

A further complication is that for archimedean v, one must arrange that the leading 
coefficients of the Laurent expansions of f v (z) at the points xi E X have a property of 
'independent variability'. When K v = C, this was established in (|51j) by using a convexity 
property of harmonic functions. When K v = R, we prove it by a continuity argument 
ultimately resting on the Brouwer Fixed Point theorem. 

Once the initial approximating functions f v (z) have been constructed, we modify them 
to obtain 'coherent approximating functions' (j> v (z) with specified leading coefficients, us- 
ing global considerations. We then use the 4> v (z) to construct 'initial patching functions' 

Gv (z) E K V (C) of much higher degree which still have their zeros in U v (and in C V (K V ), 

for v E S). The Gv (z) are obtained by raising the 4> v (z) to high powers, or by composing 
them with Chebyshev polynomials or generalized Stirling polynomials if v E S. (This idea 
goes back to Cantor |16j .) 

We next "patch" the functions G v (z), inductively constructing ^-rational functions 

(G v (z)) v€ s, k = 1, 2, . . . , n, for which more and more of the high order Laurent coefficients 
(relative to the points in X) are ET-rational and independent of v. In the patching process, 
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we take care that the roots of G v (z) belong to U v for all v, and belong to C V (K V ) for each 
v G S. In then end we obtain a global X-rational function G^ n '(z) = G v n (z) independent 
of v, which "looks like" G v (z) at each v G S. 

The patching process has two aspects, global and local. 

The global aspect concerns achieving i^-rationality for G(z), while assuring that its 
roots remain outside the balls B v (xi,l)~ for the infinitely many v where E v is X-trivial. 
It is necessary to carry out the patching process in a galois-invariant way. For this, we 
construct an Au^if/iiQ-equivariant basis for the space of functions in K(C) with poles 
supported on X, and arrange that when the functions G v (z) are expanded relative to this 
basis, their coefficients are equivariant under Aut c (C v /K v ). 

The most delicate step involves patching the leading coefficients: one must arrange that 
they be S- units (the analogue of monicity in the classical case) . The argument can succeed 
only if the orders of the poles of the f v (z) at the x% lie in a prescribed ratio to each other. 
The existence of such a ratio is intimately related to the fact that j(K,X) > 1, and is at 
the heart of the definition of the Cantor capacity, as will be explained below. 

The remaining coefficients must be patched to be S'-integers. As in the classical case, 
patching the high-order coefficients presents special difficulties. In general there are both 
archimedean and nonarchimedean places in S. It is no longer possible to use continuity and 
the multinomial theorem as in the classical case; instead, we use a phenomenon of 'magni- 
fication' at the archimedean places, first applied in ( |53| ). together with a phenomenon of 
'contraction' at the nonarchimedean places. In the function field case, additional compli- 
cations arise from inseparability issues. A different method is used to patch the high order 
coefficients than in the number field case: in the construction of initial patching functions, 
we arrange that the high order coefficients are all 0, and that the patching process for the 
leading coefficients preserves this property. 

The local aspect of the patching process consists of giving 'confinement arguments' 
showing how to keep the roots of the Gv (z) in the sets E v , while modifying the Laurent 
coefficients. Four confinement arguments are required, corresponding to the cases K v = C, 
K v — R with E v C C V (M), K v nonarchimedean with E v being an RL-domain, and K v 
nonarchimedean with E v C C V (K V ). The confinement arguments in first and third case are 
adapted from ( |51| ). and those in the second and fourth case are generalizations of those 

in ( |53| ). The fourth case involves locally expanding the functions Gi, (z) as u-adic power 
series, and extending the Newton polygon construction in ( |53| ) from polynomials to power 
series. A crucial step involves moving apart roots which have come close to each other. 
This requires the theory of the Universal Function developed in Appendix \C\ and the local 
action of the Jacobian developed Appendix [Dl 

The Definition of the Cantor Capacity 

We next discuss the Cantor capacity j(E,X), which is treated more fully in ( |51| . §5.1). 
Our purpose here is to explain its meaning and its role in the proof of the Fekete-Szego 
theorem. First, we will need some notation. 

If v is archimedean, write log„(x) = ln(x). If v is nonarchimedean, let q v be the order 
of the residue field of K v , and write log„(x) for the logarithm to the base q v . 
Let q v = e if K v = R and q v = e 2 if K v ^ C. 
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Define normalized absolute values on the K v by letting \x\ v = \x\ if v is archimedean, 
and taking \x\ v to be the the modulus of additive Haar measure if v is nonarchimedean. 
For 7^ k G K, the product formula reads 

J2log v {\K\ v )log(q v ) = . 
v 

Each absolute value has a unique extension to C v , which we continue to denote by |x|„. 

For each £ G C V (C V ), the canonical distance [z,w]^ on C V (C V )\{(} (constructed in §2.1 
of [51] ) plays a role in the definition of 7(E, X) similar to the role of the usual absolute value 
\z — w\ on P 1 (C)\{oo} for the classical logarithmic capacity j(E). The canonical distance 
is a symmetric, real-valued, non-negative function of z,w G C„(C„), with [£,iu]£ = if and 
only if z = w. For each w, it has a "simple pole" as z — >■ £. It is uniquely determined up to 
scaling by a constant. The constant can be specified by choosing a uniformizing parameter 
g^(z) £ C V (C) at z = £, and requiring that 

(0.3) lim [z,w] c ■ \gc(z)\ v = 1 

for each w. One definition of the canonical distance is that for each w, 

[z,w] c = lim \Uz)\ l J dc ^ M 

n— >oo 

where the limit is taken over any sequence of functions f n (z) G C„(C) having poles only at 
C whose zeros approach w, normalized so that 

lhn\f n (z) gi: (z) dc ^M\ v = 1. 

z^C, 

A key property of [z, w]^ is that it can be used to factor the absolute value of a rational 
function in terms of its divisor: for each f(z) G C V (C), there is a constant C(f) such that 

i/(*)i« = c(f)-niz, X ]° M * if) 

for all z ^ Q. For this reason, it is 'right' kernel for use in arithmetic potential theory. 



The Cantor capacity is defined in terms of Green's functions G(z, x,; E v ). We first intro- 
duce the Green's function for compact sets H v C C V (C V ), where there is a potential-theoretic 
construction like the one in the classical case. Suppose £ ^ H v . For each probability measure 
v supported on H v , consider the energy integral 



k( v ) = -log v ([z,w]{) dv(z)di/(w) . 

Define the Robin constant 

(0.4) V C (H V ) = inf/ c H . 

It can be shown that either V^(H V ) < 00 for all ( ^ E v , or V^(H V ) = 00 for all ( ^ E v (see 
Lemma l3.15p . In the first case we say that H v has positive inner capacity, and the second 
case that it has inner capacity 0. 

If H v has positive inner capacity, there is a unique probability measure [ir on H v which 
achieves the infimum in (j0.4p . It is called the equilibrium distribution of H v with respect 
to £. We define the Green's function by 

(0.5) G(z,(;H v ) = V C (H V )+ I log v ([z,w] c )dfi ( (w) . 
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It is non-negative and has a logarithmic pole as z — > £. If H v has inner capacity 0, we put 
G(z, C; H v ) = oo for all z, (. 

The Green's function is symmetric for z, £ ^ H v , and is monotone decreasing in the set 
H v : for compact sets H v C H' v , and z, ( $. E' v 

(0.6) G(z,C;H v ) > G(z,C,K) . 

If H v has positive inner capacity, then for each neighborhood U D il„, and each e > 0, 
by taking a suitable discrete approximation to //£, one sees that there are an N > and a 
function f v (z) E C^(C) of degree N, with zeros in U and a pole of order N at £, such that 

\G(z,C,H v )-^log v (\f v (z)\ v )\ < e 

for all z e C V (C V )\(U U {(}). 

In |51j . Green's functions G(z, £; -£„) are defined for compact sets E v in the archimedean 
case, and by a process of taking limits, for 'algebraically capacitable' sets in the nonar- 
chimedean case. Algebraically capacitable sets include all sets that are finite unions of 
compact sets and affinoid sets; see ([51J, Theorem 4.3.11). In particular, the sets E v in 
Theorem 10.31 are algebraically capacitable. 

We next define local and global 'Green's matrices'. Let L/K be a finite normal exten- 
sion containing K{X). For each place v of K and each w of L with w\v, after fixing an 
isomorphism C w = C v , we can pull back E v to a set E w C C W (C W ). The set E w is inde- 
pendent of the isomorphism chosen, since E v is stable under Aut c (C v /K v ). If we identify 
C V (C V ) and C W (C W ), then for z, ( ^ E v 

(0.7) G(z, C; E w ) log{q w ) = [L w : K v ] ■ G{z, (; E v ) log{q v ) . 

For each xi G X, fix a global uniformizing parameter g Xi {x) E L(C) and use it to define 
the upper Robin constants V Xi {E w ) for all w. For each w, let the 'local upper Green's 
matrix' be 



(0.8) T{E W ,X) 



( V X1 (E W ) G(x 1 ,x 2 ;E w ) ■■■ G(xi,x m ;E w ) \ 

G(x 2 ,x 1 ;E w ) V X2 (E W ) ■■■ G(x 2 ,x m ;E w ) 



\ G(x m ,xi;E w ) G(x m ,X2;E w ) ••• V Xm (E w ) J 

Symmetrizing over the places of L, define the 'global Green's matrix' by 

(0.9) r(E,£) = jj^— J2 nE w ,3L)log(q w ) . 

If IE is compatible with X, the sum defining r(E, X) is finite. By the product formula, 
r(E, X) is independent of the choice of the g Xi (z). By (|0.7p it is independent of the choice 
of L. 

The global Green's matrix is symmetric and non-negative off the diagonal. Its entries 
are finite if and only if each E v has positive inner capacity. 

Finally, for each ET-rational E compatible with X, we define the Cantor capacity to be 
(0.10) 7 (E,X) = e - y ^ x) , 
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where V(E, X) = val(r(E, X)) is the value of T(E, 36) as a matrix game. Here, for any mxm 
real- valued matrix T, 

(0.11) val(r) = max min sTf 

where V m = { 4 (si, • . • , s m ) G M m : si, . . . , s m > 0, ^ s, = 1} is the set of m-dimensional 
'probability vectors'. Clearly 7(E, X) > if and only if each E v has positive inner capacity. 

The hidden fact behind the definition is that val(r) is a function of matrices which, for 
symmetric real matrices T which are non-negative off the diagonal, is negative if and only 
if r is negative definite: this is a consequence of Frobenius' Theorem (see ( |51j . p. 328 and 
p. 331) and (|28j. p. 53). Thus, j(M,X) > 1 if and only if T(E, X) is negative definite. 

If T(E, X) is negative definite, there is a unique probability vector s*= (si, . . . , s m ) such 
that 

( r 

(0.12) T(E,X)s = : 

V v 

has all its coordinates equal. From the definition of val(r), it follows that V = V(E, X) < 0. 
For simplicity, assume in what follows that shas rational coordinates (in general, this fails; 
overcoming the failure is a major difficulty in the proof). 

The probability vector s~ determines the relative orders of the poles of the function G(z) 
constructed in the Fekete-Szego theorem. The idea is that the initial local approximating 
functions f v {z) should have polar divisor Y^i=i N'sifai) for some N, and be such that for 
each v, outside the given neighborhood U v of E v 

. m 

i=i 

(At archimedean places, this will only hold asymptotically as z — > Xi, for each Xj.) The fact 
that the coordinates of r(E,X)s are equal means it is possible to scale the f v (z) so that in 
their Laurent expansions at Xi, the leading coefficients c V i satisfy 



^2^og v (\c v>i \ v )log(q v ) = 



compatible with the product formula, allowing the patching process to begin. Reversing 
this chain of ideas lead Cantor to his definition of the capacity. 

For readers familiar with intersection theory, we remark that an Arakelov-like adelic 
intersection theory for curves was constructed in ( |56] ). The arithmetic divisors in that 
theory include all pairs V = (D, {G(z, D; E v )} v£ _m k ) where D = ^S=i s i( x i) 1S a if -rational 
divisor on C with real coefficients and G(z,D;E v ) = Yli=i s iG(z,Xi] E v ). If s = s is the 
probability vector constructed in (10.12[) . then relative to that intersection theory 

V(E,X) = *sT(E,£)s = V-V < . 

As noted by Moret-Bailly, this says that the Fekete-Szego Theorem with local rationality 
conditions can be viewed as a kind of arithmetic contractibility theorem. 
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Outline of the Manuscript 

In this section we outline the contents and main ideas of the work. 

This Introduction, and Chapters Q] and [21 are expository, intended to give perspective on 
the Fekete-Szego theorem. In the Introduction we have recalled history, sketched the proofs 
of the classical Fekete-Szego theorem and Theorem 10.31 and defined the Cantor capacity. 
In Chapter Q] we state six variants of the theorem, which extend it in different directions. 
These include a version producing points in 'quasi-neighborhoods' of E, generalizing the 
classical Fekete-Szego theorem; a version producing points in E under weaker conditions 
than those of Theorem 10.3) a version which imposes ramification conditions at finitely 
many primes outside S; a version for algebraically capacitable sets which expresses the 
Fekete/Fekete-Szego dichotomy in terms of the global Green's matrix r(E, 3£); and two 
versions for Berkovich curves. 

In Chapter [2] we give numerical examples illustrating the theorem on P , elliptic curves, 
Fermat curves, and modular curves. We begin by proving several formulas for capacities and 
Green's functions of archimedean and nonarchimedean sets, aiming to collect formulas useful 
for applications and going beyond those tabulated in ( |51| . Chapter 5). In the archimedean 
case, we give formulas for capacities and Green's functions of one, two, and arbitrarily 
many intervals in R. The formulas for two intervals involve classical theta-functions, and 
those for multiple intervals (due to Harold Widom) involve hyperelliptic integrals. In the 
nonarchimedean case we give a general algorithm for computing capacities of compact sets. 
We determine the capacities and Green's functions of rings of integers, groups of units, and 
bounded tori in local fields. We also give the first known computation of a capacity of a 
nonarchimedean set where the Robin constant is not a rational number. 

In the global case, we give numerical criteria for the existence/non-existence of infinitely 
many algebraic integers and units satisfying various geometric conditions. The existence 
of such criteria, for which the prototypes are Robinson's theorems for totally real algebraic 
integers and units, is one of the attractive features of the subject. In applying a general 
theorem like the Fekete-Szego theorem with local rationality conditions, it is often necessary 
to make clever reductions in order to obtain interesting results, and we have tried to give 
examples illustrating some of the reduction methods that can be used. 

Our results for elliptic curves include a complete determination of the capacities (relative 
to the origin) of the integral points on Weierstrass models and Neron models. Our results 
for Fermat curves are based on McCallum's determination of the special fibre for a regular 
model of the Fermat curve J- p over Q p ((p). They show how the geometry of the model (in 
particular the number of 'tame curves' in the special fibre) is reflected in the arithmetic 
of the curve. Our results for the modular curves X${p) use the Deligne-Rapoport model. 
In combination, they illustrate a general principle that it is usually possible to compute 
nonarchimedean local capacities on a curve of higher genus, if a regular model of the curve 
is known. 

Beginning with Chapter EJ we develop the theory rigorously. 

Chapter [3] covers notation, conventions, and foundational material about capacities and 
Green's functions used throughout the work. An important notion is the (3t, s*)-canonical 
distance [z, w]x,s- Given a curve C/K and a place v of K, we will be interested in construct- 
ing rational functions / G C V (C V ) whose poles are supported on a finite set X = {x\, . . . , x m } 
and whose polar divisor is proportional to YlT=i s i( x «)> where s = (s\, . . . , s m ) is a fixed 
probability vector. The (X, s)-canonical distance enables to treat |/(z)|„ like the absolute 
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value of a polynomial, factoring it in terms of the zero divisor of / as 

\f(z)\ v = C(/)- [] [z,ai] Xtg . 

zeros a.i of / 

Furthermore, the product on the right - which we call an (X, s)-pseudopolynomial - is 
defined and continuous even for divisors which are not principal. This lets us separate 
analytic and algebraic issues in the construction of /. 

Put L = K(X) = K(xi, . . . ,x m ), and let L sep be the separable closure of K in L. 
Another important technical tool from Chapter [3] are the L-rational and L sep -rational bases. 
These are multiplicatively finitely generated sets of functions which can be used to expand 
rational functions with poles supported on X, much like the monomials l,z,z 2 ,... can 
be used to expand polynomials. As their names indicate, the functions in the L-rational 
basis are defined over L, and those in the L sep -rational basis are defined over L sep . The 
construction arranges that the transition matrix between the two bases is block diagonal, 
hence has bounded norm at each place w of L. 

In Chapter H] we state a version of the Fekete-Szego theorem with local rationality 
conditions for "i^-simple sets" (Theorem I4.2[) . and we reduce Theorem 10. 3} Corollary 10. 4\ 
and the variants stated in Chapter [T]to it. The rest of the manuscript (Chapters 151-fTTI and 
Appendices El - EJ) is devoted to the proof of Theorem I4.2L 

Chapters [5] and [6] construct the "initial approximating functions" needed for Theorem 
14.21 Four constructions are needed: for archimedean sets E v C C V (C) when the ground 
field is C and R, and for nonarchimedean sets E v C C V (C V ) which are RL-domains or are 
compact. The first and third were done in ( |51j ): the second and fourth are done here. 

The probability vector s ultimately used in the construction is determined by E and 
X, through the global Green's matrix r(E, X). This means that for each E v , the local 
constructions must be carried out in a uniform way for all s. In Appendix [A] we develop 
potential theory with respect to the kernel [z, w]x s- It turns out that there are (X, s)- 
capacities, (X, s)-Green's functions, and (X, s)-equilibrium distributions with properties 
analogous to the corresponding objects in classical potential theory. The initial approxi- 
mating functions are (X, s)-functions whose normalized logarithms deg(/) _1 log v (\f(z)\ v ) 
closely approximate the (X, s)-Green's function outside a neighborhood of E v , and whose 
zeros are roughly equidistributed like the (X, ^-equilibrium distribution. 

Chapter [5] deals with the construction of initial approximating functions f{z) £ R(C„) 
when the ground field K v is R, for galois-stable sets E v C C V (C) which are finite unions of 
intervals in C„(R) and closed sets in C V (C) with piecewise smooth boundaries. The desired 
functions must oscillate with large magnitude on the real intervals. The construction has 
two parts: a potential-theoretic part carried out in Appendix [Bl which constructs '(X, s) 
pseudo-polynomials' whose absolute value behaves like that of a Chebyshev polynomial, and 
an algebraic part which involves adjusting the divisor of the pseudo-polynomial to make it 
principal. The first part of the argument requires subdividing the real intervals into 'short' 
segments, where the notion of shortness depends only on the deviation of the canonical 
distance [2,iy]x,s from \z — w\ in local coordinates, and is uniform over compact sets. The 
second part of the argument uses a variant of the Brouwer Fixed Point theorem. An added 
difficulty involves assuring that the 'logarithmic leading coefficients' of / are independently 
variable over a range independent of s, which is needed as an input to the global patching 
process in Chapter [7l 
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Chapter [6] deals with the construction of initial approximating functions / € K V (C V ) 
when the ground field K v is a nonarchimedean local field, and the sets E v are galois-stable 
finite unions of balls in C V {F W ^), for fields F w ^ are which are finite separable extensions 
of K v . Again the construction has two parts: an analytic part, which constructs an (X,s) 
pseudo-polynomial by transporting Stirling polynomials for the rings of integers of the 
F W) i to the balls, and an algebraic part, which involves moving some of the roots of the 
pseudo-polynomial to make its divisor principal. When C v has positive genus g, this uses an 
action of a neighborhood of the origin in Jac(C)(C„) on C V (C V ) 9 constructed in Appendix 

Chapter [7| contains the global patching argument for Theorem 14.21 which breaks into 
two cases: when char(i^) = 0, and when char(i^) = p > 0. The two cases involve different 
difficulties. When char(X) = 0, the need to patch archimedean and nonarchimedean initial 
approximating functions together is the main constraint, and the most serious bottleneck 
involves patching the leading coefficients. The ability to independently adjust the loga- 
rithmic leading coefficients for the archimedean initial approximating functions allows us 
to accomplish this. When char(X) = p > 0, the leading coefficients are not a problem, 
but separability/inseparability issues drive the argument. These are dealt with by simul- 
taneously monitoring the patching process with respect to the L-rational and L sep -rational 
bases from Chapter [3j 

Chapters 0-QT] contain the local patching arguments needed for Theorem 14. 2 [ Chapter 
[8] concerns the case when K v = C, Chapter [9] concerns the case when K v = M, Chapter 
LTOl concerns the nonarchimedean case for RL-domains, and Chapter [TT] concerns the nonar- 
chimedean case for compact sets. Each provides geometrically increasing bounds for the 
amount the coefficients can be varied, while simultaneously confining the movement of the 
roots, as the patching proceeds from high order to low order coefficients. 

Chapter [8] gives the local patching argument when K v = C. The aim of the construction 
is to confine the roots of the function to a prespecified neighborhood U v of E v , while 
providing the global patching construction with increasing freedom in modify the coefficents 
relative to the L-rational basis, as the degree of the basis functions goes down. For the 
purposes of the patching argument, the coefficients are grouped into 'high-order', 'middle' 
and 'low-order'. The construction begins by raising the initial approximating function to a 
high power n. A 'magnification argument', similar to the ones in ( |52j ) and ( |53| ). is used 
to gain the freedom needed to patch the high-order coefficients. 

Chapter [9] gives the local patching argument when K v = R. Here the construction must 
simultaneously confine the roots to a set U v which is the union of ^-neighborhoods of 
the components of E v in C V (M), and C-neighborhoods of the other components. We call 
such a set a 'quasi-neighbor hood' of E v . The construction is similar to the one over C, 
except that it begins by composing the initial approximating function with a Chebyshev 
polynomial of degree n. Chebyshev polynomials have the property that they oscillate with 
large magnitude on a real interval, and take a family of confocal ellipses in the complex 
plane to ellipses. Both properties are used in the confinement argument. 

Chapter If 01 gives the local patching construction when K v is nonarchimedean and E v is 
an RL-domain. The construction again begins by raising the initial approximating function 
to a power n, and to facilitate patching the high-order coefficients, we require that n be 
divisible by a high power of the residue characteristic p. If K v has characteristic 0, this 
makes the high order coefficients be p-adically small; if K v has characteristic p, it makes 
them vanish (apart from the leading coefficients), so they do not need to be patched at all. 



xviii INTRODUCTION 

Chapter [IT] gives the local patching construction when K v is nonarchimedean and E v 
is compact. This case is by far the most intricate, and begins by composing the initial 
approximating function with a Stirling polynomial. If K v has characteristic 0, this makes 
the high order coefficients be p-adically small; if K v has characteristic p, it makes them 
vanish. The confinement argument generalizes those in ( |52| . |53| ), and the roots are 
controlled by tracking their positions within "^-regular sequences" . 

A f/vregular sequence is a finite sequence of roots which are u-adically spaced like an 
initial segment of the integers, viewed as embedded in Z p (see Definition I11.3P The local 
rationality of each root is preserved by an argument involving Newton polygons for power 
series. In the initial stages, confinement of the roots depends on the fact that the Stirling 
polynomial factors completely over K v . Some roots may move quite close close to others 
in early steps of the patching process, and the the middle part of argument involves an 
extra step of separating roots, first used in ( |52j ). This is accomplished by multiplying the 
partially patched function with a carefully chosen rational function whose zeros and poles 
are very close in pairs. This function is obtained by specializing the 'Universal Function' 
constructed in Appendix \C\ which parametrizes all functions of given degree by means of 
their roots and poles and value at a normalizing point. 

Appendix A develops potential theory with respect the kernel [z,w]x,s, paralleling the 
classical development of potential theory over C given in ([65j). There are (X, s) -equilibrium 
distributions, potential functions, transfinite diameters, Chebyshev constants, and capac- 
ities with the same properties as in the classical theory. A key result is Proposition IA.5|. 
which asserts that '(X, s)-Green's functions', obtained by subtracting an '(X, s)-potential 
function'from an '(X, s)-Robin constant', are given by linear combinations of the Green's 
functions constructed in ( |51j ). Other important results are Lemmas IA.6I and IA.71 which 
provide uniform upper and lower bounds for the mass the (X, s)-equilibrium distribution can 
place on a subset, independent of s; and Theorem I A. 131 which shows that nonarchimedean 
(X, s)-Green's functions and equilibrium distributions can be computed using linear algebra. 

Appendix B constructs archimedean local oscillating functions for short intervals, and 
gives the potential-theoretic input for the construction of the initial approximating functions 
over M. in Chapter 5. In classical potential theory, the equality of the transfinite diameter, 
Chebyshev constant, and logarithmic capacity of a compact set E C C is shown by means of 
a 'rock-paper-scissors' argument proving in a cyclic fashion that each of the three quantities 
is greater than or equal to the next. Here, a rock-paper-scissors argument is used to prove 
Theorem lB.131 which says that the probability measures associated to the roots of weighted 
Chebyshev polynomials for a set E v converge to the (X, s)-equilibrium measure of E v . 

Appendix C studies the 'universal function' of degree d on a curve, used in Chapter 
HU We give two constructions for it, one by the author using the theory of the Picard 
scheme, the other by Robert Varley using Grauert's theorem. We then use local power 
series parametrizations, together with a compactness argument, to obtain uniform bounds 
for the change in the norm of a function outside a union of balls containing its divisor, if 
its zeros and poles are moved a distance at most 5 (Theorem IC.2h . We thank Varley for 
permission to include his construction here. 

Appendix D shows that in the nonarchimedean case, if the genus g of C is positive, 
then at generic points of C V (C V ) 9 there is an action of a neighborhood of the origin of the 
Jacobian on C V (C V ) 9 , which makes C V (C V ) 9 into a local principal homogeneous space. This 
is used in Chapters [6] and [TT] in adjusting non-principal divisors to make them principal. 
The action is obtained by considering the canonical map Cy(C v ) — > Jac(C)(C 1) ), which is 
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locally an isomorphism outside a set of codimension 1, pulling back the formal group of the 
Jacobian, and using properties of power series in several variables. Theorem ID.2I gives the 
most general form of the action. 
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Symbol Table 

Below are some symbols used throughout the work. See §3IH £ 13121 for more conventions. 



Symbol 



Meaning 



Defined 



K 

C 

9 = 9(C) 

K 

X sc p 

K v 

q v 

K v 

C v 

Aut{K/K) 
Aut c (C v /K v ) 

X — \3^1j • • • j %mf 
S — \S\, . . . , S m ) 

L = K(X) 

L scp 

r 

c 

\\z,w\\v 

ll/lk 

D(a,r) 
D(a,r)~ 
B(a,r) 
B(a,ry 

Qv 

w v 

val„(x) 

Iog„(x) 

ord„(z) 

log(x) 

c 

gd z ) 

[z,w] ( 

E v 
cl(E v ) 

ld E v) 

V C (E V ) 

G(z,(;E v ) 
val(r) 

r(E,x) 

7 (E,X) 



a global field p 

a smooth, projective, connected curve over K p 

the genus of C p 

a fixed algebraic closure of K p 
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CHAPTER 1 



Variants 



In this chapter we give six variants of Theorem 10.31 strengthening it in different di- 
rections. Theorem 10.31 Corollary 10.41 and the variants stated here will be reduced to yet 
another variant (Theorem I4.2[) in Chapter HI and we will spend most of the paper proving 
the theorem in that form. 

Our first variant is similar to the original theorem of Fekete and Szego ( |25| ). In 
that theorem the sets £„cC were compact, and the conjugates of the algebraic integers 
produced were required to lie in arbitrarily small open neighborhoods U v of the E v . In 
Theorem 1 1 . 2 1 b elow . we lift the assumption of compactness and replace the Cantor capacity 
with inner Cantor Capacity 7~(E, X), which is defined for arbitrary adelic sets. We also 
replace the neighborhoods U v with "quasi-neighborhoods" , which are finite unions of open 
sets in C V (C V ) and open sets in C V (F W ), for algebraic extensions F w /K v in C„. 

The inner Cantor capacity 7~(E, X) is similar to Cantor capacity except that it is defined 
in terms of upper Green's functions G(z,Xf,E v ). Here, we briefly recall the definitions of 
G(z, Xi\ E v ) and 7~(E, X) and some of their properties; they are studied in detail in §3191 and 
Pim below. 

Upper Green's functions are gotten by taking decreasing limits of Green's functions of 
compact sets. For an arbitrary E v C C V (C V ), if C ^ E v the upper Green's function is 

(1.1) G(z,C,E v ) = inf G(z,C,H v ). 

H v compact 

If C is not in the closure of E v , the upper Robin constant V^(E V ) is finite and is defined by 

(1.2) V ( (E V ) = limG(z,C;E v ) + log v (\g c (z)\ v ) , 

where g^(z) is the uniformizer from (|0.3p . By (|0.6p . if E v is compact then by ( [51j . Theorem 
4.4.4) G(z,(]E v ) = G(z,(',E v ) and Vq(E v ) = V^(E V ). For nonarchimedean v, if E v is 
algebraically capacitable in the sense of ( |51| ). then G(z, £; E v ) = G(z, £; E v ) and V^(E V ) = 
V^{E V ). The upper Green's function is symmetric and nonnegative: for all z,( ^ E v , 
G(z,C;E v ) = G(C,z;E v ) > 0. It has functoriality properties under pullbacks and base 
extension similar to those of G(z, £; E v ). 

Now assume that each E v is stable under Aut c (C v /K v ), and that E = Y\ v E v is com- 
patible with X. Let L/K be a finite normal extension containing K(X). For each place v of 
K and each place w of L with w\v , after fixing an isomorphism C w — C v , we can pull back 
E v to a set E w C C W (C W ), which is independent of the isomorphism chosen. If we identify 
C V (C V ) with C W (C W ), then for z,Q ^ E v 

(1.3) G(z, C; E w ) \og{q w ) = [L w : K v ] ■ G(z, C; E v ) \og{q v ) . 
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For each Xi G X, fix a global uniformizing parameter g Xi {x) G L(C) and use it to define 

the upper Robin constants V Xi {E w ) for all places w of L. For each w, the 'local upper 

Green's matrix' is 

/ _V X1 (E W ) G(xi,x 2 ;E w ) ••• G[x\,x m ;E w ) \ 

— G(x 2 ,xi;E w ) V X2 (E W ) ••• G(x 2 ,x m ;E w ) 

T(E W ,X) = . ... 

\ G(x m ,xr,E w ) G(x m ,x 2 ;E w ) ■■■ V Xm (E w ) J 
and the 'global upper Green's matrix' is 

Since E is compatible with X, all but finitely many of the T(E W ,X) are 0. By the product 
formula, r(E,X) is independent of the choice of the g Xi (z). By (|0.7p it is independent of 
the choice of L. It is symmetric and non-negative off the diagonal; its entries are finite if 
and only if each E v has positive inner capacity. 

For each ET-rational E compatible with X, the inner Cantor capacity is 

7(E,X) = e-v^) , 

where V(E, X) = val(r(E, X)) is the value of r(E,X) as a matrix game. When the sets 
E v are compact or algebraically capacitable, the inner Cantor capacity coincides with the 
Cantor capacity 7(E, X) defined in ([51]). It reduces to the classical logarithmic capacity 
when C = P 1 /Q, X = oo, and all the nonarchimedean E v are trivial. 

The reason the inner Cantor capacity is the appropriate capacity to use in the Fekete- 
Szego theorem is that one of the initial reductions in the proof is to replace each E v which 
is not X-trivial by a compact set H v C E v . Since the Green's function is a limit of Green's 
functions of compact sets, this can be done in such a way that T(E, X) remains negative 
definite. 

Definition 1.1. Let v be a place of K. A set U v C C V (C V ) will be called a quasi- 
neighborhood if there are open sets U Vt o, U Vt \, . . . , U v< d in ^(C^) and algebraic extensions 
F W1 /K V , . . . , F WD /K V in C v (possibly of infinite degree) such that 

D 

U v = u Vy0 u(j(u v ^nc v (F We )) . 

i=i 
We allow the possibility that one or more of the U v (, are empty. We will say that U v is 
K v -symmetric if it is stable under Aut c (C u / K v ) , and that it is separable if each F Wl /K v is 
separable. If U v contains a set E v , we will say that U v is a quasi-neighborhood of E v . 

Equivalently, a quasi-neighborhood U v C C V (C V ) is the union finitely many sets, each of 
which is either open in C V (C V ) or is open in C V (F W£ ) for some algebraic extension F W JK V 
in C„. Note that these sets need not be disjoint. For example, take C = P 1 and identify 
P 1 (C 1) ) with C t ,Uoo. Suppose v is nonarchimedean; let F Wl , . . . , F WD be algebraic extensions 
of K v contained in C v , and let Wl , . . . , O wo be their rings of integers. Then the set 
U v = Vl U • • • U O wo is a quasi-neighborhood of the origin in P 1 (C 1) ). 

If E = n^^u — rL^OC"") ^ s an a< ^ enc se ^' we wm sa y that a set U = Y\ v U v C 
[^[^^(Ct,) is a K -rational separable quasi-neighborhood o/E if each U v is a separable quasi- 
neighborhood of E v , stable under Aut c (C v /K v ). 
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Theorem 1.2 (FSZ with LRC for Quasi-neighborhoods) . Let K be a global field, and 
let C/K be a smooth, connected, projective curve. Let X = {x±, . . . ,x m } E C(K) be a finite 
set of points stable under Aut(K/K), and let E = fL-Eu C n^^X^) ^ e an Q-delic set 
compatible with X, such that each E v is stable under Aut c (C v /K v ). 

Suppose 7(E, X) > 1. Then for any K -rational separable quasi-neighborhood U of E, 
there are infinitely many points a G C(K sep ) such that for each v E Mr, the Aut(K/K)- 
conjugates of a all belong to U v . 

Our next variant is a stronger, but more technical, version of Theorem 10.31 which 
requires that the points produced have all their conjugates in E. It uses the inner capacity, 
and weakens the conditions on the sets E v needed for local rationality conditions. 

Write cl(E v ) for the closure of E v in C V (C V ). If v is an archimedean place of K, and 
a set E v E C V (C) and a subset E' v E E v are given, we will say that a point zq E E v is 
analytically accessible from E' v if for some r > 0, there is a non-constant analytic map 
/ : D(0,r)~ -»■ C V (C) with /(0) = z , such that /((0,r)) E ££. (See Definition E23) 

Theorem 1.3 (Strong FSZ with LRC, producing points in E). Let K be a global field, 
and let C/K be a smooth, geometrically integral projective curve. Let X = {x\, . . . ,x m } E 
C(K) be a finite set of points stable under Aut(K/K), and let E = Y\ v E v E n^^C^) 
be an adelic set compatible with X, such that each E v is stable under Aut c (C v /K v ). Let 
S E M.K be a finite set of places v, containing all archimedean v, such that E v is X-trivial 
for each v ^ S. 

Assume that 7~(E, X) > 1. Assume also that for each v E S, there is a {possibly empty) 
Aut c (C v /K v ) -stable Borel subset e v E C V (C V ) of inner capacity such that 

(A) If v is archimedean and K v = C, then each point of cl(E v )\e v is analytically acces- 
sible from the C v (C) -interior of E v . 

(B) If v is archimedean and K v = M., then each point of cl(E v )\e v is 

(1) analytically accessible from the C V (C) -interior of E v , or 

(2) is an endpoint of an open segment contained in E v nC v (M). 

(C) If v is nonarchimedean, then E v is the disjoint union of e v and finitely many sets 
E Vj i, . . . , E Vt D v , where each E V) £ is 

(1) open inC v (C v ), or 

(2) of the form U v ^ C\C v {F We ), where U v / is open in C V (C V ) and F We is a separable 
algebraic extension of K v contained in C„ {possibly of infinite degree). 

Then there are infinitely many points a E C(K scp ) such that for each v E Mr, the 
Aut(K/K) -conjugates of a all belong to E v . 

Note that if v is archimedean, then the set e v in Theorem 1 1 . 3 1 can be taken to belong to 
dE v , since trivially each point of the C 1) (C)-interior of E v or the C„(M)-interior of E v nC v (M) 
is analytically accessible. Any countable set has inner capacity 0, so the conditions in 
Theorem 10.31 imply those in Theorem 11.31 

If v is nonarchimedean, note that RL-domains and balls B(a, r) _ , B(a, r), are both open 
and closed in the C^(C 1 ,)-topology. Thus if E v is a finite union of sets which are RL-domains, 
open or closed balls, or their intersections with C V {F W ^) for separable algebraic extensions 
F w .i/K v in C„, then the theorem applies with e v = (p. 

For an example of an archimedean set satisfying the conditions of Theorem 11.31 but not 
Theorem 10. 3( take K = Q, C = P 1 , and let v be the archimedean place of Q. Identify P X (C) 
with CUoo, and take E v = {0} U (UT=2 D(2/n, l/n 2 )). Then each point of E v \{0} is 



4 1. VARIANTS 

analytically accessible from E®. For an example where the conditions of Theorem 11.31 fail, 
let E v be the union of a circle C(0, r) and countably many pairwise disjoint discs D(a,i,ri) 
contained in D(0, r) _ chosen in such a way that each point of C(0,r) is a limit point of 
those discs. 

Our third variant is a version of Theorem 10.31 which adds side conditions concerning 
ramification. It says that at a finite number of places outside S we can require that the 
algebraic numbers produced are ramified or unramified, "for free". 

Theorem 1.4 (FSZ with LRC and Ramification Side Conditions). Let K be a global 
field, and let C/K be a smooth, connected, projective curve. Let X = {x±, . . . ,x m } C C(K) 
be a finite, Galois-stable set of points, and let E = Y\ v E v C IIb^(^i)) ^e an adelic set 
compatible with X, such that each E v is stable under Aut c (C v /K v ). 

Let S,S',S" C M.K be finite (possibly empty) sets of places of K which are pairwise 
disjoint, such that the places in S' U S" are nonarchimedean. Assume that^/(E,,X) > 1, and 
that 

(A) for each v £ S, the set E v satisfies the conditions of Theorem \0.3\ or Theorem \1.3[ 

(B) for each v G 5', either E v is X-trivial, or E v is a finite union of closed isometrically 
parametrizable balls B(cn,ri) whose radii belong to the value group of K* and whose centers 
belong to an unramified extension of K v ; 

(C) for each v G S" , either E v is X-trivial and E v T\C V (K V ) is nonempty, or E v is a 
finite union of closed and/ or open isometrically parametrizable balls B(ai,ri), B(a,j,rj)~ 
with centers in C V (K V ). 

Then there are infinitely many points a G C(K scp ) such that 

(1) for each v G Mr, the Aut(K / K)- conjugates of a all belong to E v ; 

(2) for each v G S' , each place of K(a)/K above v is unramified over v; 

(3) for each v G S" , each place of K(a)/K above v is totally ramified over v. 

Our fourth variant involves a partial converse to the Fekete-Szego theorem, known as 
Fekete's theorem, which asserts that if 7(E, X) < 1 then for a sufficiently small neighbor- 
hood U of E, there are only finitely many points a G C(K) whose conjugates all belong to U. 
Fekete's theorem on curves is proved in ( [51j . Theorem 6.3.1). However, Fekete's theorem 
requires a different notion of capacity than we have been using here: it concerns the "outer 
capacity" 7(E,X), rather than the inner capacity 7~(E, X). 

Extending the definition of algebraic capacitability in ( |51j ) to both archimedean and 
nonarchimedean sets, we will say that E v algebraically capacitable if it is closed in C V (C V ) 
and ^f^(E v ) = "y (E v ) for each £ ^ E v . If each E v is algebraically capacitable, then 7~(E, X) 

and 7(E,X) are equal, and coincide with the capacity j(K,X) in ( |51j ). Here 
lr(E v ) = sup j(H v ) , 1f{E v ) = inf j(U v ) . 

H V CE V -<> UvDEv 

H v compact U v a PL c -domain 

A set U v is a PL^-domain if there is a nonconstant rational function f(z) G C V (C), whose 
only poles are at £, for which U v = {z G C V (C V ) : \f(z)\ v < 1}. In the nonarchimedean 
case, the compatibility of this definition with the one given in ( [51] . p. 259) follows from 
( |51j . Propositions 4.3.1 and 4.3.16). In (|51j). algebraic capacitability was not defined in 
the archimedean case, but all archimedean sets were required to be compact. 

If v is archimedean, it follows from ( |51j . Proposition 3.3.3) that every compact set is 
algebraically capacitable. If v is nonarchimedean, it is shown in ( [51] . Theorem 4.3.13) that 
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any set E v which can be expressed as a finite combination of unions and intersections of 
compact sets and RL-domains, is algebraically capacitable. 

Assuming algebraic capacitability for the sets E v , the following result describes the 
dichotomy provided by Fekete's theorem and the Fekete-Szego theorem in terms of the 
Green's matrix T(E,X). Recall (see [51], §5.1) that t(E,£) > 1 if and only if T(E,X) is 
negative definite, and that 7(E, 36) < 1 if and only if when the rows and columns of T(E, X) 
are permuted to bring T(E, X) into block diagonal form, then some eigenvalue of each block 
is positive. 

Theorem 1.5 (Fekete/Fekete-Szego with LRC for Algebraically Capacitable Sets). 
Let K be a global field and let C/K be a smooth, connected, projective curve. Let X = 
{xi, . . . , x m } C C(K) be a finite, galois-stable set of points, and let E = \\ v E v C Y\ v C V (C V ) 
be an adelic set compatible with X. 

Assume that each E v is algebraically capacitable and stable under Aut c (C v /K v ). Then 

(A) If all the eigenvalues o/ T(E, X) are non-positive (that is, T(E,X) is either neg- 
ative definite or negative semi- definite), let U = Y\ v U v be a separable K -rational quasi- 
neighborhood of E such that there is at least one place vo where E vo is compact and the 
quasi-neighborhood U vo properly contains E vo . If vq is archimedean, assume also that U vo 
meets each component of C V0 (C)\E V0 containing a point of X. Then there are infinitely 
many points a G C(K scp ) such that all the conjugates of a belong to U. 

(B) If some eigenvalue o/T(E, X) is positive (that is, r(E, X) is either indefinite, nonzero 
and positive semi- definite, or positive definite), there is an adelic neighborhood U o/E such 
that only finitely many points a G C(K) have all their conjugates in U. 

Finally, we formulate two Berkovich versions of the Fekete-Szego Theorem with local 
rationality conditions. 

For each nonarchimedean place v of K, let C^ n be the Berkovich analytic space associated 
to C v Xk v Spec(Cy) (see [10J). This is a locally ringed space whose underlying topological 
space is a compact, path connected Hausdorff space with C V (C V ) as a dense subset; it has 
the same sheaf of functions as the rigid analytic space associated to C v Xk v Spec(C„). In 
his doctoral thesis, Amaury Thuillier ( |64| ) constructed a potential theory on Cjf 1 which 
includes a dd c operator, harmonic functions, subharmonic functions, capacities, and Green's 
functions. When C = P , Baker and Rumely ([7]) constructed a similar theory in an 
elementary way. 

In what follows, we assume familiarity with Berkovich analytic spaces and Thuillier's 
theory. For each compact, non-polar subset E„ C C^ n and each £ G C^ n \E. lI , Thuillier 
([64], Theoreme 3.6.15) has constructed a Green's function g^ t E v ( z ) which is non-negative, 
vanishes on E„ except possibly on a set of capacity 0, is subharmonic in C^ n , harmonic in 
C^ n \(E„ U {C})i and satisfies the distributional equation dd c g^E v = l 1 — 5( where fi is a 
probability measure supported on K. We will write G(z, £; E„) an for <7£,e„ (z), and regard it 
as a function of two variables. By Proposition 14.31 below, for all z,(G C!^ n \E v with z ^ £, 



an 
v) 



G(z,C;E„) an = G((,z;E 
and for each £ G C V (C V )\E V , the Robin constant 

y c (E„) an = lim G(*,C;E„r + log(| 5c (*) 

z-s-C 
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exists. The group Aut c (C v /K v ) acts on C an in a natural way, and for all a £ Aut c (C v /K v ) 

G(a(z),a(();a(E v )r = G(*,C;E„r • 

By Proposition 14.41 below, the Green's functions G(z,(,;~E v ) an and the functions G(z,C,\E v ) 
from this work are compatible up to a normalizing factor, in the sense that if E v C C V (C V ) 
is algebraically capacitable (in particular, if E v is a finite union of RL-domains and compact 
sets), and if E„ is the closure of E v in C an for the Berkovich topology, then for all z, £ G 

G(z,(;E v ) aD = G(z,C,E v )log(q v ) . 

If v is an archimedean place of K, we take C an to be the Riemann surface C V (C), and 
for a set B v = E v C C„(C) we put G(z,C;E„) an = G(*,C;£„) and V ( (E v ) an = V C (E V ). 

Let X = {x\, . . . , x m } C C(K) be a finite, galois-stable set of points. We will now define 
the notion of a compact Berkovich adelic set compatible with X. For each place v of K, 
let E^ C C an be a compact, nonpolar set disjoint from X. (A Berkovich set is nonpolar if 
and only if it has positive capacity: see ( |64] . §3.4.2 and Theorem 3.6.11).) We will say 
that E„ is X-trivial if v is nonarchimedean and the model <£„/ Spec(0 t) ) from Definition lO.il 
has good reduction, the points of X specialize to distinct points in the special fibre r v (€ v ), 
and E„ consists of all points z £ C% n whose specialization r v (z) & r v (£ v ) is distinct from 
{r v (x\), . . . ,r„(i m )}. Equivalently, E„ is X-trivial if it is the closure of the X-trivial set 
E v = C„(C„)\(U^=i B(xi, ID in C V (C V ). Then 



E := lE„ C ~[C 



an 
v 



is a compact Berkovich adelic set compatible with X if each E„ satisfies the conditions 
above, and E„ is X-trivial for all but finitely many v. 

If E is a compact Berkovich adelic set compatible with X, we define the local and global 
Green's matrices r(E w ,X) an and T(E,X) an as in dOHD, <$QM, replacing G(z,(;E v ) by 
G(z, C; E t ,) an and V^(^) by V^(E„) an , but omitting the weights log(q v ) at nonarchimedean 
places. We then define the global Robin constant V(E, X) an using the minimax formula 
(fOTT]) taking T = T(E,X) an , and the global capacity by 

7 (E,X) an = e~ v ^ x ^ n . 
We will call a set 

u = Hu v c \{ct 

V V 

a Berkovich adelic neigbhorhood of E if U„ contains E„ for each v, and either \J V is an open 
set in C an , or ~E V is X-trivial and U„ = E„. We will call U a separable Berkovich quasi- 
neigbhorhood of E if U^ contains E„ for each v, and either U„ is the union of a Berkovich 
open set and finitely many open sets in C V (F W ) for finite separable extensions F w /K v , or 
E„ is X-trivial and XJ V = E„. We will say that U is K -rational if each U v is stable under 
Aut c (C v /K v ). 

The following is the Berkovich analogue of Theorem [ 



Theorem 1.6 (Berkovich FSZ with LRC, producing points in E). 

Let K be a global field, and let C/K be a smooth, geometrically integral, projective 
curve. Let X = {xi,...,x m } C C(K) be a finite set of points stable under Aut(K/K), 
and let E = TJ E t , C Y\ v C an be a K -rational Berkovic adelic set compatible with X. Let 
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S C Mr be a finite set of places v, containing all archimedean v, such that E„ is X-trivial 
for each v ^ S. 

Assume that 7(E, X) > 1. Assume also that E„ /tas i/ie following form, for each v £ 5*: 

(A) If v is archimedean and K v = C, t/ien E„ is compact, and is a finite union of sets 
E V) i, each of which is the closure of its C V (C) -interior and has a piecewise smooth boundary; 

(B) If v is archimedean and K v = M., then E„ is compact, stable under complex conju- 
gation, and is a finite union of sets E v £, where each E V £ is either 

(1) the closure of its C V (C\ -interior and has a piecewise smooth boundary, or 

(2) is a compact, connected subset ofC v (M); 

(C) If v is nonarchimedean, then E„ is compact, stable under Aut c (C v /K v ), and is a 
finite union of sets E Vt g, where each E V) i is either 

(1) a strict closed Berkovich affinoid, or 

(2) is a compact subset ofC v (C v ) and has the form C v (F We )nB(a£,ri) for some finite 
separable extension F W JK V in C v , and some ball B(ae,ri). 

Then there are infinitely many points a £ C(K scp ) such that for each v £ Mk, the 
Aut(K/K)- conjugates of a all belong to E v . 

Finally, we give a Berkovich version of the Fekete-Szego Theorem with local rationality 
conditions for quasi- neighborhoods, generalizing Theorem 11,21 and ([7], Theorem 7.48): 

Theorem 1.7 (Berkovich Fekete/FSZ with LRC for Quasi-neighborhoods). Let K be a 
global field, and let C/K be a smooth, connected, projective curve. Let X = {x±, . . . , x m } C 
C(K) be a finite set of points stable under Aut(K / K) , and letF, = Y\ v E„ C n^^-« n be a com- 
pact Berkovich adelic set compatible with X, such that each E w is stable under Aut c (C v /K v ). 

(A) // 7(E, 3t) an < 1, there is a K -rational Berkovich neighborhood U = FJ U^ of E 
such that there are only finitely many points ofC(K) whose Aut(K /K)- conjugates are all 
contained in \J V , for each v £ Mr- 

(B) 7/7(E,X) an > 1, then for any K -rational separable Berkovich quasi-neighborhood 
U of E, there are infinitely many points a £ C(K scp ) such that for each v £ Mk, the 
Aut(K j K)- conjugates of a all belong to U„. 



CHAPTER 2 

Examples and Applications 

In this chapter we illustrate the Fekete-Szego theorem with local rationality conditions. 
We first apply it on P 1 , using it to construct algebraic integers and algebraic units satisfying 
various conditions. We then apply it on elliptic curves, Fermat curves, and modular curves. 

1. Local capacities and Green's functions of Archimedean Sets 

Suppose K v = R or K v = C. In this section we give formulas for local capacities 
and Green's functions of sets in P 1 (C) which arise naturally in arithmetic applications. 
Some involve closed formulas, others require numerical computations. Most of the formulas 
appear in the literature; only a few are new. Further examples, mainly concerning sets in 
C with geometric symmetry, are given in ( |51j . pp. 348-351). 

For archimedean sets, the most effective way of determining capacities is by "guessing" 
the Green's function: given E and C, ^ E, if a function can be found which is continuous, 
on E, and harmonic in the complement of E except for a positive logarithmic pole at £, 
then by the maximum modulus principle, it must be the Green's function. Then, given a 
uniformizing parameter g^(z), the Robin constant and capacity of E with respect to Q can 
be read off by 

(2.1) V ( (E) = hmG(z,(;E) + log(\g ( (z)\) , lc (E) = e~ v ^ . 

For the sets we are dealing with here, which are compact unions of continua, the upper 
Green's function G(z, £; E) coincides with the usual Green's function G(z, £; E). 

In the discussion below, we will identify P X (C) with C U {oo}. When £ = oo, we take 
g^(z) = 1/z; when £ G C, we take g((z) = z — (. 

The Disc. The most basic example is when E is the disc D(0, r) C C Here 

^oo\ nt t?\ i +(\ i i\ / l °g(\ z / r \) ti\z\>r 

(2.2) G(z,oo;E) = log + (|z/r|) = i Q if J < r ■ 

Computing capacities relative to the parameter g^z) = 1/z, we find 

(2.3) Voo(E) = lim G(z,oo;E)-log(\z\) = -log(r) , 

z— >oo 

loo {E) = e~ v °°^ = r . 

By applying a linear fractional transformation, one can find the Green's function of D(0, r) 
with respect to an arbitrary point (GC: 

(2-4) G(z,C;E) = log+(|^^ 
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Computing capacities relative to g^(z) = z — £, one has 
(2.5) V C (E) = limG(z,< X ;E) + log(\z-(\) = log( 



|C| 2 -r 2 , 



Z->C 



(2.6) 



7C(£) 



-y c (E) 



| C |2_ r 2 • 



The Segment. Another basic example is when E is a segment [a, b] C R. Choosing 
the branch of \fz which is positive on the positive real axis and cut along the negative real 
axis, the map z t- y w = y(z — a)/{z — b) takes P 1 (C)\[a, b] to the right halfplane and takes 
oo to 1; then w >— > (w + l)/(w — 1) takes the right halfplane to the exterior of the unit disc, 
and takes 1 to oo. It follows that 



(2.7) 



G(z,oo-E) 



log" 



y/(z-a)/(z-b)-l 



y/(z-a)/(z-b) + l 
For an arbitrary (eC, a similar computation (see |16j . p. 165) gives 

^/{z-a)/(z-b)-^/(C-a)/(C-b) 



G(z,(;E) 



log" 



^(z-a)/(z-b) + ^{Q-a)/(Q-bB) 
With goo{z) = 1/z and g^(z) = z — ( for ( G C\E, one finds 

(2.9) V^E) = -log((6-a)/4) , loo (E) = {b - a)/A , 

(2.10) 7c (£0 = e~ y dE) = b -^L 



4 • Re(^/((-a)\(-a\.((-b)\(-b\) 



When (" = oo there is another expression for G(z, oo, E) which makes its geometric 
behavior clearer. For simplicity, assume E = [— 2r, 2r] where < r G R. It is well known, 
and easy to verify, that the Joukowski map 

„2 



(2.11) 



J r (w) 



w + 



w 



maps C\D(0,r) conformally onto C\[— 2r, 2r\. For each R > r, it takes the circle C(0,R) 

2 2 

parametrized by w = Rcos(9) + iRsm(9) to the ellipse £(R + j%,R — ^) parametrized by 

2 2 

(2.12) z = x + iy = (R+ 1 —)cos(9)+i(R- 1 —)sm(9) = J r {Rcos{9) + iRam(6)) . 

R R 

It maps the circle C(0, i?) in a 2 — 1 manner to the interval [— 2r, 2r], and takes oo to oo. 

The function G r (z) = log(| J~ 1 (z)|/r) is harmonic on C\E, with a logarithmic pole at 
oo; it has a continuous extension to C which takes the value on E. By the characterization 
of Green's functions, G(2;,oo; [— 2r, 2r\) = G r (z). Thus, for each R> r, 

(2.13) {z G C : G(z, oo; [-2r, 2r]) = Iog(U/r)} = £ (-R + ^, -R - ^) . 

Two segments. When E = [a, 6] U [c, d] C R, there are closed formulas for the Green's 
function and capacity. When the segments have the same length, G(z,oo;E) and ^(E) 
are given by elementary formulas. In general, they can be expressed in terms of theta- 
functions. 
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First suppose E = [-b, -a] U [a, b] C R. Put f(z) = z 2 ; then /*((oo)) = 2(oo) and 
E = /~ 1 ([a 2 , b 2 ]). By the pullback formula for Green's functions (see (|2.6ip below), 



(2.14) G(z,oo;E) 

Using this, we find 



1 



log 



y/(z 2 - a 2 )/{z 2 -b 2 )-l 



vV 



(2.15) 
(2.16) 



1 



V 00 {E) = -\og{A/{b 2 -a 2 )) 

G(0,oo;E) = G(oo,0,E) 



a 2 )/{z 2 -b 2 ) + l 



7oo(#) 

1 



log . , 
2 &y b 



2 

b + a s 



Similarly, when Q = 0, pulling back [1/b 2 , 1/a 2 ] by f(z) = 1/z 2 , we get 

1 



(2.17) 
(2.18) 



G(z,0;E) 



log 



y/(z 2 - b 2 )/{z 2 - a 2 ) + b/a 



vV 



b 2 )/{z 2 



1 



= -\og(4a 2 b 2 /(b 2 -a 2 )), 7o (f;) 



a 2 ) - b/a 
VF 2 ^ 



lab 



Before dealing with a general set E = [a, b] U [c, d] C R, and arbitrary £, it will be useful 
to recall some of the properties of classical theta-functions (see Shimura, |60j . [67]). For 

u G C, r G fj = {Im(z) > 0}, and r, s G R, write e(z) = e 2mz and put 



(2.19) 



9(u,r;r,s) = ^~] e(-(n + rfr + (n + r)(it + sj) . 



n£_1 



Because of the quadratic dependence on n in ([2.190 . the series defining 9(u, r; r, s) converges 
very rapidly. 9(u,r;r,s) is continuous in all four variables and is jointly holomophic in u 
and r. 

We will be particularly interested in 9(u, r; ^, ^). When r, s G {0, 1/2}, the functions 
9(u, r; r, s) appear in the literature wih several names. Our notation follows Krazer-Prym 
and Shimura; in the notation of Riemann and Mumford (respectively Whittaker- Watson 

TO. 

0(u,t;±,±) = flu (u,t) = i?i(7tu|t) , 0(u,r;i,O) = 0io(m,t) = ^ 2 (vru|r) , 

0(u, r; 0, 0) = 0oo C", t) = -& 3 (iru\T) , 9(u, r; 0, |) = O i(u, r) = tf 4 (7ru|T) . 

In the notation of Courant-Hilbert ( |13j ). 0(it, r;0, ~) = 0o( , w) and 0(u, r; |, |) = 0i(it). 

Considering 0(u, r; r, s) as a function of u and using the definition, one sees that for all 
a, 6 G Z 

1 



(2.20) 



(u + za + 6, r; r, s) = e(r6 — as) • e(— -a r — on) • 0(u, z; r, s) . 



Applying the Argument Principle, it follows that 0(u, r, r, s) has a simple zero in each period 
parallelogram for the lattice (1, r) C C; the zero occurs at u = (i— t)t-\-{\ — s) (mod (1, r)) 
(see [67], p.465-466, and [60], formula (11), p.675). 

Again using the definitions, one sees that 0(it,r; g, 5) i s an °dd function of it, that 



'( n + 2' T ' 2' 2' 



(u, t; |, 0), and if r is pure imaginary, then 9(u, r; |, 5) 



Similarly 0(it, r; g, 0) is an even function of it, and if r is pure imaginary, then 
9(u,t;LQ). 



9{u,t;\,\] 
, («,r;|,0) = 
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With these facts, one can check that if r is pure imaginary, then for each M £ C with 
Re(M) i |Z, the function 

(2 21) CM gCjJZ^IiilJ) 

^ " ^ + M,r;±,±) 

satisfies |G(u + r)| = |C(k + 1)| = \Q(u)\, and if Re(«) = or if Re(u) = ~ then \G{u)\ = 1. 
It has simple zeros at points u = M (mod (l,r)), simple poles at u = —M (mod (l,r)), 
and no other zeros or poles. 

Now consider a set E = [a, b] U [c, <i] C R, where a < b < c < d. We will give a 
(multivalued, periodic) conformal mapping of C\E onto a vertical strip, which will enable 
us to express G{z,C,;E) in terms of the function Q(u) in (|2.2ip . We follow Akhiezer ([2]) 
and Falliero and Sebbar ( |22j . [23] ). but obtain a different expression for the capacity. 

First, put 



where y^z is positive for z > and is slit along the negative real axis. T(z) maps C\E 
conformally onto the right half-plane with the segment [1, 1/k] removed, where 



(2.23) *■ » ' (C -''» ( ' i 



T{c) y (c - a) (d - 6) 

T(z) takes a t- >■ 0, 6 »->■ oo, d i— >■ 1, and c i— )■ 1/&. Since the linear fractional transformation 
F(z) = (z — a)(d — b)/{z — b)(d — a) maps K U oo to itself and preserves the cyclic order of 
a, 6, c, d, ones sees that T(c) > 1 and < k < 1. Note that 1/A; 2 is the crossratio (a, b; c, d). 
Follow T(z) with the elliptic integral 

f w dr 

(2.24) u = S(w) 



/o y/(l-x 2 )(l-k 2 x 2 ) 

Here <S(w;) is the Schwarz-Christoffel map which sends the upper half-plane to the rectangle 
with corners ±K, ±K + iK' , where 

(2.25) K = f 1 - dx 

Jo ^J{l-x 2 ){l-k 2 x 2 ) 

f 1/k dx 

2.26 iK' = / - 

k ^/(i-x 2 )(i-k 2 x 2 ) 

and K, K' > 0. It takes the imaginary axis to itself, and sends t- >■ 0, 1 i— > K , 1/k *— > 
K+iK' , and oo i— > iK' . By the Schwarz Reflection Principle, S(w) extends to a multivalued 
holomorphic function taking {Re(w) > 0}\[1, 1/k] to the vertical strip < Re(u) < K, 
with period 2iK' . The inverse function to S(w) is the Jacobian elliptic function w = sn(u, k) 
(see [B7], §22, and [S], §VI.3). 

Now let t = iK' /K. Fix ( (/ E; put u = S(T(z)), M = M(() = 5(T(C)). Scaling 
u t-> v = u/(2K) takes < Re(u) < K to the strip < Re(v) < 1/2, with 2iK' i-» r. We 
claim that 



(2.27) G(z,(;E) = -log 



nt u—M 1 1> 

V 2i^ ' T ' 2' 2> 



W V 2AT ' ' ' 2' 2 J 



1. LOCAL CAPACITIES AND GREEN'S FUNCTIONS OF ARCHIMEDEAN SETS 



13 



Indeed, by our discussion of theta- functions, the function on the right has the properties 
characterizing G(z,Q\E): it is well-defined and continuous, vanishes on E, is harmonic on 
P 1 (C)\(-E U C), and has a positive logarithmic pole as z — > £. This formula is one given by 
Falliero and Sebbar ([22]; [23], p.416). 

Numerically, K and K' can be found using the hypergeometric function 



F(a, b,c; z) 



a-b a(a + l) ■ b(b + 1) 9 



•c 
1 1 



1-2-c c+1 



i7rF(i,i,l;fc 2 ), K' = ±ttA(±,±,1;1 - k 2 ) (see [67], pp.499, 501); then r 



with K 

iK' IK. Another way to determine r, A and A' is by first solving for q = e 

relation 

f9 9^ (c - fe) (d - q) 

(c — a) (a — o) 
and then using the formulas 



using the 



lr 



fl(0,T,±,0) 4 16( g V 4 + g 9 / 4 + g 25 / 4 + • • • 
#(0,r,0,0) 4 ~ 



(2.29) 



K 



-7T0(O, r, 0, 0) 2 



A" 



(1 + 2g 4 + 2g 9 + 



-irA . 



1 0(M/2A>; i, ±) 



Finally, M can be determined by solving 

(2.30) T{C) = sn(M,k) 

(See [67], pp.492, 501.) 

We now determine the capacity of E. If Q = oo, put z = l/z; otherwise put z = z — (. 
Then as z — > 0, we have z — > C, w — > T(£), and u —> M. Using (|2.27p . it follows that 



V ( (E) 



limG(z,C,E)+log(\z\) 

z— >0 



(2.31) 



log 



m M+M l In 2A du l { ^ )} dz { ' 

u \ IK i ' i 1i 1> 



2K i ' i 2 i 2 ' 

The last two terms can be computed in terms of C, and a,b,c, d; the expression can then be 
simplified using the Jacobi identity 



(2.32) 



d n . 11, 



vr#(0, r;0, 0)6(0, r; i 0)0(0, r;0,^ 



0(Re(M(oo))/if,T;i,l) 



(see [67], p.470), together with ([239]) and ([238]) . If C = oo one obtains 

(2.33) 7oo (A) - --*.(*) - </(c-a)( C -6)(d-a)(d-6) . 

if C € C\A, then 

(2.34) 7C (£) = 



e(0,r;0,i) 



</(c-a)(c-6)(d-o)(d-6) 



e(Re(M(C))/K,r;i,l) 



l(C-a)(C-6)(C-c)(C-d)|V 2 



0(0,T;0,i) 

Numerical examples confirm the compatibility of (J2.33P with (J2.15J) . However the formula 
of Akhiezer reported in ( |23| . p. 422) seems to be incorrect. 

Three Segments. When E = [ai,b\] U [02,62] U [03,^3] C M. and ( = 00, Therese 
Falliero has given formulas for the Green's function and capacity of E using theta-functions 
of genus 2; for these, we refer the reader to Falliero (|22j) and Falliero- Sebbar ( |23] ). 
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Multiple segments. 

When E = [ai, 61] U [a 2 , 6 2 ] U • • • U [a n , b n ] C R with a x < 61 < a 2 < 6 2 < • • • < a n < b n 
and n arbitrary, Harold Widom ( |68| . pp.224ff) has given formulas for G(z, C; E) and V^(E) 
which we recall below. 

Let q(z) = YYj=i( z ~ a j)( z ~ bj), and let q{z) 1 ' 2 be the branch of \/Yl^ = i(z — a,j){z — bj) 
on C\E which is positive as z — > 00 along the real axis. This branch is well-defined 
throughout C\E and positive on M\E. For each x G E, the limiting values of q(z) 1 ' 2 as 
z — > x + i0 + and z — > x + i0~ are pure imaginary, and are negatives of each other. For 
convenience, we will extend q(z) 1 ' 2 to E by defining q(x) 1 ' 2 = q(x + iO - ) 1 ' 2 when x G E. 
Thus, q(z) 1 ' 2 is pure imaginary on E. 

First take £ = 00. Fix a point zo £ E, and let /i(z) = ho + h\z + - ■ ■ + h n -\z n ~ 1 G M(z) be 
a polynomial of degree < n — 1 with real coefficients. Consider the multiple- valued function 

G h (z) = f h{w)/q{w) 1 / 2 dw 

on C, where the integral is taken over any path from zq to z which is disjoint from E 
except for one or both of its endpoints. Since Gh(z) has pure imaginary periods around 
00 and around each component [oj,6j] of E, the function Re(G/ l (z)) is well-defined and 
continuous, and constant on each component of E. Since G(z) has a holomorphic branch 
in a neighborhood of each point w € C\E, Re(G/j(z)) is harmonic in C\E. 
Clearly Re(G/ l (z)) = on the component of E containing Zq. If 

(2.35) / h(x)/q(x) l/2 dx = 

Jbj 

for each 'gap' (bj,a,j-\-x), then Re(G^(^)) = on E. If in addition h(z) is monic, there is a 
number V G M. such that Re(G/ 1 (z)) is asymptotic to log(|z|) + V as z — > 00. In this setting, 
the characterization of Green's functions shows that 

(2.36) G(z,oo;£) = Re{G h {z)) . 

We will now show that such an h(z) exists. 

Following Widom, put A^ = f b J+1 x k /q{x) dx for j = 1, . . . , n — 1, k = 0, . . . ,n — 1. 

Note that l/q(z) 1 ' 2 has singularities at bj and Oj+i of order z -1 ' 2 , so each Aj^ is finite and 
belongs to R. We claim that there is a unique solution ho, hi, . . . ,h n -\ to the system of 
linear equations 

Y2=l A jkhk = for j = 1, . . . , n - 1 , 



(2 - 37) ■ />„-, = 1 

If ho, . . . , /i n -i satisfy ()2.37p . and h(z) is the corresponding polynomial, then h(z) is monic 
and the conditions (J2.35P hold. Thus G(z, 00; E) = Re(G/j(z)). Solving the system (J2.37P 
is called the 'Jacobi Inversion Problem'. 

To see that (I2.37P has a unique solution, it suffices to show that the n x n matrix 
associated to the system has rank n, or equivalently, that ho = ■ ■ ■ = h n -\ = is the only 
solution to the corresponding homogeneous system. Let ho, ... , h n -\ G R be any solution 
to the homogeneous system, and let h{z) be the corresponding polynomial. Then Gh{z) is 
harmonic on C\E, vanishes on E, and remains bounded as z — > 00 since h n -i = 0, so it 
extends to a function on P 1 (C)\£' harmonic at 00. By the maximum principle for harmonic 
functions, Gh(z) = 0. Restricting Gh(z) to R, differentiating, and using the Fundamental 
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Theorem of Calculus, we see that h{z)/q{z) 1 ' 2 = on M\E. Since q(z) is nonzero except 
at the endpoints of E, it follows that h(z) = 0, and hence that ho = • • • = h n -\ = 0. 

We remark that h(z) has one zero in each gap (bj,a,j+i), and no other zeros. Indeed 
G(x,oo;E) vanishes at bj and Oj+i, and is real-valued and differentiable on (bj,aj+i), so 
by Rolle's Theorem there is a point x* E (bj,a,j + i) where G'(x*,oo; E) = 0. The argument 
above shows that h{x*) = 0. Since h{z) has degree n — 1, it has a unique zero in each gap, 

and these are its only zeros. Thus, h(z) = YljZi ( z ~ x *j)i an d h(z) has constant sign on 
each component of E. 

Now consider the case when C £ C\E. Again, fix zq 6 E. We claim that for a suitable 
polynomial h{z) = ho + h\z + • • • h n _iz n ~ l € C[z], we have 

(2.38) G(z,(;E) = Re(G h (z)) , 
where now 

(2.39) G h (z) = f ff dw. 

Jzo q{wY' z (w-Q 

Here /i(z) must be chosen so that the following properties are satisfied: 

(1) The periods of Gh{z) are pure imaginary, so Re(G/ l (z)) is well-defined. 

(2) The value of Re(G/i(z)) is on each segment [dj,bj]. 

(3) Ke(Gh(z)) has a singularity of type — log(|z — CI) & t C- 

Let Tj be a loop about [aj,&j], traversed counterclockwise. Using Cauchy's theorem, one 

sees that 

h(w) , f bj h(x) 

■dw = 2 / , - ,: / dx . 



q(wy/Hw-C) J aj ?(x)V2(x-C) 

Thus for the periods of Gh(z) about the intervals [a,j, bj] to be pure imaginary, we need 

(2.40) Re ( / 3 y dx) = for j = 1, . . . ,n . 

Ja 3 qixy/^x-Q 

Let e > be small enough that the circle C(£, e) is disjoint from £\ Since the differential 
h(w)dw/[q(q) 1 ' 2 (w — £)) is holomorphic at oo, applying Cauchy's theorem on the domain 
P 1 (C)\(-E U {C}) we obtain 

Ef h(w) f h(w) 
/ — ; — M /o ; r «W + / — : — ; -, / n ; r dw = . 

i=1 hi qH 1/2 (™ ~ Jc(Ce) q{wf/ 2 (w - C) 

Hence if the conditions (I2.40p hold, the period of Gh{z) about C, (which is 2irih(C) / liC) 1 ) 
is pure imaginary as well. 

Under the conditions (127301) . Re(G h (z)) is well-defined, harmonic in P 1 (C)\(-B U {C}), 
and constant on each segment [a,j,bj]. Clearly its value on the segment containing zq is 0. 
For it to be identically on £, we need 

"^■+ 1 h(x) 



(2.41) Re(/ - v / dx) = fori = l,...,n-l . 

Jbj q{xy> z (x-Q 

Finally, for Ke(Gh(z)) to have a singularity of type — log(|z — CI) a * C> we need 

h(w) , h(0 



Res„, = £ 



i(wy/*(w-o' ' g(c) 1 / 2 
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Since the period of Gh(z) about £ is imaginary we automatically have Im(/t(£) /<?(£) ) = 0> 
and it is enough to require 

(2.42) -1 = Re( k ^ ^ 



Writing hk = c-k + dki for k = 0, ... ,n — 1, with Cfc,dfc £ M, the conditions (|2.40p . 
(|2.4ip and (|2.42p represent a system of In linear equations with real coefficients in 2n real 
unknowns. To show that it has a unique solution, it is enough to show that the only solution 
to the corresponding homogeneous system is the trivial one. 

Suppose that h(z) arises from a solution to the homogeneous system. Then Re(G/j(z)) 
is harmonic in P 1 (C)\(£' U {£}) and extends to a function harmonic at £, with boundary 
values on E. By the Maximum Principle, ~Re(Gh(z)) = 0. Differentiating, and using the 
Fundamental Theorem of Calculus on horizontal segments, we see that 

on C\(-EU{£}). If real part of an analytic function is identically 0, that function is constant, 
so we must have 

Hz) 

q(z)V*(z-0 

for some purely imaginary constant C. However, q(z) 1 ' 2 (z — (,) is not a polynomial, so this 
can hold only if C = 0. Thus h(z) = 0, which means that ci = di = ■ ■ ■ = c n = d n = 0. 

When C = oo, choosing zq / and noting that log(|z|) = Re (/ 2 °° 1/wdw) — log ( | z 1 ) , 
Widom gives a formula for the Robin constant equivalent to 



Voo(E) = lim (G(z,oo;E)-log(\z\)) 

= ^ ( f° -rw* - - <M + log(koi) - 

Jzq qiw) 1 ' 1 w 

Similarly, when £ £ C\E, 

V C (E) = lim(G(z,(;E)+log(\z-(\)) 

= Re (/°° , u y 7\ + —t dw ) - Mko-cD. 

When £ = oo, there is a more illuminating formula for Voo(E). Put c = {a\ + b n )/2 and 
T = (b n — ai)/4, so E C [oi, b n ] = [c — 2r, c + 2r\. We claim that 

n— 1 

(2.43) Foo^) = -log(^l) + V r +1 G(x,oo;E)-- 



i=i Jb - 



4 ^1 ^ fe i ^ \/4r 2 — (a; — c) 2 ' 

7oo(£) = C -*-<*> = ^.g^^^TPfa'. 

Readers familiar with capacity theory will recognize dx/( - 7ry / 4r 2 — (x — c) 2 ) as the equilib- 
rium distribution of [ai,6 n l relative to oo. 
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To derive (|2.43p . assume for simplicity that c = 0, so [a\, b n ] = [— 2r, 2r]; this can always 
be arranged by a translation. Note that since G(z, oo; [— 2r, 2r\) ~ log ( | -z | ) + V oc ([—2r,2r]) 
as z -> oo, and V O0 ([-2r, 2r\) = V£o([ai,& n ]) = -k>g((6 n - «i)/4), we have 

VooiE) := lim G(z,oo;£)-log(|z|) 

z— >oo 

(2.44) = lim (G(z, oo; E) - G(z, oo; [-2r, 2r])) - log(^^i) . 

z— >oo 4 

The function gf(z) := G(z, oo; E) — G(z, oo; [— 2r, 2r]) is harmonic in C\[— 2r, 2r] and bounded 
as z — > oo; hence it extends to a function harmonic in P 1 (C)\[— 2r, 2r], with 

(2.45) 5(oo)= lim (G(z, 00; E) - G(z, 00; \-2r,2r])) . 

z— >oa 

Let the Joukowski map z = J r (w) = w + r 2 jw be as in (|2.1ip . For each R> r, parametrize 
the ellipse £{R + r 2 /R, R - r 2 /R) by z = J r {Rcos{6) + iRsm(0)) as in (I2T21) . Let £> R = 
P 1 (C)\Z)(0, 22), and let £ R be the connected component of F 1 (C)\£(R + r 2 /R, R - r 2 /R) 
containing 00. The map J r (w) gives a conformal equivalence from T>r to £r, and takes 00 
to 00. Thus H(w) := g(J r (w)) is harmonic in Pr, and iJ(oo) = g(oo). By the mean value 
theorem for harmonic functions, 

5(00) = //(oo) = — [ H(Rcos(9) + iRsm(6))d6 
27r Jo 

= 2k [* 9{{R + i ] cos{9) +i{R ~i ] s ' m{9)) de • 



Since £(R + r 2 /^, i? - r 2 / R) is the level curve log(Jtyr) for G(z, 00; [-2r, 2r\) (see (pT3l) k 
it follows that 



r-2n 



5(oo) = ^J 7T G((R+ r -)cos(6) + i(R-^)sm(6)),w,E)d6 -- log(R/r) . 
Since G(z, 00; E) = Gh(z) is continuous on C, letting iJ->rwe see that 

0(00) = — [ G(2r cos(6), 00; E)d6 . 
27r Jo 

Finally, making the change of variables x = 2rcos(8) yields 

(2.46) 0(00) = / G ^^ E )-^T^= 2 = E/ ' G ^°°^)-^T^^- 
Voi n V4r 2 - x 2 f-^ Jfej vr ^4r 2 - x 2 

Combining (12^41 . (12^51) and (l2^6|) gives (l2^3|) . 

The Real Projective Line. If E = P 1 (M), the components of its complement in P 1 (C) 
are the upper and lower half-planes. Fix Q £ E. Using the characterization of the Green's 
function, it is easy to check that if z and £ belong to the same component of P 1 (C)\P 1 ( 
then 



(2.47) G(z,(;E) = -log 



C 
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If z and £ are not in the same component, then G(z, £; £") = 0. Taking g^(z) = z — Q and 
using (|2.47p we obtain 



(2.48) VAE) = lim-log 



C 



+ log(|z-C|) = log(2|Im(C)|), 



(2.49) 1( (E) 



1 



2|Im(C)| 



The Disc with Opposite Radial Arms. Take L\, L 2 > 0, and let E be the union of 
£>(0, if!) with the segment \—L\ — R, R + L 2 ]; thus £" is a disc with opposite radial arms of 
length Li, L 2 . We claim that 

1 / # 2 + flLi + L 2 i? 2 + i?L 2 + L 2 
(2.50) 7 oo(-E) = 7 ( 2R + n , r + 



4 V R + Li R + L 2 

To see this, first take R = 1. Put ai = 1 + Li, a 2 = I + L2; then £7 = D(0, 1) U [— a\ , a 2 ]. 
Let io = </j(z) = (z — l) 2 /z. Then tp is the composite of the maps z — > t = —l/(z + 1), 
t — > u = t + 1/2, u — > v = u 2 , and v — > w = — l/(v — 1/4). Using standard properties of 
conformal maps one sees that (p(z) maps C\E conformally onto C\L4,-B], where 

A (AI + I) 2 ; g _ (02 ~ I) 2 _ 

a\ a 2 

Clearly 92(00) = 00. Since lim^oo log(|«;|/|2:|) = 0, it follows that 

B-A (o 1 o 2 + l)(oi + o 2 ) 



(2.51) loo (E) = loo ([A,B}) 

4 4aia 2 

In the general case, put a± = 1 + L\/R, a 2 = 1 + L 2 /R, and scale (|2.5ip by i?; after 
simplification, one obtains (|2.5U|) . The expression (|2.51|) appears in ( j33| . p. 82). 
For the set E = D(0, 1) U [— ai, 02] discussed above, and for z,Q £ E, one has 

G(z,(;E) = %(z)^(C);[i,B]) 

where the Green's function of [A, B] is given by (|2.8h . This can be used to find ^(E) for 
any ( G C\J5. 

Two Concentric Circles. Fix r > 1, and let £7 be the union of the circles \z\ = 
1/r and \z\ = r. The complement of E has three components. If z and ( belong to 
different components, then G(z, £; -E 1 ) = 0. If they belong to the outer component, then 
G(z, C; E) = G(z, C; D(0, r)), while if they belong to the inner component then G(z, £; E) = 
G(l/z,l/(;D(0,r)). 

G(z, ("; E) is also known when z and C, belong to the annular region between the circles. 
Courant and Hilbert ( [13j . pp. 386-388) derive a formula for it using the Schwarz Reflection 
Principle: define q by q 1 ' 2 = 1/r, and suppose 1/r < \z\, |£| < r. Courant and Hilbert show 
that G(z,(;E) = -log(|/ c (z)|), where 



, mm n ^Vf-V^n~i(l-^f)(l-^!) 
Co r;o\ f.C^ — I ^|— lo g(ICI)/log(<?) . V s v . 

lln=l( 1 -5 1 C2)(l-g 2 " ^) 

Recalling the product expansions of the theta functions, they note that the second term is a 
quotient of two theta functions, leading to the following expression: writing r = 2zlog(r)/7T, 
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2iriu 



and ( = e a , then for 1/r < \z\, \(\ < r, 



(2.53) 



G(zX;E) 



log(|z|)log(|C|) 
21og(r) 



log 



6(u-a,r; o, o) 



9(u — a,r; 0, i) 



Here we have corrected a minor error in Courant-Hilbert, who state (|2.52p for positive 
real £, and omit the conjugate on £ in generalizing; this changes their 0(u + a, r;0, g) to 
0(u — a, r; 0, |). Using (|2.53p . we obtain 

(2.54) V ( (E) = KmG(z,(;E)+\og(\z-(\) 

= -%¥f + M|0(a- 5 ,r; 0,i)|) 
21og(r) 2 



(log(ICI))- 
21og(r) 



+ log 



2(-6(a-a,T;0 ±) 



0(0, r;0, 0)0(0, r;± 0)0(0, r;0±; 



where we have used Jacobi's identity (|2.32p to simplify g^0(O, r; 5, ^). When £ = 1, this 
becomes 



(2.55) ViCE) = log 



J0(O, r;0, 0)0(0, ^±,0 
Sets arising in Polynomial Dynamics. 



, 7i(£) 



|0(O,r;O,O)0(O,r;i,l 



Julia Sets. Let tp(x) = a$ + aix + • • • + a^x d £ C[x] be a polynomial of degree <i > 2. 
By definition, the filled Julia set K, v of <p(x) is the set of all z S C whose forward orbit 
z, f(z), ip(ip(z)), .. . under (p remains bounded; the Julia set is its boundary J v = dK.^. 
Let tp( n > =ipoipo---oiphe the n-fold iterate. For each sufficiently large R, we have 
D(0,R) Dcp-^D^R)) D (ip^y^D^R)) D • • • D /C^, and 

oo 
n=l 



As in ( |62| . p. 147), for each z € C we have 

(2.56) G(z,oo;J v ) = G(z,oo;IC v ) 

(the 'escape velocity' of z), and 

log(|o d |) 



lim llog+(|^)(z)|) 

n— >oo q" 



(2.57) 



Voc^J^) = ^oo(^V') 



d- 1 



7oo(^)=7oo(/C^) = |a d r 1 /( d - 1 ) 



The proofs of (I2.56J) and (|2.57|) are simple. It is easy to see that <p( n '(z) has degree d n 
and leading coefficient a + "■ *" + . By the characterization of Green's functions it 
follows that G(z,oo;(^ n 1)- l (D(0,R))) = d~ n log + (\^ n \z)\) , and that 



y oo ((^™))- 1 P(0,^))) 



d n ~ l + d n ~ 2 + ■ ■ ■ + d + 1 



log(|a |) 



1 - 1/cf 



log(|o |) • 



The Green's functions G(z,oo;((p^ n 'y 1 (D(0,R)) decrease monotonically to G{z,oo;JC tp ), 
and the convergence is uniform outside any neighborhood of XL,, so (I2.56|) and (I2.57|) follow. 
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The Mandelbrot Set. Each quadratic polynomial (f c (x) = x 2 + c £ C[x] has as a 
critical point. The Mandelbrot set A4 is the set of all c £ C for which the forward orbit 

(2) 

0,ip c (0),ip c (0),... remains bounded; equivalently, M. is the set of all c S C for which 
belongs to the filled Julia set of cp c (x). It is easy to see that (p c {0) = c, ip c (0) = c 2 — c, and 
(fc (0) = c 4 — 2c 3 + c 2 — c; in general P n (c) := <fc (0) is a monic polynomial of degree 2 n 
in Z[c]. It can be shown that D(0, 2) D Pf 1 (D(0, 2)) D P 2 _1 (D(0, 2)) D • • • D X, and that 

oo 

(2.58) X = n^(i)(0,2)); 

ra=l 

see ( |62| . p. 158). By arguments like those for Julia sets, for each c € C we have 

(2.59) G(c,oc;M) = lim -Llog+(|P re (c)|) = lim 1 log+(<^ +1 )(0)) , 

n— >oo Z n— >oo Z 

and 

(2.60) V oo (M)=0, loo (M) = l. 

2. Local capacities and Green's functions of Nonarchimedean Sets 

In this section, K v will be a nonarchimedean local field. Identify P 1 (C t ,) with Cj,U{oo}. 
There are two methods of determining the Green's function for sets E v C P 1 (C t) ): by 
using the pullback formula for Green's functions, for noncompact sets; or by guessing the 
equilibrium distribution based on symmetry, for compact sets. We are aided by the fact 
that the capacity is monotonic under containment of sets. 

The pullback formula for Green's functions is as follows. Let C\,C2/C V be smooth, 
complete curves, and let / : C\ — > C2 be a nonconstant rational map. Suppose E v C C2(C V ) 
is an algebraically capacitable set of positive capacity. Fix £ E C2(C V )\E V and write 
/*((0) = Y^JjLi m k(£,j) as a divisor. Then for each z G Ci(C<,), 

in 

(2.61) G(f(z),(;E v ) = J2 m kG(z^ j ;f- 1 (E v ). 

i=i 
This holds for both nonarchimedean and archimedean sets (see [51] . Theorems 3.2.9, 4.4.19). 
The Closed Disc. If E v = D(a, R) = {z G C v : \z - a\ v < R} then 

( log+(\z-a\ v /R) ifC = oo , 

(2.62) G(z,(;E v ) = I iog + fl^k 



*-C 



if (eC v \D(a,R) 



The first formula is essentially the definition of the Green's function as given by Cantor 
( |16j ); the second follows from the first, by applying the pullback formula (|2.6ip to the map 
f(z) = (z — a)/(z — £) which takes D(a, R) to D(0, R/\( — a\ v ) and takes ( to 00. 
Taking goc(z) = 1/z, and g^{z) = z — £ if £ G C v \D(a,R), we have 

(2.63) Voo(E v ) = -\og v {R) , loo (E v ) = q~ v °°^ = R ; 

(2.64) V C (E V ) = -log v (R/\C - a\ 2 v ) , 1( (E V ) = R/\( - a\ 2 v . 

The Open Disc. If E v = D(a,R)- = {z £ C v : \z\ v < R}, formulas (I2T621) . (LT631) . and 
p.64p for the Green's function, Robin constant and capacity remain valid. 
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If C = °°> this is because for any R\ < R we have D(a, R±) C D(a, R)~~ C D(a, R), and 
hence 

G(z,oo;D(a,R 1 )) < G(z,oo;D(a,R)~) < G(z,oo;D(a,R)) , 
700(25(0,121)) < 700(25(0,1?)-) < 700(25(0,1?)). 

Taking a limit as R\ — >• R, it follows from formulas (|2.62j) and (I2.63D that G(z, 00; D(a, R)~~ ) - 
G(z, 00; D(a, R)) and 7oo(15(a, R)~) = loo {D(a, R)). 

If C € C v \D(a, R)~ , we can reduce to the case where £ = 00 by applying the map 
f( z ) = {z - a )/(z - C) and using the pullback formula (j2lfl]l . Thus (f2TH2]) . (1^631) . and 
(pTBIjI hold when £„ = £>(a, 12)", for any ( £ E v . 

The Punctured Disc. Suppose E v = D(a, 2?)\([J^ 1 25(<2j, Ri)~), where 01, ... , a m G 
D(0,R) and Ri < R for each i. For each £ ^ D(a,R), the Green's function and capacity 
are still given by f|2.62|) . (|2.63p . and (|2.64p . Indeed, for any fixed ao S .E„, we have 
D(ao,R)~ C E v C D(ao,R), so the result follows from the previous case. 

If (" belongs to one of the "holes" D(ai,Ri)~ , then 25(aj,22j)~ = D(C,Ri)~ and by 
applying /(z) = l/(z — £) and using the pullback formula (|2.6ip . we find that 

(2.65) G(z,(;E v ) = G(-^—,oo;D(0,^)) = \og+ / 



z - ( Ri v \\z - C\ v 

(2.66) V C (E V ) log v (Ri) , 7C (E V ) = 1/R t . 

The Ring of Integers O w . We next determine the Green's function of the ring of 
integers of a finite extension F w /K v in C„. 

Proposition 2.1. Let F w /K v be a finite extension in C v , with ramification index e = 
e w / v and residue degree f = f w / v . Take E v = O w , the ring of integers of F w . Given z G C v , 
put 

r = \\z,O w \\ v = min \z — x\ v . 

Let M = |_— elog v (r)\ and (—elog v (r)) be the integer and fractional parts of —e\og v {r), 
respectively. Then 



(2.67) G(z,oo;O w ) 



( ifz£O w , 

Izrizm ~ (-elog,,(r))^ f J 1+1) if z^ O w , \z\ v < 1, 



1 1 



— 7 +1°gv(\ z \v) if\z\ v >l. 

and if capacities are computed relative to the uniformizer goo(z) = 1/z then 



(2.68) Voo(O w ) = — f , 7oo(O w ) = ^/(efe'-i)) 

e ql-l 



For any coset a + bO w where a £ C v , b £ C * , 

G(z, oo; a + bO w ) = G{{z — a)/b, oo; O w ) , 

so that V^a + bO w ) = -log„(|6|„) + Voo(O w ) and 700(0 + bO w ) = \b\ v ■ joo(O w ). In 
particular, if ir w is a generator for the maximal ideal of O w , then 

(2.69) VUo + tCO,) = 1-J— + ™, 7oo(o + CO«) = g- m /e-l/(e(^-D) _ 

e qt ~ 1 e 



22 2. EXAMPLES AND APPLICATIONS 

Proof. See ( |51j . Example 5.2.17). The equilibrium distribution of O w is the additive 
Haar measure fi for F w , normalized so that fJ>(O w ) = 1 (see |51| . p. 212). It follows that 
if we write q w = ql, and put M = [— elog v (r)\ if \z\ v < 1, M = — 1 if \z\ v > 1, then the 
potential function is given by 

uo w (z, oo) = / -log v (|^-x|„)d/i(x) 

= Er^ + E <-k*.(r))-^ 

fc=0 ^ fc=A/+l «™ 

1 1 . Af + 1 1 . . 1 

= i7^T- [1 -^^ + Jv7TT]- lo g^ r )-nvm 

The potential function is invariant under translation by O w , so Voo(O w ) = uo w (0,oo) = 
l/( e (<Z«> — !))• The expression (|2.67p is obtained by simplifying G(z,oo;O w ) = l/(e(q w — 
1)) - uo w (z, oo). (Compare [H], Example 4.1.24, p.212). 

The assertions about cosets follow easily. D 

We now recall a general procedure for computing capacities of finite disjoint unions of 
nonarchimedean sets (for more details, see Theorem IA. 131 and Corollary I A. 141 of Appendix 
El or see [51], p.354). 

Let C v /K v be a curve. Suppose E v = |Ji=i E v ,i C C V (C V ) is a finite disjoint union of 
compact sets E V i with positive inner capacity, and that £ € C V (C V ) is such that the canonical 
distance [z, w]^ (see §3l5j) is constant on E V j x E v j, for each z ^ j. For each i, let fx^i be the 
equilibrium distribution of E v> i (see §3l8j) . Then each i, the potential function ue v t (z, Q = 
f E — log([z, w]^dfi^ t i(w) and Green's function G(z, £; E v> i) = V^(E V ) — ue v 4 (z, () are con- 
stant for z S ii^ j, for each j ^ i. 

We now show that we can compute G(z,^;E v ) and V^(E V ) in terms of the potential 
functions ue v i( z ,C)- Let capacities be defined in terms of the uniformizer gc,(z). For each 
E V)i , put 

Wu = V c (E v>i ) 
and for each i ^ j let Wij be the value that ue v t (z, (,) assumes on E v ~. Consider the system 
of N + 1 linear equations in the variables V, s\, . . . , sn'- 

(2.70) 1 = 0V + 8l + s 2 + • • • + s N , 

= V-W ilSl -W i2 s 2 -...-W iN s N , 
for i = l,...,N. 

We claim that this system of equations has a unique solution, for which s\, . . . , sjv > 0; 
and for this solution, we have 

(2.71) V C (E V ) = V, 

(2.72) G(z;(;E v ) = J^G^C;^,*) + J>W« - F . 

To see this, let // be the equilibrium distribution of £7„ with respect to £, and put 
si = n(E Vt i) for each i. Then si > 0: otherwise, \x would be supported on E V \E V ^ and then 
U((z,E v ) = u^(z,E v \E Vt i). By ( |51j . Corollary 4.1.12) we would have u^(z,E v \E Vt i) < 
V^(E v \E Vt i) = V((E V ) for all z 6 E V j, contradicting that u^(z;E v ) takes the value V^(E V ) 
for all z € E v except possibly on a set of inner capacity ( |51j . Theorem 4.1.11). Consider 



2. LOCAL CAPACITIES AND GREEN'S FUNCTIONS OF NONARCHIMEDEAN SETS 23 

the probability measure \ii = s~ /j.\e vi , and put Ui(z,(,) = J E — log v ([z,w]^) dfii(w); by 
our hypothesis on the canonical distance, Ui{z,Q) is constant on Ej, for each j 7^ i. Then 

u E Jz,() = / -log v ([z,w] ( )dn(z) 

J E v 
r „ r 

= Yl / - l °&u([ z ,w]() d ^( Z ) = ^SiUi{z,C,) . 

For each i, since 1^(2:, £) and the Uj(z,(,) for j ^ i are constant on E^j except possibly 
on a set of inner capacity , it follows that Ui(z,(,) is constant on E V i except possibly 
on a set of inner capacity 0. Since this property characterizes the equilibrium potential, it 
follows that Hi must be the equilibrium distribution of E V i with respect to £• Thus there 
are unique weights s\, . . . , sjv > with Y2i=i ^i = 1, for which 

N 

(2-73) u Ev (z,0 = ^2siU Ev Jz,C) ■ 

i=l 

Evaluating (|2.73p at a generic point of each E V) i, we see that V = V^(E V ) and si, . . . , sjv 
are a solution to the system (|2.70p with each ?j > 0. Conversely, any solution to (|2.70p gives 
a system of weights for which [i = ^ s^. The uniqueness of the equilibrium distribution 
( |51| . Theorem 4.1.22) shows that s±, . . . , sn, and in turn V, are unique. Thus Si = Sj for 
each i, and V^(E V ) = V. Since G{z,C t \E v ) = V^(E V ) — ue v {z,C), formula (|2.7ip follows. 

The Group of Units O*. Using the machinery above, we will now determine the 
Green's function and the capacity of the set 0*, relative to the point 00. 

Proposition 2.2. Let F w /K v be a finite extension, with ramification index e = e w / v 
and residue degree f = f w / v . Let O* be the group of units of O w . For z G C v , put 
ro = min^g^x \z — x\ v , Mq = |_— elog„(ro)J; note that r^ = \z\ v if \z\ v > 1. Then 



(2.74) G(z,oo;Ol 



w > 



ifzeOl 

^•^k-(-elog>o))^ i/0<r <l, 

[ ^iji+^d^) if\z\ v >l. 

If capacities are computed relative to the uniformizer goo(z) = 1/z then 



1 1 ,. Is ql 



(2.75) Ko(0*) = — r — (1 + ^— r ) 

e qJ — 1 a 7 — 1 



eq J ~ q J ~ e{ql - 1) 

- 1 ar 

classes in O w /ir w O w . Then 



Proof. Put N = q{, — 1 and let oi, . . . , a^v be coset representatives for the nonzero 



N 

is a decomposition of the type needed to compute G(z, oo; O*) in terms of the G(z, oo; Oj + 
ttO w ). Applying the last part of Proposition 12.11 solving the system (|2.70p and simplifying 
(I2.7ip . (I2.72P gives the result. Here Wij = if i ^ j and each Wu = qt/(e(qt — 1)), giving 
V = ql /{e(ql — l) 2 ) and Sj = l/{ql — 1) for each i. □ 
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Corollary 2.3. Let K v be nonarchimedean, and let ir v be a uniformizer for the maximal 
ideal of O v . Suppose ai, . . . ,on are representives for distinct cosets of O v /ir v O v , and put 
E v = U?=i(ai + tt v O v ). Then 

VUK) = Nit^T) 

Proof. The proof is similar to Proposition 12.21 with Si = 1/N for i = 1, . . . ,N. □ 

The punctured O^-disc. Next we determine the capacity of a union of cosets of O*, 
relative to the point £ = oo. This computation has important theoretical consequences: it 
is used in the proof Proposition 13.301 which plays a key role in the reduction of Theorem 
[031 to Theorem [OJ 



Proposition 2.4. Put E VyTn = \J™ =0 tt%O* , and take ( = oo. Then 
(2.76) Voo(E Vim ) = — ^- + 



2m,-] 



q v -l (q v -l) 2 (l + q 2 v +q?, + ---+q 2 v 

m+l 

(2.77) G (0,oc ;E „, m > . j _ w -|- g __ H , 

and for each k = 0, ... , m £/ie mass of ir^O* under the equilibrium distribution \i m of E v , 
with respect to oo is 

(2.78) IhntfOS) ■ 



i + g« + g2 + 9g + -" + 9? n+1 ' 

Proof. Write V m = Voo(E Vym ). By Proposition E21 we have 

(2.79) V = - Qv u2 = —?— + - 1 . 

(q v - l) 2 q v ~l (Qv ~ l) 2 

We will prove (|2.76p by induction on m. Note that E v>m = 7r v E v>m -i U O* . For z £ 
r K v E v ^ m _\ and w £ O* , — log v ([z , w]oo) = — \og v (\z — w\ v ) = 0, independent of z,w. Hence 
u nv E v m _ 1 (z,oo) = if z £ O*, and u x(z, oo) = if z £ 7r v E Vtm _i. Furthermore, by the 
scaling property of the capacity, V 00 {-r: v E v>m ) = V 00 (E V)m _ 1 ) + 1 = V m -\ + 1. By (|2.7U|) . 
there are numbers si >m , S2, m > for which 

{1 = Sl,m + S2,m 

V m = (Vm-i + 1) ■ 8 ltm + • S 2 ,m 
Vm = • Si jm + Vb • s 2 , m 

Solving (I2.80p for V^j and inserting (]2.79p leads to the recursion 

q v (l + V m -i) 
q v + (?« - l) 2 Ki-i 
whose solution is easily seen to be (j2.76p . 
Once the V m are known, one sees that 

( j 1,m " 1 + q v + ■ ■ ■ ql m+1 ' 2 ' m " 1 + q v + ■ ■ ■ </ 2m+1 ' 

To obtain (|2.7T[) . note that since n c) x(0,oo) = 0, we have UE vm (0, oo) = si >m • (1 + 
u^ m _ 1 (0, oo)). Thus recursively 

(2.82) u.E„ m (0,oo) = si )Tn + si )m si, m _i H h Si, m si,m-i • • • si,i . 
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One gets (pTFTD by inserting (|27B1) . flMED and (IZ82J1 in the formula 

G(0, oo;E VtTn ) = V m -u Evm (0,oo) 

and simplifying. Finally, the weights of the cosets vt^O* under the equilibrium distribution 
fA m can be found by using 



A*m(<0£) 



Sl,mMm-l(7T l , O*) = "- 
Sl,mSl,m—l ' ' ' Sl.m— fc+1 ' l^m—k\S-^% 



where // m _fc(0*) = S2, m -fe- Using (|2.8ip . and simplifying, yields (|2.T8jl . Once the weights 
Hm^^O*) are known, the value of G(z,oo;E v>m ) can be found for any 2. □ 

The union of two rings of integers. Let F w be the unique unramified quadratic 
extension of K v , and let F u be a totally ramified quadratic extension. We will compute the 
capacity of the set E v = O w U O u with respect to 00. This is the only nonarchimedean set 
known to the author whose Robin constant can be computed explicitly, and is not rational. 
The importance is not the result itself, but the method, which uses a partial self-similarity 
of E v with itself, and can be applied to non-disjoint unions of much more general sets. 

Proposition 2.5. Fix a nonarchimedean local field K v . Let F w /K v be the unique 
unramified quadratic extension, and let F u /K v be a totally ramified quadratic extension. 
Put E v = O w L> O u and let 



A 
B 
D 



2qt + H 

qt + 2ql - 2q 2 v +2q v -l 



H + 2g« 

■+ 

q* + Aq 7 v + Sql + 12^ + 18?* + 12^ + Sq 2 v + 4q v + 1 



Then 
(2.83) 



Voo(E v 



-b + Vd 



2A 



Below are some numerical examples when K v 
values of Voo{O w ) and Voo(O u ) for comparison. 



tp- 



for small primes p. We give the 





q v = 2 


q v = 3 


Qv = 5 


Qv = 7 


q v = 11 


VM) 


.2750820518 


.1060035774 


.0366954968 


.0188065868 


.0077456591 


Voo(O w ) 


.3333333333 


.1250000000 


.0416666666 


.0208333333 


.0083333333 


Voo(O u ) 


.5000000000 


.2500000000 


.1250000000 


.0833333333 


.0500000000 



It can be shown that as q v — > 00, then V 00 (E V ) = l/q% — l/q% + 0(1/ q^j] 



Proof of Proposition 12.51 Let n = tt v be a generator for the maximal ideal of O v , 
and write q = q v . Then #(O v /ttO v ) = q; let 71, . . . ,j q be coset representatives for O v /ttO v . 
Put Eo t i = % + ttE v = 7i + n(O w U O u ), for i = 1, . . . , q. There are q 2 — q cosets of O w /irO w 
which do not contain elements of O v ; let these be E±j = ctj + ttO w , for j = 1, . . . , q 2 — q. 
Similarly, there are q 2 — q cosets of O u /ttO u which do not contain elements of O v ; let these 
be E?2,fc = Pk + tt0 u , for k = 1, . . . , q 2 — q. Then the sets Eq^, E\j and £^2,fc are pairwise 
disjoint (in fact, they are contained in pairwise disjoint cosets a + 7rO v , where O v = D(0, 1) 
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is the ring of integers of C v ), and we can write 

E v = ( (J £ M ) U ( (J ^y) U ( |J E 3tk ] 

i=l j=l k=l 

Let /x be the equilibrium distribution of E v with respect to oo, and put Wo,i = /i(2?o,i), 
wij = fJ.(E 1)j ), w 2 ,k = K E 2,k) for all i, j, k. Then 

q q 2 -q q 2 -q 

(2.84) Uoo(z,E v ) = t^w^iUoojZjEoj) + ^J wq^u^z^Ex^) + ^J w 2 , k u oc (z,E 2)k ) ■ 

i=\ i=l k=X 

Let V = loo(^) be the (as yet unknown) Robin constant of E v = O w U O u , and let 
Vi = Voo(O w ), V 2 = Voo(O u ). Since E v C 25(0, 1), we must have V > 0. By Proposition O 

In general, for any compact set E C C v of positive capacity, we have V^ (a + irE) = 
Voo(E) + 1 for each a G C„. If E C D(a,r), then u 00 (z,E) = — log t ,(|z — a| v ) for all 
2 ^ D(a, r). It follows that for each Eq^, one has Uoo(z, Eq^) = V + 1 on 2?o,i- On the q — 1 
cosets 2^ 2 ,fc contained in 'yi+y/nOv, one has Uoo(z, 2?o,j) = 1/2. On the other q 2 — 2q+l cosets 
2?2, fe and the other q—1 cosets Eq^, as well as all the cosets E\j, one has u OQ (z,EQ j i) = 0. 
For each E\j, one has u OQ (z, E±j) = V\ + 1 on 2£ij, and ^^(z, 2?ij) = on all the 2?o,i, all 
the E 2 j and all the E\^< distinct from j. For each E 2< k , one has u OQ (z,E 2jk ) = V 2 + 1 on 
2?2,fc- There are g — 2 other cosets E 2>k ' and one coset 2£ij contained in f3 k + \pKO v . On 
those cosets we have u 00 (z,E 2k ) = 1/2. On the remaining q 2 — 2q + 1 cosets 2?2, &' and on 
all the cosets i^ij, one has u oc (z,E 2 ^ k ) = 0. 

Evaluating Uoo(z, E v ) on each of the sets E r>s in turn yields a system of 2q 2 — q equations 
satisfied by V and the w rjS . Since fj, and V = Voo(E v ) are unique, these equations uniquely 
determine the u> r ,s- Hence for any permutation a of the sets E r<s which takes sets of type 
r = 0, 1, 2 to sets of the same type, and which preserves distances between corresponding 
pairs of sets, we must have wv, CT (s) — w r,s for all r, s. It is easy to see that there are enough 
permutations satisfying these conditions to assure that there are Wq, w\, w 2 such that for 
all i, j, k 

WQ,i = W , W lt j = Wi , W2,fc = W 2 . 

We can now determine V. From fj,(E v ) = 1, we obtain the mass equation 
1 = (q)-w + (q 2 -q)-wi + (q 2 - q) ■ w 2 . 
Evaluating Uoo(z,E v ) on the sets Eq^, E\j and E 2 ^ k gives the equations 

V = wo- (V + 1) +W2- (q-1) ■ (1/2) , 

V = wx ■ (V x + 1) , 

V = wo-(l/2)+w 2 -((V 2 + l) + (q-2)-(l/2)). 

Treating this as a linear system in wq, w\, w 2 , solving it in terms of V, V±, V 2 , and inserting 
the resulting values in the mass equation leads to 

v(h + v 2 ) , ,j _, v , ,_ 2 , v 2 + \v 



1 = (g) n ■ ^nr ■ ^ .-i +ir-qiz—rr + iq 



0. + V)(V 2 + %)-££ ^l + V, *'(i + V )(y 2 + l)-3=± 
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Clearing denominators and using the values for V\ , V2 from f|2.85j) yields a quadratic equation 
in V. Its unique non-negative root (simplified using Maple) is the one in f|2.83|) . □ 
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As will be seen, capacity theory provides a "calculus" for answering certain types of 
questions about algebraic integers and units. Note that a E Q is an algebraic integer if and 
only if its conjugates all satisfy |o"(a)|„ < 1 for all nonarchimedean v, and it is a unit if and 
only if |c(a)| v = 1 for all nonarchimedean v. 

Algebraic Integers. The following example is a trivial application of capacity theory, 
but appears hard to prove without it. 

Example 2.6. Let M be the Mandelbrot set. Then 

(A) There are infinitely many algebraic integers whose conjugates all belong to M. 

(B) For each number B > there are only finitely many algebraic integers a whose 
conjugates all belong to M, and some prime p < B splits completely in Q(a). Indeed, there 
is a neighborhood U = U(B) of M with this property. 

(C) On the other hand, for each neighborhood U of M. in C, there is a number C = C(U) 
such that for each prime p > C, there are infinitely many algebraic integers a such that all 
the conjugates of a belong to U, and p splits completely in Q(a). 

Proof. Take K = Q,C = ¥ 1 , and X = {oo}. 

Part (A) is well known. Indeed, put tp c {z) = z 2 + c and for each integer n > 1 put 

P n (c) = ifc (0), as in the discussion preceding (|2.58[) . Then P n (c) is a monic polynomial 
in Z[c] of degree 2 n . If a is a root of P n (c) = 0, then z = is periodic for p a (z) (with period 
dividing n + 1) since (fa (0) = 0. The same is true for all the Gal(Q/Q)-conjugates of a, 
so a is an algebraic integer whose conjugates all belong to Ai. 

There are many ways to see that as a collection, the P n (c) have infinitely many distinct 
roots. For example, note that c = is the only number such that is periodic for ip c { z ) 
with period 1. Taking n = p — 1 where p is prime, we obtain 2 n — 1 values of c such that 
is periodic for f c ( z ) with exact period p; thus there are infinitely many algebraic integers 
whose conjugates all belong to M.. 

For part (B), fix a prime p, let Eqo = A4, E p = Z p , and let E q = D(0, 1) C C q for each 
prime q / p. Put E = f\ v E v . Then E is algebraically capacitable, and 

7 (E,X) = 7oc(-M)-7oc(£ P ) = p" 1 ^" 1 ) < 1. 

By Theorem 11.51 there is an adelic neigbhorhood U = U p = FJ U P)V of E such that there are 
only finitely many a S Q which have all their conjugates in U p . Each algebraic integer a 
such that p splits completely in Q(a) is such a number. 

Given B > 0, put U = U(B) = n p <BUp tOC C C. Then U(B) has the desired properties. 

For part (C), let U C C be any neighborhood of M. By enlarging A4 within U (for 
example by choosing a point a E (C/nR)\.M and adjoining a suitably small disc D(a, r)) we 
can obtain a set Mjj C U which has Joo(-Mu) > 1 an d is stable under complex conjugation. 

Fix a prime p, and take E^ = Aijj, E p = Z p , and E q = D(0, 1) C C p for each prime 
q 7^ p. Put E = Y\ v E v . By f|2.63|) and (|2.68|) . the capacity of E with respect to X is 
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It follows that if p is sufficiently large, then j(K,X) > 1. Put Uoo = U, U p = Z p , and 
Uq = D(0, 1) for each prime q ^ p. By Theorem 11.21 there are infinitely many a G Q whose 
conjugates belong to U v for each v. Each such a is an algebraic integer whose archimedean 
conjugates belong to U and whose conjugates in C p belong to Z p , so p splits completely in 
Q(a). □ 

We remark that the same assertions hold for the Julia set of a monic polynomial g(x) G 
Z[x] with degree ci > 1 (see (|2.57p ). In this case, each repelling periodic point for g(x) is an 
algebraic integer whose conjugates belong to the Julia set. 

Our next result, originally formulated by Cantor ( |16j ) and proved in ( |52j ). generalizes 
the classical theorem of Robinson (|_48j) which was the prototype for the Fekete-Szego 
theorem with local rationality conditions. 

Example 2.7. Let Q be a finite set of primes of Q, and let [a, b] C R. If 

b-a > 4-n^- 1 ), 

then there are infinitely many algebraic integers a whose conjugates all belong to [a, b] and 
for which the primes in Q split completely in Q(a); if b — a < 4 • n^eS q l '^ q ~ 1 ' there are 
only finitely many. 

Proof. Take K = Q, C = P 1 , and X = {oo}. Put E^ = [a, b], E q = 1 q for q e Q, and 
E p = O p for finite p £ Q. Then for E = Eoo x TJ E p , using g^ = 1/z to compute the local 
capacities, formulas (I2.9P and (I2.68P give 

7 (E,£) = U^(E P ) = ^ ■ J] fl" 1 /^ ■ 

p,oo y eQ 

Thus the result follows from Theorem 11.51 D 

Over an arbitrary number field, we have the following generalization of Example 12. 7\ 
motivated by a result of Moret-Bailly ( |39j . Theoreme 1.3, p. 182). 

Example 2.8. Let if be a number field, with n real places and T2 complex places. 
Write n = [K : Q], and let Q be a finite set of nonarchimedean places of K. For each v £ Q, 
let F w /K v be a finite galois extension, with ramification index e w / v and residue degree f w / v . 
If 

(2.86) R n > 2 ri J] g y( e »/^^ / "- 1 )) 

then there are infinitely many algebraic integers a whose archimedean conjugates belong 
to -D(0, R) at each v where K v = C, to [-R, R] at each v where K v = R, and are such that 
for each v G Q all the conjugates in C„ belong to Op w . 

If R n is less than the bound in ()2.86p . there are only finitely many such algebraic integers. 

Proof. For each complex archimedean v, put E v = D(0,R); then 7 00 (£'^) = R- For 
each real archimedean v, put E v = [—R,R] C R; then ^ooiEv) = R/2. For each nonar- 
chimedean tiGQ, put E v = O w , and write e = e w / v , f = f w / v ; then joo(E v ) = q v 
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by (|2.68p . For all other nonarchimedean v, put E v = D(0, 1), and put E = rj E v . By our 
convention about weights and absolute values in the complex archimedean case, 

7 (E,{oo}) = ]J loo (E v )- 11 7oo(^,) 2 - II ^ooW 

real v complex v finite v 

= R n • 2~ ri • ] J q" 1 '^^ . 
Again the result follows from Theorem II .51 □ 

In general, the behavior is not known in the extremal case when R n = 2 ri Yiv^s 1 V 
When K is totally real, and S is empty, we have R = 2, and the roots of Chebyshev 
polynomials belong to [—2,2]. When K is totally complex, R = 1 and the roots of unity 
belong to D(0, 1). Thus in these two cases there are infinitely many algebraic integers whose 
conjugates satisfy the required conditions. There are no known examples where there are 
only finitely many. 

Algebraic numbers satisfing various arithmetic conditions, with controlled archimedean 
conjugates, can be constructed by imposing appropriate geometric conditions on the sets 
E v . The following (admittedly contrived) example illustrates some of the possibilities. 

Example 2.9. For any e > 0, there are infinitely many algebraic integers a such that 

(1) each archimedean conjugate a(a) is real and satisfies < a{a) < 12\/5 + e; 

(2) the primes p v above 2 in Q(a) have residue degree 1, and \a\ v = 1 at each v\2. 

(3) the prime 3 is unramified in Q(a), and ord^(a) = 1 at all v above 3; 

(4) the prime 5 splits completely in Q(ce), and a is a quadratic nonresidue at each v\5; 

(5) for all primes p v of Q(a) above 7, we have a = —1 (mod p v ). 

Proof. Take K = Q and let L > be a parameter. Put E^ = [0,L] C E, E 2 = 
D(l,l)-, E 3 = 15(2/3,1/3)-, E 5 = Z 5 n (D(2,l)~ U D(3, 1)~), E 7 = D(-l,l)~. Put 
E p = D(0, 1) for all other primes p. Then 700(^00) = L/A. As seen in the discussion of 
capacities of nonarchimedean open discs, 700(^2) = loo{D(l,\)) = 7oo(Z)(0, 1)) = 1 and 
700(^3) = 700 (#(2/3,1/3)) = 7oo (D(0,l/3)) = 1/3. Corollary O shows that 7oo (£ 5 ) = 
5 -2 ' 4 . At p = 7, we have E-j C -D(0, 1) so 700 (#7) < lj on the other hand for each totally 
ramified finite extension F w /Qj we have —1 + tt w O w C Ej, and Proposition 12. II shows that 
7oo(-l + KwO w ) = 7" 1 / 6 ™ • 7 _1 / 6etu . Letting e w — > 00, we see that 7 00 (£ , 7 ) = 1. As noted in 
Theorem 11.41 the condition that the primes above 2 have residue degree 1, and the primes 
above 3 be unramified, can be imposed 'for free'. For the Fekete-Szego theorem 11.41 to be 
applicable, we need L/A ■ 1/3 • 5 _1/2 > 1. □ 



The following example illustrates a case in which some of the E v are unions of "different 
types" of sets, with overlaps. 

Example 2.10. Take K = Q; let X = {00}, put E^ = D(0, 1) U [1, 1 + L] where L > 0, 
and put E3 = O vl U V2 where Vl is the ring of integers of the unramified extension L V1 = 
Qs(\/— T), and V2 is the ring of integers of the totally ramified extension L V2 = (Q>3(\/— 3). 
For each finite prime p/ 2, let E p = O v be the 3t-trivial set. 
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By formula (|2.50p with L\ = and L<i = L, and formula (|2.83j) with q v = 3, we have 

L 2 



7 (E,{oc}) = 3 -(-61+^648T)/184. 1 + 



4(1 + L). 

^ 0.89000685 + 0.22251713L 2 /(1 + L) . 

By Theorems l0.3l and ll.5l if L > 0.99240793 then there are infinitely many algebraic integers 
whose archimedean conjugates all lie in D(0, 1) U [1, 1 + L] and whose C3-conjugates all lie 
in Vl U V2 , while if L < 0.99240792 there are only finitely many. 

Our last result in this section is a continuation of an example of Cantor ( |16j . p. 167). 
Suppose that instead of constructing algebraic integers, one has a rational function f(x) 
and is interested in constructing numbers a for which f(a) is an algebraic integer. 

For instance, let f(x) = 1/(1 + x 2 ). Using Fekete's Theorem, Cantor showed that there 
are only finitely many totally real a for which f(a) is an algebraic integer; indeed, a = 
and q = oo are the only such points. 

Suppose, however, that we were willing to accept numbers a, all of whose conjugates 
had a small imaginary part. How large would the imaginary parts have to be to guarantee 
the existence of infinitely many solutions? 

Example 2.11. Take f(x) = 1/(1 + x 2 ). Suppose T > 3/4. Then there are infinitely 
many a S Q, all of whose conjugates satisfy | Im(<r(a))| < T, for which f(a) is an algebraic 
integer. However, if T < 3/4, there are only finitely many. 

Proof. Take K = Q, and let X = {i, — i}, the set of poles of f(x). Put gi(z) = z — i, 
g-i(z) = z + i, and let L = Q(i). Fix T > 0. 
At the archimedean place of Q, take 

£oo = { z G C : -T < Im(z) < T} U {oo} . 

At each finite prime p, put E p = f~ l (O p ). It is easy to see that Ei = P 1 (C2)\-B(1, 1)~, 
while for each p > 3, E p = P 1 (C p )\(B(i, 1)~ U B(—i, 1)~) where the two balls are distinct. 
PutE = E 00 xUp E P- 

To compute the Green's matrices we must make a base change to L. Recall that 
T(E,X) = [L: Kj-^iE^X). 

There is one archimedean place of L, which we will denote Woq. By ()2.48p . we have 
Vi(E w J = V-i(E Woo ) = log(2(l -T)), while G(-i,i; E Woo ) = G(i,-i;E Woo ) = since i 
and —i belong to distinct components of P 1 (C)\S 00 . Since L Waa = C, we have log(q Woc ) = 
log(e 2 ) = 2. There is one place W2 of L above 2; L W2 /Q2 is totally ramified. Fixing 
an isomorphism C W2 = C2, identify E W2 with E2- Then Vi{E W2 ) = V-i(E W2 ) = 0, while 
G(-i,i;E W2 ) = G(i,-i;E W2 ) = — log 2 (|i - (-i)\ W2 ) = 2. We have log(q W2 ) = log(2). For 
all other places v of L the Green's matrices are trivial. Thus 

<-) ^x, - ( ^» log( >°fJ r)) 

By definition j(K,X) = exp(— val(r(E, X))), where 

val(r(E,X)) = minmax rT(E, X)s = maxmin i fT(E, X)s 

rep sfep rfep s£p 

is the value of r(E, X) as a matrix game; here p is the set of probability vectors in M 2 . If 
we take s = *(^, ^) then both entries of T(E, X)s are equal to | log(4(l — T)); combining 
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the "mini-max" and "maxi-min" expressions for val(T(E, X)) shows that val(T(E, X)) = 
±log(4(l-T)). 

Thus 7(1, X) > 1 iff T > 3/4, while j(E, X) < 1 iff T < 3/4, and the result follows from 
the Fekete-Szego theorem 11.51 □ 

Algebraic Units. As in Example l2.91 the condition that an algebraic integer a be a unit 
at finitely many specified primes can be imposed 'for free'. However, if we want global alge- 
braic units, the construction must assure that they avoid (and oo) at all nonarchimedean 
v. This can be accomplished by using the capacity relative to two points X = {0, oo}. 

Below is the theorem of Robinson ( |49j ) cited in the Introduction, which was originally 
proved without using capacity theory. The fact that Robinson's conditions arise naturally 
in the context of capacities was first recognized by Cantor ([16J): 

Example 2.12 (Robinson). Suppose < a < b G K satisfy the conditions 

(2.88) log(^) > , 

,b — a. , ,b — a. /, ,yb + \/a,\ 2 

(2.89) ^(—J.logf—)-^-^)) > . 

Then there are infinitely many totally real units a whose conjugates all belong to [a,b]. 

PROOF. We follow Cantor ([16], p.166). Take K = Q, C = P 1 , and X = {0,oo}. Put 
Eoo = [a> b], and put E p = D(0, 1)\D(0, 1)~ for each finite prime p. Each nonarchimedean 
E p is the 'X-trivial' set in P 1 (C P ), so we can take E = Eoo x n p ^p- 

Let the uniformizing parameters used to compute capacities be go(z) = z, goo(z) = l/z. 
By formulas (|2.9p . (|2.7p . at the archimedean place w e have V^Qa, b]) = log(4/(6 — a)) and 
G(0,oo; [a, b}) = log((Vb + y/a)/(Vb- ^/a)). Pulling back by l/z, we have G(z,0; [a,b]) = 
G(l/z,oo; [1/6, 1/a]). In view of our choices of the uniformizing parameters, this yields 
Vo([a,6]) = VJjo([1/6, 1/a]) = log(4a6/(6 — a)). At each finite prime p, one sees easily that 
Vo(E p ) = Voo(E p ) = G(0,oo;E p ) = 0. Thus 

/ W(^) W(^] 

(2. 9 o) r(E,i) = r (Eoo ,*) = "^ ^-l 

The conditions (|2.88p . (|2.89j) in the Theorem are simply the determinant inequalities on 
the minors of T(E,X), necessary and sufficient for it to be negative definite. Hence the 
result follows from the Fekete-Szego theorem 11.51 □ 

In the next result, we bound the size of the units and their reciprocals, as well as 
imposing conditions at nonarchimedean places. 

Example 2.13. There are infinitely many totally real algebraic units a whose archimedean 
conjugates belong to [— r, — 1/r] U [1/r, r], if 

r > 1+V2 . 

More generally, let Q be a finite set of primes, and put A = YiaeQ Q q • Then there are 

infinitely many totally real algebraic units a for which the primes q G Q split completely in 
Q(a), and whose archimedean conjugates belong to [— r, —1/r] U [1/r, r] if 

(2.91) r > A 2 + ^A 4 + 1 . 
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If the opposite inequality holds, there are only finitely many. 

Proof. Take K = Q, C = P 1 , and X = {0,oo}. Let the uniformizers be go(z) = z, 
9oo(z) = 1/z as before. Take r > 1 and put E^ = [— r, — 1/r] U [1/r, r] C K. For each 
gGS, put E q = Z*. For all other primes p, put E p = D(0, 1)\D(0, 1)~ C C p , then let 
E = E 00 xi\ p E p . 

By formulas ([2~15]) . (pT6l) and (f2T8l) . we have 

.■2 N 1 , /».2_ 



ilog(^) ilog(^) 
±log(4±±) ±log(- 



r(Soo,x) — 



For primes q G Q, formulas (f!TT4"|) and (J2TT5J) give ^(Eq) = G(0,oo;E g ) = q/(q - 
l) 2 . Pulling back by 1/z and using that Z* is stable under taking reciprocals, we have 
G(z, 0; E q ) = G(l/z, 00; E q ) and hence Vb(^) = G(oo, 0; E q ) = q/{q - l) 2 as well. Thus 

For all other p, T(E p ,X) is the matrix. Hence 

r(E,x) = r(E 00 ,x) + ^r( J E p ,x)iog( P ) 



iog(^) iog(^ 2 ^±i; 

log(^ 2 ^) log(^) 



Take s = *(|, |). Then r(E,X)s has equal entries 

1 / 4A 4 ? 
1/ = - log 



2 to V(r 2 -l) 2 , 

By the definition of the value of a matrix game, it follows that V(E, X) := val(r(E, X)) = V. 
Since r > 1, t(E,X) = e - ^'*) = (r 2 - l)/(2^ 2 r). It is easy to see that 7(E,X) > 1 if and 
only if condition ()2.9ip holds, and that 7(E, X) < 1 if and only if the opposite inequality 
holds. Hence the result follows from the Theorem 11.51 □ 

If r = 1 + v2 in the first part of Example 12.131 then there are infinitely many units 
whose conjugates lie in [— r, —1/r] U [1/r, r]. Note that this set is the pullback of [—2, 2] by 
f(z) = z — 1/z. For each n > 1, let T n {x) denote the Chebyshev polynomial of degree re. 
It is well known that T n (x) is a monic polynomial with integer coefficients, whose roots are 
simple and belong to the interval [—2, 2]. Put P n {z) = z n T n (z — 1/z). Then P n {z) is monic 
with integer coefficients, and has constant coefficient (— l) n . Thus the roots of the P n (z) 
are the units we need. 

Next we give an S-unit analogue of Example 12.131 By a trick, we are able to require 
that the 5-units constructed be totally p-adic, while their archimedean conjugates all have 
absolute value 1: 



Example 2.14. Let k = Q and fix a (nonarchimedean) prime p. Let Q be a finite set of 



nonarchimedean primes of Q, disjoint from {p}, and put A = Y\ a ^g q 9 '^ 9 1 - > as in Example 



12.131 Suppose < m G Z is such that 

(2.93) mlog(p) > 21o g (A) + ^^-+jL b g (p) . 
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Then there are infinitely many numbers a G Q for which the primes q G Q split completely 
in Q(a), which are units at all nonarchimedean places v of Q(a) not above p, whose 
archimedean conjugates all satisfy |cr(a)| = 1, and whose conjugates in C p all belong to Q p 
and satisfy | ord p (cr(a))| < m. 

If the opposite inequality to (|2,93p holds, there are only finitely many. 

Proof. Take K = Q, and let X = {0, oo}. Let the uniformizing parameters be go(z) = 
z> 9oo(z) = I/ 2 as usual. 

The proof makes use of two Q-rational adelic sets, which we will denote E and E'. To 
construct E, let E^, = C(0, 1), the unit circle. For each q G Q, put E q = Z* , and put 

E p = {x G Q p : -m < ord p (x) < m} = p~ m E v ^ m 

where E v ^ m = Ufc=o^ fe ^p ^ s as ^ n Proposition 12.41 For all other finite primes q take 
Eg = 6* = D(0, 1)\D(0, 1)", the X-trivial set in P^C,). Set E = E^ x Uq^oc E v 

To construct E', first choose a square- free integer d < which satisfies d = 1 (mod 8) 
and d = 1 (mod q) for each q G Q U {p} . Thus the primes in Q U {p} split completely in 
the quadratic imaginary field F = Q(\/d). Let 



., N x — Vd 
fix) = T , 

x + yd 

and for each prime q (archimedean or nonarchimedean) put E' = f~ 1 (E q ). Then E'^ = 
P 1 (M), while for each q £ QU {p} we have E' cQ 5 . For all other primes q, E' is the RL- 
domain in P 1 (C g ) gotten by omitting two open discs centered on ±vd; f° r an but finitely 
many q these discs are disjoint and have radius 1. Note that for each q, the set E' is stable 
under Aut c (Cq/Q g ). If q G QU {p, oo} this is trivial; for all other q, note that for each 
a G Aut c (C g /Q g ), either a(f)(x) = f(x) or a(f)(x) = l/f(x). Since E q = O* is stable 
under inversion and Aut c (C g /Q g ), it follows that x G E' if and only if a(x) G £?' . 

Set E' = E'^x HqjLoo E v and take X ' = (^ -V^}- We claim that 

r(E',x') = r(E,x) . 

This follows by pulling back using f(x): let Ep, E^ be the F-rational adelic sets obtained 
fromE, E' by base change (see [51], §5.1). ThenT(E F ,X) = [F : Q]T(E,X) and F(E' F ,X') = 
[F : Q] • r(E',X') ([51], p.326, formula (9)). On the other hand f(x) is rational over F, so 
by ( |51j . p. 335, formula (16)) and the fact that deg(/) = 1, 

T(E' F ,3?) = T(E F ,X) . 

This establishes the claim. 

By the Fekete-Szego theorem 10.31 if T(E', X') is negative definite, there are infinitely 
many algebraic numbers whose archimdean conjugates belong to E'^ = P 1 (M) and whose 
g-adic conjugates belong to E' for all nonarchimedean q. The images of these numbers 
under f(x) will be the numbers a in the Example. 

Hence it suffices to show that T(E',X') = T(E, X) is negative definite under condition 
(|2T93l) . We have 

T(E,X) = T(E 00 ,X)+ J2T(E q ,X)\og(q) . 

q^oo 
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Here T(E OQ , X) is the matrix. For each q £ Q, T(E q ,X) is the same as in (|2.92p in the 
proof of Example 12. 131 To express T(E p ,X), write 

1 1 

B = r + 



p-1 (p- 1) 2 (1 + p 2 +p 4 + ---+p 4 ™) ' 

2m+l 



C7 P 



(p- 1) 2 (1 + p 2 +p 4 + ---+p 4m ) ' 

By Proposition 12.41 and the scaling property of the capacity, V 00 (E P ) = V 00 {p~ m 'E Pi 2m) = 
— m + B. The map f(z) = 1/z stabilizes E p but takes to oo, so our choice of uni- 
formizing parameters gives Vq{E p ) = Voo(E p ). Finally f{z) = p m z takes i— > 0, oo i— > oo, 
and E p to E p 2 m , so by the pullback formula (|2.6ip and Proposition (|2.4p . G(0, oo;E p ) = 
G(0,oo;E Pt2m ) = C. Thus 



F(i ^' X) " ( m C~ J -m + Bj 



For all other primes q, T(E q ,X) is the matrix, so 

, , / log(A) + (-m + B) log(p) log(A) + C log(p) 

{ ' J ' ^ log(4) + Clog(p) log(A) + (-m + 5)log(p) 

Since T(E, j£) has equal row sums, as in the proof of Example 12.131 it follows that 
val(r(E,X)) = i(-mlog(p)+21og(A) + ( J B+C)log(p)). Simplifying, we have val(r(E, X)) < 
0, and hence 7(E, X) > 1, if and only if (|2.93|) holds; similarly, 7(E, X) < 1 if and only if the 
opposite inequality holds. Thus the result follows from the Fekete-Szego theorem 11.51 □ 

For instance, if Q = {2} in Example 12. 1A\ then for p = 3 we need m > 4; for 5 < p < 17 
we can take m = 2, and for p > 19 we can take m = 1. If Q = {2, 3} in Example 12. 14| then 
for p = 5 we need m > 7; for 7 < p < 11 we can take m = 5; for 13 < p < 23 we can take 
m = 4; for 29 < p < 109 we can take m = 3; for 113 < p < 11673 we can take m = 2; and 
for p > 11677 we can take m = 1. 

Note that the 5- units constructed in Example 12.141 are not roots of unity, because there 
are only finitely many roots of unity C, n for which p splits completely in Q(Cn)- 

In the next example, a limit argument allows us deal with a situation where one of the 
points in X belongs to Esq-. 

Example 2.15. Let A > 0. If A > 4, then there are infinitely many units whose 
conjugates all lie in [0, 1] L)[i,i + l]cl. If A < 4, there are only finitely many. 

PROOF. Write E = [0,1] U [A, A + 1]. If A < 1, then E C [0,2], so 7oc(£) < 1/2. 
Otherwise, £ is a translate of [-(A + l)/2, -(A - l)/2] U [(A - l)/2, (A + l)/2] and so 
7oo(E) = y/A/2 by formula (j2.15[) . Thus if A < 4, we have 7oo(-E) < 1, and Fekete's 
theorem 11.5( B) shows there are only finitely many algebraic integers, and in particular 
finitely many units, whose conjugates lie in E. 

Next suppose A = 4. We will explicitly construct infinitely many units whose conjugates 
lie in [0,1] U [4,5]. To do so, note that [0,1] U [4,5] is the pullback of [-2,2] by f(z) = 
z 2 — 5z + 2. Let T n (x) denote the Chebyshev polynomial of degree n. As before, T n (x) is 
a monic polynomial with integer coefficients whose roots are simple and belong to [—2,2]. 
It oscillates n times between ±2 on [—2,2]; in particular, T n (2) = 2. Furthermore, T n (x) is 
an even function if n is even, and is an odd function if n is odd. Consider the polynomials 
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Q n {z) = T n (f(z)). They are monic with integer coefficients, and have all their roots in 
[0, 1] U [4,5]. Unfortunately, Q n (z) has constant coefficient Q n (0) = T n (2) = 2. However, if 
n is odd, then Q n {z) has f(z) as a factor, so P n {z) := Q n (z)/f(z) has constant coefficient 
1. Thus the roots of the P n (z) for odd n are the required units. 

Finally, suppose A > 4, and let < e < 1. Consider the set E EtA = [e, 1] U [A, A + 1]. 
Take K = Q, C = P , X = {0, oo}. Let E^ = E £jA , and for each finite prime p let 
E p = D(0,1)\D(0,1)~ C C p be the ^-trivial set. Put E eA = E e ,A x IIp^i and take 
go(z) = z, goo{z) = 1/z as before. Then 

r , F t n f %(£?m) G(oo,0;£ £ , A ) \ 

1 e ' A ' j " ^ G(0,oo;£? M ) KcC^A) J ■ 

Formula ([2.27|) expresses the Green's function of two intervals in terms of a quotient of two 
theta functions. These theta- functions and their parameters vary continuously with e and 
A, hence the Green's function varies continuously as well. Letting e — > 0, formulas (|2.15|) . 
(pT2Tj) . and (12341 show that 

UmVociE^A) = V^E) = -ilog(A/4) < 0, 

e->0 2 

hmG(oo,0;E eA ) = hmG(0,oo;E £ A ) = G(0,oo;E) = 0, 

£->0 £-5-0 

limVo(-E e A) = — oo . 

£->0 ' 

Thus for all sufficiently small e > 0, r(E £j ^, X) is negative definite, and the Fekete-Szego 
Theorems 10.31 and 11.51 yield the result. □ 

As a whimsical side note, we remark that an argument similar to the one in Example 
12.151 shows that E = [0, 1] U [A, A + .001] contains infinitely many conjugate sets of units if 
A > 30.19249489, but only finitely many if < A < 30.19249488. This is obtained by using 
Maple to evaluate V OQ (E) in formula (|2.33p . 

It is also possible to use the Fekete-Szego theorem to construct units whose conjugates 
globally omit residue classes. View ¥ 1 /Q as the generic fibre of P^/Spec(Z). Given a, f5 G 
P 1 (Q), we will say that a is integral with respect to /3 if the Zariski closures of a and /3 in 
Pg do not meet. If j3\, . . . ,/3n are the conjugates of /3, this is equivalent to requiring that 
for every prime p, all the conjugates o~(a) in P 1 (C P ) belong to P 1 (C p )\(|J i=1 -£>(/?«, 1)~). 

Recall that the (absolute, logarithmic) Weil height of a number a G Q is 

^ ' ^ to of F 

where F is any finite extension Q(a). The height is independent of the field used to compute 
it. By definition, h(oo) = 0. The points of P 1 (Q) with h(a) = are precisely 0, oo, and the 
roots of unity. 

To put the following result in context, we remark that in ([§]) the authors show that if 
h{f3) t^ 0, there are only finitely many roots of unity which are integral with respect to j3. 

Example 2.16. Take K = Q, and let /3 G Q. Then there are infinitely many algebraic 
units j)dQ which are integral with respect to /3. For any e > 0, these units can be required 
to have Weil height h(rj) < e. 
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Proof. Put L = Q(/3i, . . . , Pn), where /3i, . . . , @n are the conjugates of (3 over Q, and 
take X = {oo, 0, /3i, . . . , /3tv}. Let goc(z) = 1/z, 9o(z) = z, and gp^z) = z — fy for each i. In 
the discussion below, we will assume that /3 ^ 0. If /3 = 0, then we are merely asking for 
units with height h(i]) < e, and the argument carries through in a simplified form. 

Viewing the /3j as embedded in C, let r > 1 be any number small enough that r < 
mini^i^d/^!), and then let p > be any number small enough that the discs D(f3i,p) for 
i = 1,...,N and D(0, 5) are pairwise disjoint and do not meet the circles {\z\ = r}. (Note 
that r and p are independent of choice of the embedding of the /3j.). Eventually we will let 
p — > 0, and then let r — > 1. Put 

£oo = (l>(0,r)u( U C(A,P)))\(£(0,P)-Ij J £>(ft,p)- 

|ft|>r |ft|<r 

Thus, -Eqo consists of a disc Z)(0, r) with tiny holes deleted around and the /% £ D(0,r), 
together with tiny circles adjoined around the /3j ^ D(0,r). By construction E^, is stable 
under complex conjugation. 

For each finite prime p, regarding the /3j as embedded in C p , put 

N 

E p = P 1 (C p )\(S(oo,l)"U J B(0,l)-u(jB(ft,l)-) . 

Then £!p is an RL-domain, stable under Aut c (C p /Q p ), and for all but finitely many p it is 
X-trivial. 

Put E = Eqc x n«-^p- To compute T(E, jC), we must first make a base change to the 
field L, over which the /3j are rational. By definition 

(2.94) r(E,X) = — l_r(E L ,£) = j^- Yl r(E Wl X)log(q w ) 

places w of L 

where El = T\ w of L E w . Here, for each place w of L, if w lies over p, then E w is gotten 
by choosing an embedding a : L M- C p which induces v, extending <t to an isomorphism 
a : C w — > C p , and setting E w = a~ 1 (E p ). Basically, E w is the same as E p , but the way the 
j3i are embedded depends w. 

We now compute the matrices T(E W ,X). First suppose u;|oo. By construction, each 
point of X belongs to a different connected component of P 1 (C u ,)\£' t0 , so T(E W ,X) is a 
diagonal matrix. We have Voo(E w ) = — log(r) — 5{p) where 5{p) > and 5(p) — > as 
p — > 0, while Vp t (E w ) = — log(p) for each i. 

Next suppose w is nonarchimedean. Since E w is obtained by deleting a finite number 
of open discs of radius 1 from P 1 (C t0 ), one of which is i?(oo,l)~, we have Voo(E w ) = 
Vcx)(E>(0, 1)) = 0. The other entries of T(E W ,X) will not matter to us: T(E W ,X) is an 
(N + 2) x (N + 2) matrix whose Voo{E w ) entry is 0. For all but finitely many w, E w is 
X-trivial and T(E W , X) is the matrix. 

By definition r(E^,3t) = ^2 W F(E W , X) log(q w ); for archimedean w, q w = e if L w = M, 
while q v 

\ 



e 2 if L w 


=* C. By (|2.94|) 






X) = 


/ - log(r) - 5(p) 
A 2 \ 


^12 

- log(p) + A 22 • • 


^4l,iV+2 
^2,iV+2 




\ AftT+2,1 


An+1, 2 


- log(p) + A N 
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where the A^ do not depend on r or p, and A^ = Aji for all i,j. By the determinant 
criterion for negative definiteness from linear algebra (see for example |51| . Proposition 
5.1.8, p. 331), for each fixed r if p is sufficiently small then T(E, X) is negative definite. Thus 
for any neighborhood U of Eoo the Fekete-Szego theorem 1 1 . 51 produces infinitely many units 
r\ whose archimedean conjugates all lie in U, and whose nonarchimedean conjugates avoid 
the balls B(fii, 1)~ at all places w of L. 

To see why the numbers r\ can be assumed to have arbitrarily small height requires some 
understanding of the proof of the Fekete-Szego theorem (either Theorem 6.3.2 of [51] . or 
Theorem l4.2l in this work). We will now sketch the argument, assuming the reader is loosely 
familiar with the proof. 

Fix r > 1, and let p be small enough that r(E,X) is negative definite. Then there 
is a probability vector s = *(si, . . . , sv+2) for which T(E, X)s has all its entries equal to 
V(K, X). These Si are essentially the relative orders of the poles of the initial patching 

functions G v (z) at the points x; G3t. As p — > 0, we will have s\—±l and S2, • . • , stv+2 — > 
since the first row of T(E, X) (and hence V(E, X)) remains bounded but the diagonal entries 
in the other rows approach 00. 

The archimedean initial local patching function Goo (z) is chosen so that the discrete 
probability density of its zeros approximates X)j=i s iMij where pi is the equilibrium distri- 
bution of E v with respect to Xi- Here each pi is a probability measure supported on the 
boundary of the component of ¥ l (C v )\E v containing X{. As p — > 0, the amount of mass 
which pi (corresponding to x\ = 00) places on the circles C(fii,p) goes to 0. Thus the 
proportion of the zeros of Goo (z) which lie near near C(0, r) goes to 1. The remaining 
zeros all lie near the circles C(/3j, p). If U is chosen small enough that each C(/3j, p) outside 
-D(0, r) lies in a separate component of U, then the patching process preserves the number 
of zeros which lie in each component. Thus the final patched function G^ n \z), whose zeros 
are numbers constructed by the Fekete-Szego theorem, has the same number of zeros in 
each component of U as the initial function Goo (z). 

Since the zeros of G"(z) (in our instance) are algebraic units, the only contribution 
to their height is from archimedean places. By the discussion above, that contribution 
approaches log(r) as p — > 0. So, if we first let p — > 0, and then let r — > 1, the Fekete-Szego 
theorem produces numbers whose heights approach 0. □ 

Our final example constructs units which avoid the residue class of 1 at every prime, and 
whose archimedean conjugates all lie very close to the circle C(0,r) or the circle C(0, 1/r) 
(so I log(|cr(a)|)| ss log(r)), for suitable r. 

Example 2.17. Let r satisfy 1 < r < 2.96605206. Then for any e > 0, there are 
infinitely many units a whose conjugates all satisfy 

||o"(a)| — r\ < e or ||cr(a)| — l/r| < e, 

and are such that a(a) ^ 1 (mod p) for each prime p of Oq^q)). If r > 2.96605207, there 
are only finitely many. 

Proof. Take K = Q, C = P 1 , and X = {0, l,oo}. Let E^ = C(0,r) U C(0, 1/r), and 
for each finite prime let E p be the X-trivial set 

E p = P 1 (C P )\( J B(0,1)"US(1,1)"U 5(00,1)") . 

Put E = ^oo x H p E p , and take g (z) = z, g 1 (z) = z - 1, goo(z) = 1/z. 
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Note that 0, 1 and oo belong to different components of F 1 (C)\E oc . Then V 00 (E 00 ) = 
Vo(-Eoo) = -log(r) by formula (jiOj) . while Vi(#oo) is given by ([235]) with r = 2ilog(r)/vr. 
At each nonarchimedean place, T(E p ,X) is the matrix. Hence T(E, X) = T(E OQ ,X) is the 
diagonal matrix 

/ -log(r) 

(2.95) r(E,x) = o _ log{ \e(o,rmmr-,h°)\ ) 

\ -log(r) 

Clearly T(E, X) is negative definite if and only if the middle term is negative. A computation 
with Maple yields the result. □ 

4. Function Field Examples concerning Separability 

In this section, we will take K = ¥ p {t) where p is a prime, ¥ p is the finite field with p 
elements, and t is transcendental over ¥ p . We give three examples showing the need for the 
separability hypothesis in Theorem I0.31 C.2. and in Theorems 11.21 11.31 and 11.51 This was 
discovered by Daeshik Park in his doctoral thesis (|45j). 

Let vq, v\ and v^ be the valuations of ¥ p (t) for which vo(t) = 1, v\{t — 1) = 1, and 
^oo(lA) = 1> respectively. For each of the corresponding places, the residue field is ¥ p , and 
we have O vo <* ¥ p [[t}}, O v± 2* ¥ p [[t - 1]], and Voo * F p [[±]]. 

Our first example, which is due to Park, concerns a set where all the hypotheses of the 
Fekete-Szego theorem 10.31 are satisfied except for separability of the extension F WQ /K V0 , yet 
the conclusion of the theorem fails for r in a certain range. 

Example 2.18. Let K = ¥ p (t), and let C = F 1 /K. Identify P^C) with C„ U {oo}, 
and take X = {oo}. Put F m = K m {t l / p ) = ¥ p ((t l /P)), so that O wq = ¥ p [[t 1 / p ]\ and 
F W0 /K VQ is purely inseparable. Fix a place V2 € M.K distinct from Uo,fi,foo and define an 
adelic set E = E(r) = Y\ veMK E v by putting E vo = O m , taking E Vl = O vl , E Voc = Voo , 
E V2 = D(0,r), and letting E v = D(0, 1) be X-trivial for all v ^ vq,v\,V2,v O0 . Then 
E is compatible with X and satisfies all the hypotheses of Theorem 10.31 apart from the 
inseparability of F WQ /K vo , and 

2+l/p 

7(E, X) = r ■ p p- 1 . 
However, if 

2+l/p 3 

p p— i < r < pp- 1 

then 7(E, X) > 1, yet there are only finitely many numbers in K whose conjugates belong 
to E v for each v G M.K- 

Proof. By Proposition 12.11 we have joo(E Vl ) = Joo{E Voo ) = p -1 /^ -1 ). The extension 
F m /K vo is totally ramified, so by the same Proposition, 7oo(^ ) = p~ l i^ p ~ 1 '> . By (I2.63P 
it follows that 

1 1_ 1_ 2+l/p 

7(E, X) = p p(p- 1 '> -p p- 1 -p p- 1 -r = r-p p- 1 . 

Suppose a £ K has all its conjugates in E v , for each v S M.r. Recall that K VQ = ¥ p ((t)) 
and K V1 = ¥ p ((t— 1)) are separable over K = F p (t) (see Grothendieck, |29|, EGA IV, 7.8.3ii, 
or Matsumura |37j . Proposition 28. M, p. 207). Since the conjugates of a in C Ul all belong 
to E V1 = O vl , a must be separably algebraic over K. On the other hand each element of 
F WQ \K V0 is purely inseparable over K vo , so the only elements of O wo which can be separably 
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algebraic over K are those in O vo . Thus the conjugates of a in C<; (which a priori belong 
to E Vo = O wo ) must actually belong to O vo . It follows that the conjugates of a belong to 

E' = O vo x Vl x O voa x 23(0, r) x E v 

V^VQ,V 1 ,V2,V ao 
3_ 

whose capacity is 7(E , X) = r • p p- 1 . 

Each local set occurring in E' is algebraically capacitable, so by Fekete's theorem ([51J, 
Theorem 6.3.1, p. 414), if 7QE', X) < 1 there is an adelic neighborhood U of E' which contains 
only finitely many conjugate sets of numbers in K. In particular, there are only finitely 
many a £ K which have all their conjugates in E'. 

When 

2+1 /p 3 

p p— i < r < pp- 1 

we have 7(E, X) > 1 but 7(E',X) < 1, so all the hypotheses of Theorem 10.31 hold for E 
except for the inseparability of F Wo /K Vo , yet the conclusion of Theorem 10.31 fails. □ 

Our next example provides sets E of arbitrarily large capacity, where all the hypotheses 
of Theorem 10.31 are satisfied except for the separability condition, yet there are noaeif 
with all their conjugates in E. 

Example 2.19. Let K = ¥ p (t), and let C = F l /K. Identify P^C,,) with C v U {oo}, and 
take X = {oo}. Again put F wo = K VQ (t l ' p ) = ¥ p ((t 1 ' p )), so that F W0 /K Vo is purely insepa- 
rable. Fix a place V2 £ Mr distinct from v$ and v±, and define E = E(r) = fl^ex ^ v ^ 
putting 

E V0 = t-V? + O wo = B(f-V*, 1) n F W0 , 
taking E Vl = O vl , E V2 = D(0, r), and letting E v = D(0, 1) be X-trivial for all v ^ Vo, v±,V2- 
Then E is compatible with Xcompatible with X and satisfies all the hypotheses of Theorem 
10.31 apart from the inseparability of F wo /K vo , and 

i+i/p 
7(E,X) = r-p p- 1 . 

If r > p\ l+l /P)/yP~ l > we have 7(E, X) > 1, yet there are no a £ if whose conjugates all 
belong to E. 

Proof. The argument is the same as that in Example 12.181 except that in this case 
E vo C F W0 \K V0 , so there are no a £ K whose conjugates in C Vl belong to E V1 and whose 
conjugates in C^ belong to E vo . □ 

In the previous examples, the conclusion of Theorem 10.31 failed because of interactions 
between places of K where the extensions F w /K v were separable and inseparable. In our 
last example, the conclusion of Theorem 10.31 fails because of interaction between two places 
where F v /K v is inseparable, with different degrees of inseparability. 

Example 2.20. Let K = ¥ p {t), and let C = F l /K. Identify P^C) with C„ U {oo}, and 
take X = {oo}. Put F wo = K VQ {t 1 ' p ) = ¥ p ((t 1 ' p )), so that F W0 /K VQ is purely inseparable 
of degree p, and put F m = K Vl ((t - l) 1 ^ 2 ) = ¥ p (((t - l) 1/p2 )), so that F W1 /K V1 is purely 
inseparable of degree p 2 . Fix a place V2 € Mr distinct from vq and v\, and define E = 

E ( r ) = Wv&Mk Ev by P uttin § 

E V0 = t~ l ' p + O wo = B{t~ x / p , 1) n F wo , 

E V1 = (t-i)- l i p2 + o Wl = B^-ir^.ijn^, 
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taking E V2 = D(0,r), and letting E v = D(0, 1) be X-trivial for all v ^ vq,v\,V2- Then E is 
compatible with Jtcompatible with X and satisfies all the hypotheses of Theorem 10.31 apart 
from the inseparability of F WQ /K vo and F Wl /K Vl , and 

p+i 



7(E,X) = r-p ?^^ 

If r > p(p +1 )/(p (p -1 )) we have 7(E, X) > 1, but there are no a E K whose conjugates all 
belong to E. 

Proof. The argument is similar to that in Examples 12.181 and 12.191 except that here 
each element of KC\E VQ satisfies [K(a) : K] msep = p, while each element of Kf]E vl satisfies 
[K(a):K] inscp =p 2 . □ 

5. Examples on Elliptic Curves 

Capacities of Archimedean Sets on Elliptic Curves. 

It is difficult to find capacities of archimedean sets on curves of positive genus, but 
explicit formulas for some sets can be obtained using pullbacks from P 1 . 

Let K v be R or C, and suppose £ V /K V is defined by a Weierstrass equation 

(2.96) y 2 + a xy + a 3 y = x 3 + a 2 x 2 + a 4 x + a 6 . 

We will compute capacities of sets relative to the origin o = oo, using z = x/y as the 
uniformizing parameter. 

Let / € K v (£ v ) be a rational function of degree d > whose only poles are at o, and let 
H C C be a compact set of positive capacity. Take E v = f~ l (H) C £ V (C). By the pullback 
formula (LT61) . 

G(p,o;E v ) = ~G(f(p),oo;H) . 

Assume that capacities of sets in C are computed using the standard uniformizing parameter 
at oo, and that lim p _>o \f(p) ■ z{p) d \ = A. Then 

(2.97) Vo(E v ) = lhnG(p,o;E v ) + log(\z(p)\) = hv^H) + log(A)) . 

p^o a 

In particular, taking f{jp) = x(p), then 

(2.98) Vo(E v ) = ^VooiH) . 
If /(p) =y(p), then 

(2.99) Vo(E v ) = ^ M (ff) . 

For example, if E v = {p G £ V (C) : \y(p)\ < R} = y~ l {D{Q, R)), then Vg(E v ) = -\ log(R). 

Now assume K v = R; we will compute some capacities of sets E v C £u(R). Completing 
the square on the left side of (|2.96[) . we get 

(2.100) (y + -a x + -a 3 ) 2 = x 3 + (a 2 + -afyx 2 + (a 4 + -00^3)^ + (a 6 + -a|) . 

Let g(x) be the polynomial on the right side of (|2.100p . Then g(x) has either one or three 
real roots. 
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If g(x) = (x — a)(x — b)(x — c) with a < b < c, then £ V (M) has two components, the 
bounded loop x -1 ([a, b]) and the unbounded loop x _1 ([c, oo]). If E v C £ V (M) is the bounded 
loop, then by formula (|2.9p 



(2-101) Vo(E v ) = -ilog(^). 

If T > c and £„ = {pe £(R) : x{p) < T}, then E v = x~ l {[a,b] U [c,T]) and by formula 

, 9in - WlfM l w f {/(c-o)(c-6)(T-a)(T-6) 

(2.102) Vo(E v ) = --log ' 



2 



6»(Re(M(oo))/A-,r;i I) 



e(0,r;0,|) 



If ^(x) has only one real root, x = c, then f v (R) = x 1 ([c, oo]) has one component. If 
T > c and we take £„ = {pG £(M) : x(p) < T}, then E v = x _1 ([c, T]) and by formula (J23JI 

(2.103) ^(^,) = -Ilog(^). 

Capacities of Nonarchimedean Sets on Elliptic Curves. 

In this subsection we will compute the capacities of certain sets of integral points on 
Neron models and Weierstrass models. 

Theorem 2.21. Suppose K v is nonarchimedean. Let£/K v be an elliptic curve, and let 
&N I Spec(C 1) ) be its Neron model. Leto be the origin of '£, and let E v C £(K V ) be the set of 
K v -rational points which do not specialize (mod v) to the origin of the special fibre £/v>- 
Equivalently, if £yj is the affine model of £ defined by a minimal Weierstrass equation for 
£, then E v = £y\>(O v ). 

Write k v for the residue field of O v , and let q v be its order. Let Qo(z) £ K v {£) be a 
uniformizing parameter which specializes (mod v) to a uniformizer at the origin of <?/v>; 
so Qo{z) is a local coordinate function which defines the formal group at the origin of £; for 
example, take go(z) = x/y, in terms of the standard coordinates on a minimal Weierstrass 
model £y\; . 

Then the local Robin constant 

Vo(E v ) := Urn G(z,o;E v ) + log„( \gg(z)\ v ) 

is given by the following formulas, according to the reduction type of £: 
(A) Type Iq : Good reduction. If #(£j\f >v (k v )) = N, then 

(2.104) Vo(E v ) 



(N-l)(q v -l) ' 

(B) Type I\ : Nodal reduction, one component, 

(2-105) Vo(E v ) = -g ; 

(q v -2){q v - 1) 

here we assume q v > 2 : if q v =2, then E v is empty. 

(C) Type I n , n>2: Multiplicative reduction, a loop of n lines. 
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(CI) Split multiplicative reduction. Let {Pk(x)}k>o be the polynomials defined re- 
cursively by Po(x) = 1, Pi(x) = x, Pk(x) = xPk-i(x) — Pk-2(x) for k > 2, so 

1 (x + VSg + 4)*+i -{x- Vx^Tl) k+l 

^.iuDj nw - 2fc+1 • v^n 

Then 

(2.107) Fo(£„) ■ 



(<£ - q v + 2)P n -i(q v + £) - 2q v P n _ 2 (q v + £;) - 2q v 



M - 2q v P n _ 2 (q v + j- 

]v ' K Qv 

(C2) Non-split multiplicative reduction, n odd: one component with rational points, 

1 



(2.108) Vo(E v ) 

(C3) Non-split multiplicative reduction, n even: two components with rational 
points, 

(2.109) Vo(E v ) = ngg + 4q v - n ^ 

(q v - l){nql + 8q v - n + 4) 

(D) Type II : Cuspidal reduction, one component, 

(2.110) Vo(E v ) 

(E) Type III : Two lines tarn 

(2.111) Vo(E v 



{qv ~ I) 2 
(E) Type III : Two lines tangent at a point, 

q v (q v + 1) 



(q v -l)(q 2 v +2q v -l) ' 

(F) Type IV : Three lines meeting transversely at a point. 
(Fl) One k v -rational component, 

(2.112) Vo(E v ) 



(qv ~ I) 2 ' 
(F2) All three components k v -rational, 

(2.113) Vo(E v ) 



(q v + l)(q v - 1) " 

(G) Type Iq : Four lines of multiplicity 1 meeting a line of multiplicity 2 at distinct 
points. 

(Gl) One k v -rational component of multiplicity 1, 

(2.114) KB.) = j^p ■ 

(G2) Two k v -rational components of multiplicity 1, 

(2.115) Vo(E v 
(G3) Four k v -rational com\ 

(2.116) Vo(E„ 



q v - 1 

(G3) Four k v -rational components of multiplicity 1, 

q v (2q v - 1) 



(q v -l) (2gg + l) " 

(i?) Type /*, n > 1 : Two Zmes o/ multiplicity 1 ai eac/i end o/ a chain ofn + 1 lines of 
multiplicity 2. 
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(HI) Two k v -rational components of multiplicity 1 (adjacent), 

1 



(2.117) Vo(E v 



(H2) Four k v -rational components of multiplicity 1, 

lv ((n + 2)q 2 v -(n-l)q v -l) 



(2.118) Vo(E v ) 



(q v - l)((n + 2)g3 - ( n - 2)q% + Qv + l) " 

(I) Type IV* : Three lines of multiplicity 1, each meeting a line of multiplicity 2, which 
in turn meets a line of multiplicity 3. 

(11) One k v -rational component of multiplicity 1, 

(2.H9) V,(E V ) = _* . 

(q v - 1) 2 

(12) Three k v -rational components of multiplicity 1, 

q v (2q v - 1) 



(2.120) Vo(E v ) = - 

(q v -l)(2q£ -q v + l) 

(J) Type III* : A chain of lines with multiplicities 1 — 2 — 3 — 4 — 3 — 2 — 1 with another 
line of multiplicity 2 meeting the component of multiplicity A, 

q v (3q v - 1) 



(2.121) Vo(E v ) 



(q v -l)(3q 2 v -2q v + l) 



(K) Type II* : A chain of lines with multiplicities 1 — 2 — 3 — 4 — 5 — 6 — 4 — 2 with 
another line of multiplicity 3 meeting the component of multiplicity 6, 

(2.122) Vo(E v ) 



(qv ~ I) 2 ' 

The proof requires a formula for the canonical distance in terms of intersection theory, 
derived for minimal models in ( |51j . §2.4) and for 'well-adjusted' models in ( |19| ). In 
proving Theorem 12.211 we will need the intersection theory formula for an arbitrary model. 

Let C v /K v be a smooth, connected, projective curve, and let € v /Spec(O v ) be any 
regular model of C v . Given a point p £ C V (C V ) (respectively, a divisor D on C v ), write (p) 
(respectively cl(Z?)) for its closure in <£„. Let F\,... ,F m be the irreducible components of 
the special fibre of <t v . Recall that the mxm intersection matrix (Fi ■ Fj) is symmetric and 
negative semidefinite, with rank m — 1. I ts kernel consists of vectors which are multiples 
of the special fibre, and its image consists of all vectors orthogonal to the special fibre. In 
particular, any vector ^ aj-Fj supported on components of multiplicity 1 in the special fibre, 
for which ^ Oj = 0, belongs to the image. 

If / E K V (C V ) is a nonzero rational function, write divc„(/) for its divisor on C v , and 
divcCf) for its divisor on £ v ; then there are integers ci, . . . ,c m for which 

in 

(2.123) divctf) = cl(div c „(/)) + ^c,F J . 

i=i 
If a E C V (K V ), then 

(2.124) -log w (|/«(o)|„) = ord„(/(a)) = (a) ■ di V£t , (/) . 
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Suppose C G C„(.£Ct,). Then £ specializes to a nonsingular closed point on the special 
fibre of <£ v , and we can choose a uniformizer g^(z) £ K V (C) in such a way such that for all 
t G C V (K V ) which specialize to that same closed point, 

-log v (\g c (t)\ v ) = ovd v (g c {t)) = (t)-(C) 

Normalize the canonical distance [x, y]^ so that 

(2.125) lim[x,y] c | 5c (y)|„ = 1. 

Let a / 6 be points of C V (C V )\{(} . By ( |51j . Proof of Uniqueness for Theorem 2.1.1, 
p. 57), [a, b]^ is given by 

(2-126) -log w ([o,6] c ) = lim^— (-log„(|/(a)U)) 

where the limit is taken over any sequence of functions whose only poles are at £, whose zeros 
approach a, and which are normalized so that lim. z ^^\f(z)\ v • \g^(z) deg ^\ v = 1. Consider 
div£„(/) for such an /. After relabeling the Fi, we can assume that (Q specializes to 
F\ . The normalization (12.125|) determines the constant c\ in (j2.123f) : if the zeros of / are 
b\,...,b n then c\ = — X^=i(C) ' (hi). The remaining Cj are determined by the equations 
Fi ■ dive (/) = 0, for i = 2, . , to. Put Cj = (cj - ci)/deg(/). 

Combining (J2.124D and (|2.126p . passing to the limit in /, and using the asymptotic 
stability of the various terms in the intersection products, we obtain the intersection theory 
formula for the canonical distance: 

Proposition 2.22. Let C v /K v be a smooth, connected, projective curve. Fix a regular 
model (£y/ Spec(0„) ofC v , and let F±, . . . ,F m be the irreducible components of the special 
fibre of <£ v . If Q S C V (K V ) and the canonical distance [x,y]^ is normalized as in (|2.125|) . 
then for distinct a,b £ C V (K V )\{(} 

in 
(2.127) - log„([a, b] c ) = (a) • (b) - (a) • (C) - (b) ■ (C) + £ Cj F 3 ■ (a) 

3=1 

where c\, . . . ,c m S Q are uniquely determined by the equations 

(2128) f rjLitjFi-Fj = Fi-iO-Fi-ib) fori = l,...,m; 

if £ specializes to F\. 

In (|2.128p . the numbers dj depend only on the components to which b and £ specialize, 
and if a specializes to F^, then in (|2.127|) 

in 

(2.129) ^CjFj-ia) = c k . 

3=1 

If b specializes to Fi, we will write j^(Fk,Fi) for c^. It is easily seen that j^(Fk,Fi) > 0, 
and that j((Fk, i*i) = j^(Fi,Fk)- If the model £u is projective, and if \\x, y\\ v is the spherical 
metric on C v determined by the projective embedding of £ v , then 

(2.130) (a) -(b) = -log v (\\a,b\\ v ) . 
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Thus (J2.127P can be rewritten 

(2.131) -log w ([o,6] f ) = -log, ( l" ,b l v n ) +Jd* p k,F t ) . 

We now apply this to potential functions. Suppose E v C C V {K V ) is compact with positive 
capacity, and that all the points of E v specialize to the same component Fg. Suppose in 
addition that no point of E v specializes to the same closed point of the special fibre as £. 
If n is the equilibrium distribution of E v with respect to (, and if a G C V (K V ) specializes to 
F k , then by (|2T3ll . 

(2.132) ueMQ = [ -log v (\\a,b\\v)d»(b)+Jd F k,Fi)-log v (hX\\v). 

J E v 

Note that if a, b G C V {K V ) specialize to different closed points of the special fibre, then 
— log„(||a, 6||„) = 0. If they specialize to the same closed point (which is necessarily nonsin- 
gular on the special fibre), and if we fix a ^-rational isometric parametrization of the ball 
B(b, 1)~, then — log„(||a, b\\ v ) = — log,(|a' — b'\ v ) where a' , b' G K v correspond to a, b under 
the isometric parametrization. In particular, if E v = C V (K V ) n B(bo, 1)~, then the integral 
appearing in (I2.132D is the same as the one studied in Proposition l2.lt and 

(2.133) V C (E V ) = 1 + -±— + j c (F t , F t ) . 

Qv J- 

For a G C v (K v )\(B(b , 1)" U B((, 1)~) specializing to F k , 

(2.134) u Ev (a,() = Jd F k,F e ) . 

If E v consists of points belonging to several balls in a single component Fi, the averaging 
procedure used in Corollary 12.31 applies. Thus, if E v = C V (K V ) n (ljj =1 B(bi, 1) _ ) where 
6i, . . . , bjif G C V (K V ) specialize to distinct closed points of Fi (and C, does not specialize to 
any of those points), then 

(2-135) VdE v ) = M{ ^_ l) +jdFi,F,) , 

while for a G C v {K v )\(\JjL x B(b i} 1)- U B((, 1)-) specializing to F k , 
(2.136) «^(o,C) = Jd F k,Fi) . 

Finally, if E v has points belonging to several components, we can find V^(E V ) by solving 
the system of equations (|2.70p for the potential functions of the sets E Vt g, where E v> t C E v 
is the set of points specializing to F%. 

Proof of Theorem 12. 2H As might be expected, the proof involves considering the 
various reduction types individually. One must solve the system of equations discussed 
above, in each case. 

In cases (A), (B), (C2), (D), (FI), (Gl), (II) and (K), only the identity component of 
the special fibre has rational points. Since E v = C v (K v )\B(o,l)~ , we can apply (|2.135|) 
with M = #£o(k v ) — 1 and jo(Fi,Fi) = 0, where F\ = £q is the identity component. In case 
B), #£o(k v ) = q v — 1; in case C2), #£o(k v ) = q v + 1; and in cases D)-K), #£o(k v ) = q v . 

In cases (E), (F2), (G2), (G3), (12) and (J), where the special fibre has a fixed number 
of components, the computations are similar except for details. For each, one first solves the 
system of equations (J2.128P to determine the numbers jo(F k ,Fi); then finds the potential 
functions ue v e (z, () corresponding to the various components Fg, using (J2.135P and (J2.136P 
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and taking into account the number of ^-rational closed points on each component; and 
finally solves the system (|2.70p to find Vo(E v ), using the potential functions ue v t {z, (,). The 
computations were carried out using Maple. 

We will illustrate the method in case (F2), where £ has Type IV additive reduction 
and the special fibre consists of three components meeting transversely at a point, each 
component being fey-rational. Let these components be F± = £q, F 2 , and F 3 . Each has q v 
feu-rational closed points, so E v \ is formed from q v — 1 balls, while E V)2 and E v3 each have 
q v balls. Trivially 

jo(*i,Fi) = Jo(F2,F x ) = jo(F 3 , F 1 ) = 0. 

To find the jo(Fi,F 2 ), note that each Ff = —2, while Fi ■ Fj = 1 if i ^= j, and solve the 
system (J2.128H which reads 

ci • (-2) + c 2 • 1 + c 3 • 1 = 1 
ci -1 + C2- (-2)+c 3 - 1 = -1 
61 • 1 + c 2 • 1 + c 3 • (-2) = 
ci = 

giving jo(F 1 ,F 2 ) = ci = 0, jo(F 2 ,F 2 ) = c 2 = 2/3, jo{F 3 ,F 2 ) = c 3 = 1/3. Similarly 
Jo(^l,^3) = 0, Jo(F 2 ,F 3 ) = 1/3, Jo{F 3 ,F 3 ) = 2/3. The potential functions Ug^C^o) are 
then given by (|2Tl35j) and (|2T36l) . with I4(^,i) = Qv/(Qv ~ I) 2 and 14(^,2) = Vo(E v>3 ) = 
2/3 + 1/(^-1). 

To find Vo{E v ), solve the system (|2.7U|) which reads 

= 0V + si + s 2 + s 3 

= ^-(^71)751-052-053 

= ^-05l-(| + ^)52-^3 

= V-Osx-fa- (1 + ^t) S3 

giving F = V^(£„) = g„/(<? 2 - 1), and si = (^ - l)/(g„ + 1), s 2 = s 3 = l/(q v + 1). If 
necessary, the weights si,s 2 ,s 3 could be used to find ue v (z,C) f° r an y z £ £(Cy). 

The remaining cases (CI), (C3) and (H), where the number of components depends on 
n, must be treated separately. 

First consider case (C3), non-split multiplicative reduction with n = 2N. Among the 
n components £q, . . . ,£ 2 n-1 (listed cyclically around the loop), only £q and £n have feu- 
rational points (each with q v + 1), while the other components have none. By ( |51j . p. 96), 
jo(£e,£e) =£- Z 2 /n, so jo(£ ,£ ) = and Jo(£n,£n) = n/A. Thus 

Vo(E v0 ) = , Vo(E vN ) = - + - . 

Qv ~ 1 4 g£ - 1 

The equations (|2.70p read 

1 = oy + si + s 2 

= ^-^rrSi-Os, 

= V-0 Sl -(f + ^r) S2 
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giving 

nql + 4q v -n 



V = Vo(E v ) 



(q v -l)(nq%+8q v -n + 4) 



nqf, +4q v - n Aq v + 4 



S l = 0~T O —A ■• S 2 



Mv +8q v - n + 4 nq* + 8q v - n + 4 

Next, consider case (H): Type /* additive reduction, n > 1. Let Fi, F2, F3, and 
F4 be the four components of multiplicity 1, and let G±, . . . ,G n+ \ be the components of 
multiplicity 2, listed sequentially along the chain; assume F\ and F2 meet G\, and F 3 and 
-F4 meet Cr n +i, with Fi = £0 being the identity component. 

We first determine the numbers jo(Fk, Fi) and jo{Gi,Fn). 

Trivially jo(Fk,F\) = jo{Gi,F\) = for all k and i. For F2, F 3 , and -F4 the equations 
(|2.128|) can be solved recursively. For F2, one finds in turn jo(Fi,F2) = 0, jo(G±,F2) = 1, 
jo(F 2 ,F 2 ) = 1, then jo{G i ,F 2 ) = 1 for i = 2, . . . , n + 1, and finally jo(F 3 ,F 2 ) = j„(F 4 , F 2 ) = 
1/2. For F 3 , one finds jo(Fi,F 3 ) = 0, jo(Gi,F 3 ) = 1, jo(F 2 ,F 3 ) = 1/2, then jo{G h F 2 ) = 
(»+l)/2 fori = 2,...,n+l, and finally jo (F 3 , F 3 ) = l+n/4, jo(F 4 ,F 3 ) = l/2+n/4. For F 4 , 
the values are the same as for F 3 , except that jo(F 3 , F4) = 1/2+n/A and jo^F^, F4) = l+n/4. 

In subcase (HI), F\ and i*2 are fc„-rational but F 3 and -F4 are not. The computation is 
identical to the one in case G2), and one gets Vo(E v ) = l/(q v — 1). 

In subcase (H2), all of Fi,F 2 ,F 3 ,F4 are fc^-rational. Each has q v /c„-rational closed 
points. The equations (|2.70p read 

' 1 = 0F + S1 + S2 + S3 + S4 

= V - j^z W s l - 0s 2 - 0s 3 - 0s 4 
= V - 0*i - (1 + ^i)s 2 ~ |s 3 - |s 4 

= V-0 Sl -±S 2 -\l + l + jil>3-(| + f>4 

^ = y-o Sl -i S2 -(^ + f) s 3-(i + f + i^r>4 

and Maple gives 

q v [{n + 2)ql-{n-l)q v -l] 



Vo{E v ) = V 



(q v - l)[(n + 2)^ _ ( n _ 2 )ql + q v + 1] 



Case (CI), split multiplicative reduction with n > 2 components, is the most difficult. 
Let the components (listed cyclically around the loop) be 8q,. . . ,£ n -x, where Sq is the 
identity component, and let Ur=o E V) i be the corresponding decomposition of E v . There 
are q v — 1 /^-rational points on each £ j, so E v> q consists of q v — 2 balls and all the other E V) i 
consist of q v — 1 balls. Put 

n-l 

E v = l^J E V j , 

so E v = E Vt Q U E v . We will first find Vo(E v ), and then use it to find Vq(E v ). 
For this, we will need a lemma. 

Lemma 2.23 (Cantor's Lemma). Suppose A £ Mfc(R) is symmetric and negative 
definite. Let 1 be the row vector (1, 1, . . . , 1) £ M. k , and consider the matrix B £ Mfc +1 (R) 
given in block form by 

*=U2 
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Then B is invertible, and ifb = — L4 _1 and a~ 1 = — 1(^4 _1 )*1, then 

(2.137) S" 1 = ( " , °* ^ . 

Proof. Sec ([16J, Lemma 3.2.3) or ([53J, p. 406). The proof is a block by block verifi- 
cation that the matrix C in (J2.137P satisfies CB = I. □ 

To find Vo(E v ), let A S M n _i(R) be the matrix (—jo(£k, £i))i<k,£<n-l- By the equations 
(|2.128|) defining the jo(£k,£e) and the fact that jo(£o,£e) = for each £, it follows that A 
is inverse to the tridiagonal matrix 

/ -2 1 ••• \ 
1-2 1 ••• 
1 -2 1 ••• 



••• 1-2 1 
\ ••• 1 -2 / 

It is well known (and easy to check) that A is negative definite, so A is also negative definite. 
Let B be as in Lemma 12.231 Then a = 1/2 and b = (1, 0, . . . , 0, 1) in the formula for 
B^ 1 in that Lemma. Put Q = q v /(q v — l) 2 and let 



Br 



1 

4 1 A-QIn-x 



where I n -\ is the (n — 1) x (n — 1) identity matrix. Then the system of equations (|2.70p 
determining Vo(E v ) reads 

( V \ /M 



Br 



si 







\ s n _i y 

Left- multiplying by -B -1 yields the simpler system 

/ 1 -\Q ••• -\Q \ ( V \ 



1 + |Q 









Q 
Q 1 + 2Q -Q 
























-Q 1 + 2Q -Q 

o -q i + |q y 



si 

S2 

«n-2 
Sn-1 / 



/ 1/2 \ 

1/2 




Way 



We now solve for 1/ using Cramer's rule. It will be useful to write 

/ x -1 ••• \ 



Pfc(x) 



det 



-1 x 



-1 









V ° 
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so Pq(x) = 1, P\{x) = x, and in general Pk{x) = xPk-\{x) — Pk-2{x)- Solving the linear 
recurrence yields the formula for Pk{x) in Theorem 12.211 Cramer's rule then gives 

(2.138) V,{E V ) = V 



P n _i(2 + £)-P„_ 2 (2 + £)-l " 

With Vo(E v ) in hand, we can use the decomposition E v = E Vj qL)E v to find Vo(E v ). The 
equations (|2.70p read 

1 = oV + so + si 

= V - {qv -2 q )l gv -i) s °-^ 
= V - 0s - Vo{E v )s x 



giving 

(2.139) Vo(E v ) 



^P n _!(2 + A) 



(q 2 -q v + 2)P n _ 1 (2 + i) - 2q v P n _ 2 {2 + i) - 2g„ 



If gt, = 2, then £^o is empty and V^(-E„) = Vo(E v ). A quick check shows that (|2.139|) 
remains valid even in this case. Since 2 + 1/Q = q v + l/q v , this completes the proof of 
Theorem EZTJ □ 

The next proposition gives the capacity of the set E v = {P G £ V (K V ) : \x(P)\ v < q%} 
for an elliptic curve £ V /K V in Weierstrass normal form, 

(2.140) y 2 + a\xy + a 3 y = x 3 + a2X 2 + a 4 x + a 6 , 

whose coefficients belong to O v . Let A be its discriminant, and let Ao be the discriminant 
of a minimal Weierstrass equation. Let ir v be a generator for the maximal ideal of O v . Then 
there is an integer m > for which 

A = nl 2m A . 

This is the number of times that Step 11 in Tate's algorithm (replacing x by tt 2 x' and y 
by ir^y'; see |61| . pp. 364-368) is executed in computing the Neron model and a minimal 
Weierstrass equation for £ v . 

Proposition 2.24. Let v be a nonarchimedean place of K, and let£ v /K v be the elliptic 
curve defined by the Weierstrass equation with integral coefficients (J2.140D . 

Let q v be the order of the residue field of K v , and let Q v = Vq{E v ) be the number 
associated to the Neron model of £ v in Theorem 12.211 For each integer I > put 

(2.141) V e{ q v ,Q v ) - fe _ i)[q ^ _ i)( ^ _ i) + ( ^ +1 + i}] . 

Suppose m > is the number of times Step 11 of Tate's algorithm is executed in com- 
puting the Neron model of £ v . Let k > —m be an integer, and put E v ^ = {p£ £ V (K V ) : 
I^O^Ii; ^ Qv }■ Let z = x/y be the standard uniforming parameter at the origin = 000/ 
£ v . Then, computing capacities relative to z, 

(2.142) Vo(E Vik ) = -k + V m+k (q v ,Q v ) . 
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Proof. Let 

(2.143) y 2 + ai fi x y + a 3)0 y = xjj + a 2 ,o«o + 04,0^0 + ^6,0 

be a minimal Weierstrass equation for £ v . Then zq = xo/yo can be used as the uniformizing 
parameter in Theorem 12.211 For each £ > 0, put 

(2.144) E® = {P € e v {K v ) : \x (P)\ v < q 2 /} , 

and put zi = ir~ zq. Then z m is the uniformizing parameter z = x/y in the Proposition, 
and E v ^ = E v 

Let Vo — Qv, arid recursively define V\ , V2, ■ ■ ■ by requiring that Vn be determined by 
the system of equations 

( 1 = ov t + Sl + s 2 

(2.145) <^ = Ve-j^ w s 1 -0s 2 

[ = Vt - Oai - (1 + ^_i)* 2 

so that 

(2.146) % = -Ml+Jzll^ for ^ > 1 . 

V ^ ?« + (««-l) 2 (l + ^-i) 

An easy induction shows that V^ = 14 (qv,, Q^) is given by (|2.141|) . 

(£) 
We claim that Ve is the Robin constant of the set E{, relative to the uniformizing 

parameter Z£. To see this, note that E. u coincides with the set E v attached to the Neron 
model of £ v in Theorem I2.21[ and for each £ > 1 

E® = Et 1] [j{P € £ V {K V ) : |x (P)| = qf} • 

By the intersection theory formula for canonical distance, this decomposition satisfies the 
conditions needed to find Vo(E{, ) using a system (|2.7tjp . By Theorem 12.211 Vq(E{, ) = Q v 

when capacities are computed relative to zq. Assume that Vo{E\, ) = V^_i when the 
capacity is computed relative to zg_\. Relative to zi it is 1 + Vg-\- Hence the system of 
equations (|2.7(J|) for finding the capacity of Vo(E^) relative to Z£ is exactly (|2.145p . and our 
claim holds by induction. 

If the Robin constant of Ey relative to z m+ k is V m +k, then relative to z m it is 

— k + V m+ k- This yields the result. D 

Global Examples on Elliptic Curves. 

In the following examples, N is the conductor of £ . We take k = Q and consider elliptic 
curves £/Q defined by Weierstrass equations. If p is a prime, by £{ r L p ) or £{O p ) we mean 
the corresponding integral points on the affine curve defined by the given equation. 

Example 2.25 (N = 50). Let £/Q be the elliptic curve defined by the Weierstrass 
equation y 2 + xy + y = x 3 — x — 2, curve 50(Al) in Cremona's tables. Then for any 
T > 41.898861528 there are infinitely many points a £ £(Q) whose archimedean conjugates 
belong to £ (R) and satisfy x{a) < T, whose conjugates in £ (C3) all belong to £(%%), whose 
conjugates in f (C5) all belong to f (Z5), and whose conjugates in £ (C p ) belong to £(O p ), 
for all primes p/ 3, 5. 

If T < 41.898861527, there are only finitely many a £ £(Q) satisfying these conditions. 



5. EXAMPLES ON ELLIPTIC CURVES 51 

Proof. The given Weierstrass equation is minimal; after completing the square on the 
left side it becomes 

(2-147) {y + \x+ X -f = x 3 + \x 2 - \x - 7 - . 

At p = 2 it has reduction type I±; at p = 3 it has good reduction, and at p = 5 it has 
reduction type IV with 3 rational components (see Cremona [21| . p. 93). We will compute 
capacities with respect to the uniformizing parameter z = x/y. 

The real locus £(M) consists of one unbounded loop x _1 ([a, oo]), where a = 1.256458778 
is the unique real root of the polynomial on the right side of (|2.147p . Take E^ = x~ 1 ([a, T]) 
where T > a. By formula (|2.103|) 

(2-148) VoiE^) = -_ln(-=^). 

At the prime p = 2, the set £{'L 2 ) is empty (see Case B of Theorem I2.2ip so we cannot 
impose splitting and integrality conditions simultaneously; we require integrality by taking 

E 2 = £{6 2 ) = {P G £(C 2 ) : \x(P)\ 2 < 1} . 

so Vo(Ep) = 0. At p = 3, where £ has good reduction, we take £3 = £(1*3). A simple check 
shows that £ (mod 3) has N = 3 points rational over F3. By formula ()2.104p Vo(E^) = 3/4. 
At p = 5, we take E 5 = £(Z 5 ). By formula (I2TT3D . Vo(E 5 ) = 5/24. For p > 5, take 
E p = £{O p ). Since the given model of £ and the parameter z have good reduction at p, 
Vo(Ep) = 0. 

Let E = n p ,oo E v and take ^ = M- Then 

V(E,X) = -i]n(^) + |ln(3) + ^ln(5). 

Maple shows that the value of T for which V(E, X) = satisfies 

41.898861527 < T < 41.898861528 , 
and the Fekete-Szego theorems IU.3I and 11.51 yield the result. □ 

Example 2.26 (N = 32). Let £/Q be the elliptic curve defined by the non-minimal 
Weierstrass equation y 2 = x 3 — 25Gx. There are infinitely many points a £ £(Q) whose 
archimedean conjugates all belong to the bounded real loop in £ (R), whose conjugates in 
£(C 2 ) all belong to £(Z 2 ), and whose conjugates in £(C P ) belong to £(O p ), for each p > 3. 

Proof. The given Weierstrass equation is not minimal; the minimal equation is y 2 = 
x 3 — x (curve 32(^42) in Cremona's tables |21j ). We will use the parameter z = x/y in 
computing capacities with respect to o = oo. 

The bounded real loop is Eqo = rr~ 1 ([— 16,0]), for which formula (|2.10ip gives 

WkO = 4 ln( T } = " ln(2) - 

Take E 2 = £{'L 2 ). The curve y 2 = x 3 — x has Kodaira reduction type III at p = 2 (Cremona 
|21| . p. 91). In passing from y 2 = x 3 — 256x to y 2 = x 3 — x we have m = 2. By formulas 
(I2TTT11) and (|2TT32]I . Vs(E 2 ) = 106/107. For all other primes p, take E p = £(d p ), the trivial 
set with respect to o. The model of £ given by y 2 = x 3 — 256x and the parameter z have 
good reduction outside 2, so Vo(E p ) = 0. 



52 2. EXAMPLES AND APPLICATIONS 

Let IE = J7 ^ E p , and take X = {o}. Then 

V(E,X) = -ln(2) + ^ln(2) < 0, 
so the Fekete-Szego theorems 10.31 and 11,51 yield the result. □ 

Example 2.27 (N = 48). Let £/Q be the elliptic curve defined by the Weierstrass 
equation y 2 = x 3 + x 2 — 24x + 36, curve 48(vl3) in Cremona's tables. Then for any T > 
28.890384202 there are infinitely many points a G £(Q) whose archimedean conjugates 
belong to £(M) and satisfy x(a) < T, whose conjugates in £ (C 2 ) all belong to £(Z 2 ), whose 
conjugates in £(€3) all belong to £(^3), and whose conjugates in £(C P ) belong to £(O p ), 
for p > 5. 

If T < 28.890384201, there are only finitely many a € £(Q) satisfying the conditions 
above. 

Proof. The given Weierstrass equation is minimal; it factors as y 2 = (x + 6)(x — 
2)(x — 3). At p = 2 it has reduction type I|, with 4 components rational over /c 2 ; at p = 3 
it has split multiplicative reduction of type I4 (see Cremona [21], p. 93). We will compute 
capacities with respect to the uniformizing parameter z = x/y. 

The real locus £(M) consists of the bounded loop x~ l ([— 6, 2]), whose Robin constant 
is — ^ln(2), together with the unbound loop x _1 ([3, 00]). Take E^ = x _1 ([— 6, 2] U [3,T]) 
where T > 3. By formula (|2.102|) 

(2.149) VfctEoo) = fao(T) := 




{/9(T + 6)(T-2) 



6»(Re(M(oo))/A-,r;i i) 



e(0,r;0,|) 

Take ^2 = £(Z 2 ). By formula (pTTHD . 14(^2) = 26/35. Similarly, take S 3 = £(Z 3 ). By 
formula (I2.107|) with n = 4, we have Vo(E 3 ) = 123/238. For p > 3, take E p = £{6 p ). Since 
the given model of £ and the parameter z have good reduction at p, Vo(E p ) = 0. 
Let E = n ^ E p , and take X = {o}. Then 

26 123 

F(E,X) = / 00 (T) + -ln(2) + — ln(3). 

If we had taken £"00 to be the real loop x _1 ([— 6, 2]), then by the Fekete-Szego theorem 
there would be only finitely many a € £(Q) whose conjugates meet the given conditions. 
Maple shows that the value of T for which V(E, X) = satisfies 

28.890384201 < T < 28.890384202 , 

and the Fekete-Szego theorems 10.31 and 11.51 yield the result. □ 

Example 2.28 (N = 360). Let £/Q be the elliptic curve defined by the Weierstrass 
equation y 2 = x 3 + 117x + 918, curve 360(^4) in Cremona's tables. Then for any R > 
142.388571238 there are infinitely many a £ £(Q) whose archimedean conjugates satisfy 
\y(a)\ < R, whose conjugates in £(C 2 ) all belong to £(^2), whose conjugates in £(Cz) all 
belong to £(^3), whose conjugates in £(Cs) all belong to £(2^), and whose conjugates in 
£(C P ) belong to £(O p ), for all primes p > 5. 

If R < 142.388571237, there are only finitely many a E £(Q) meeting these conditions. 
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Proof. The given Weierstrass equation is minimal. At p = 2 it has reduction type 
III*, with 2 rational components; at p = 3 it has reduction type /q, with 2 rational com- 
ponents; and at p = 5 it has non-split multiplicative reduction (n = 4) with 2 rational 
components (see Cremona |21j . p. 133). We compute capacities with respect to the uni- 
formizing parameter z = x/y. 

Take E^ = y~ 1 (D{0,R)), where R > 0. By formula rf2~99|) . ^(E^) = -|ln(i?). At 
p = 2, take £2 = £(Z 2 ). % formula (12~T2TT) . V^JSfe) = 10/9. At p = 3, take E 3 = £(Z 3 ). 
By formula (l2Tu4l) Vfe(-E 3 ) = 1/2. At p = 5, take £5 = £(Z 5 ). By formula (J2IMD, 
14(S 5 ) = 29/140. For p > 5, take £ p = £(O p ). Since the given model of £ and the 
parameter z have good reduction at p, Vo(E p ) = 0. 

Let E = n ^ E p , and take X = {o}. Then 

1 10 1 29 

y(E, X) = - - MR) + ^ ln(2) + - ln(3) + ^ ln(5) . 

The value of R for which V(E, X) = satisfies 

142.388571237 < R < 142.388571238 , 
and the Fekete-Szego theorems 10.31 and 11.51 yield the result. □ 

6. The Fermat Curve 

Let p > 3 be an odd prime, and let £ = e 2m ' p . In this section we will apply the 
Fekete-Szego theorem with local rationality conditions to the Fermat curve 

(2.150) r p : X p + Y p = Z p , 

taking the ground field to be K = Q. Let $ p / Spec(Z) be the corresponding scheme. To 
obtain a nontrivial set E, we make use of William McCallum's description ( |42j ) of a regular 
model for 3? p := $ p x Spec(Oi, !l , p ), where L = Q(C) and v p is the place of L over p. The 
author thanks Dino Lorenzini for suggesting this example. 

Writing x = X/Z, y = Y/Z, let the part of T p in the coordinate patch Z 7^ be the 
affine curve 

(2.151) J^' : x p + y p = 1 . 

Let X = {£1, . . . ,£ p } be the set of points at infinity, where £& = (1 : — C, k : 0), and take 
E = FJ E v where the sets E v are as follows: for the archimedean place, let 

£oo = x -1 (£>(0,fl)) = {zeJ"(C) : \x(z)\ < R} . 

At the place p, take E v = F p,0 {Ol ) v p ), and for all the other nonarchimedean places q, take 
E q to be the X-trivial set E q = J*>°(6 q ). 

Let z vary over J-P(C). Writing (|2.15ip in the form 

fc=l 

we see that as z — > £&, then (y/x) + £ fc vanishes to order p; at each ^ £ I we will take the 
local uniformizing parameter to be 
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The Green's matrix at the archimedean place. Since E^ and |l/x(z)| are invari- 
ant under the automorphisms of T v given by 

(X : Y : Z) ^ (( k X : C, l Y : Z) , 

while the £& are permuted by those automorphisms, there are numbers A, B such that 
G(£ki£e'iEoc) = A an d V^ k (E OQ ) = B for all k ^ £. Thus the archimedean local Green's 
matrix is 

( B A ■■■ A\ 
A B ■■■ A 

(2.152) r(Eoo,£) = : : .. : 

\ A A ■■■ B ) 

Although we are unable to determine the numbers A, B explicitly, we will see below that 

(2.153) (p-l)A + B = -log(.R) . 

This relation will enable us to determine the capacities we need. 

For the divisor (oo) on P 1 , we have x _1 ((oo)) = (£i) + • • • + (£ p ), so the pullback formula 
(I276TH shows that for each z £ F P (C), 



G(x(z),oo;D(0,R)) = £g(*, &,£«,) . 



e=i 
Since G(w, oo; D(0,R)) = log + (\w/R\) in P , for each £j. we have 

-log(R) = lim G(x(z),oo;D(0,R))+\og(\l/x(z)\) 

(2.154) = %(i?oo) + ^G(6,6;^oo), 

and pJ53]) follows. 

The Green's matrix at the place p. Put L = Q(£), and let v p be the unique place 
of L above p; thus Ol,v p — % P [(}- Put ir Vp = 1 - (. The residue field k v = Ol jVp /tv Vp Ol, Vp 
is isomorphic to F p . Write Jf p = T v Xq Spec(L llp ) and ^S p = V Xz Spec(OL, Vp )- 

McCallum ( |42j . see Theorem 3, p. 59; Diagram 3, p. 69) has determined a regular model 
for JFP p . Put 

(x + y) p - x p - y p 

(p(x,y) = . 

p 

Then (j)(x, y) is a polynomial with integer coefficients, divisible by xy{x + y). Let F p be the 
algebraic closure of ¥ p ; McCallum notes that 4>(x, —y) (mod p) has a factorization over F p 
of the form 

xy(x - y) ■ Y[(x - a t y) 2 • J|(x - fyy) 

i 3 

in which the a{, f3j E ¥ p are distinct, the oci belong to F p \{0, 1}, and the /3j belong to F p \F p . 

McCallum shows that there is a regular model &v p / Spec(0£ it)p ), gotten by blowing up 
3? p , whose geometric special fibre has the configuration shown in Figure [TJ The components 
Lq, Li, Lqo, Lq, ]; and Lg. meeting L are indexed by the irreducible factors of <f>(x,—y) 



6. THE FERMAT CURVE 



55 













r oa,p 








F Qi ,l 




L 










L 


Li 


Loo 


L Qi 




L ft 



Figure 1. Fermat Curve Special Fibre 



(mod p), and for each a, there are p components ^ ai ,k meeting L Qi . All components are 
nonsingular and isomorphic to P 1 /F p , and all intersections are transverse: 
The components L, Lo, Li, L^, L ai , and F ait j are rational over k v = ¥ p ; each L/?. is rational 
over F p (/3j). Furthermore L has multiplicity p and self-intersection — 1; Lo, Li, and L^ have 
multiplicity 1 and self-intersection — p; the L ai have multiplicity 2 and self-intersection —p; 
the L^. have multiplicity 1 and self- intersection —p; and the F ait k have multiplicity 1 and 
self- intersection —2. 

The points of J~v p (L v ) specialize to the /^-rational closed points of the fc„-rational 
multiplicity 1 components, which are not intersection points of components. There are p 
such points on each of Lo, Li, and the components F Q . *.. Each such point lifts to a subset 
of E p isomorphic to tt Vp Ol,v p , and E v = F p,g {Ol,v p ) is the union of those subsets. On the 
other hand, £i, • • • , £» specialize to distinct fc„-rational closed points of Lqo. 

Using Proposition 12.221 and the above description of E p , we can determine G(z,(,k',E p ) 
for each k. Since the computations are somewhat tedious, and the methods are the same 
as those in the proof of Theorem 12. 2 1\ we only give the final result: if n p is the number of 
components L ai , and if 

(2.155) 



V 



1 

P 



2p-l 



(2n p + 2)p 

then for points z £ F p {L Vp ) specializing to L^, 

1 



n r 



G(z;£ k ;E p ) 



p 



l 



V + log Vp {((z)-(Z k )) 0P j) 



where ((z) ■ (£fe))© p is the intersection number of the closures of z and £& in the model (5? . 
The factor l/(p — 1) appears because the ramification index of L Vp /Q p is p— 1. By analyzing 
the blowups in the construction of &{, p , and writing z =1^ 6c if 2 and £& specialize to the 
same closed point of L^ , one further sees that 

10g ^ (((z) - fe) H) = {log, p (|x(z)|, p ))-l 
Since g^ k {z) = l/x(z) for each fe, the local Green's matrix at p is 

(V 
(2.156) r(£ p ,3t) 



p — \ 



V 



V 
V-l 



if ^ ^l«, ik 



V 
V 



V 



7 



v r 



V-l 
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The Global Green's Matrix. For each prime q of Q with q ^ p, the model 5 P has 
good reduction at q, the points £fc specialize to distinct points of the special fibre, and 
the function l/x(z) specializes to a nonconstant function (mod q). Since E„ is X-trivial, 
T(E q ,X) is the zero matrix. 

Thus the Global Green's matrix is 



When s - 

that 



Vp> 



r(E,X) = T(E OQ ,X) + T(E p ,X)log(p) . 
-) G V P (M), entries of T(E, X)s are all equal, so using (J2.153J) we conclude 



V(E, X) 



B + {p-l)A) + — - (pV-1 



log(R) + 



pV -Is 
p— 1 ' 



Thus, by (|2. 155|) and the Fekete-Szego theorems 10.31 and 11.51 we obtain: 

Theorem 2.29. Let p be an odd prime. Then on the affine Fermat curve x p + y p 



1. 



if 



p(2p-l) 
Jl > p(p-l) 2 ((2«p+2)p-«p) 



(2.157) 

there are infinitely many integral points a whose p-adic conjugates are all rational over L Vp 
and whose archimedean conjugates satisfy \x(a(a))\ < R. 

If the inequality (12. 157ft is reversed, there are only finitely many. 



For small primes, n p can be computed using Maple. For p = 2 and p 
n v = 0; for all primes with 5 < p < 75 except p = 59, we have n p = 2; for p 
n p = 13. Below are some examples for the critical value of R: 



5, we have 
59 we have 



p 


n p 


critical R 


3 





3 5 / 8 ^ 1.987013346 


5 





5 9 / 32 ^ 1.572480664 


7 


2 


7 9i/i440 ^ 1.130851299 


53 


2 


53 5565/854464 ^ 1.026195152 


59 


13 


59 6903/5513596 ^ 1.005118113 


61 


2 


61 738i/i3i0400 ^ 1.023425196 


73 


2 


73 10585/226U224 ^ L0 20296147 



As McCallum remarks, n p is the number of "tame curves" C s for which Jac(C s ) is isogenous 
to a factor of Jac(J 7 p ). For p = 59 the abnormally large number of tame curves means the 
critical value of R is unusually small. It would be interesting to know if there are other 
phenomena related to this. 

7. The Modular Curve X (p) 

In this section we will give an example applying the Fekete-Szego theorem with local 
rationality conditions to the modular curve Xo(p)/Q, where p > 5 is prime. The author 
thanks Pete Clark for help with this. 

As is well known, Xq(p) is the compactification of the moduli space for pairs {E,C) 
consisting of an elliptic curve and a cyclic subgroup of order p. As a Riemann surface, 



JO*) = 3 07% = 7+ 744 + 196884 ^ + 



ffp 
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Xo(p)(C) is gotten from To{p)\Sj by adjoining the 'cusps' cq and c^; here Sj is the complex 
upper half plane and To (p) is the congruence subgroup 

Toip) = {( a c b AeSL 2 (Z):c = (modp)}. 

The function field of Xq(p)/Q is Q(j (z) , j (pz)) where j(z) is the modular function 

1728gj 1 

Here X = j(z) and Y = j(pz) satisfy the "Modular Equation" <3?(X, Y) = 0, where 
&{X,Y) = -(X p -Y)(Y p -X)+ Y, <HjX i Y j £ Z[X,Y] 

max(ij)<p 

and each aij is divisible by p. The genus of Xq(p) is 

(p-13)/12 if p= 1 (mod 12), 

(p-5)/12 if p = 5 (mod 12), 

(p-7)/12 ifp = 7 (mod 12), 

(p + l)/12 if p = 11 (mod 12), 

Deligne-Rapoport determined a regular model 9JTo(p)/Spec(Z) for -Xo(p). It can be 
described as follows (see |41| . Theorem 1.1, p. 175). First, consider the projective normal- 
ization Mq(p) of Spec(Z[X,Y]/($(X,Y)). It is smooth outside the points corresponding 
to supersingular elliptic curves in characteristic p with j ^ 0, 1728; its special fibre at p 
has two components, each isomorphic to P , which meet transversely at the supersingular 
points. These components will be denoted Zq and Z^; the reduction of j (that is, X) is a 
coordinate function on Z^. If p = 2 (mod 3) then j = is supersingular in the fibre at p, 
and Mo(p) has a singularity of type ^3 at the corresponding point; if p = 3 (mod 4) then 
j = 1728 is supersingular in the fibre at p and Mo(p) has a singularity of type A2 at the 
corresponding point. 

The model 9Ho(p) is gotten by resolving these singularities, introducing a chain of two 
components F\, F2 in the first case, and a single component G in the second. The special 
fibre of 5DTo(p) is reduced, and all its components are rational over ¥ p . There are m = g p + 1 
supersingular points, each of which is rational over F„2. The components Zq and Z^ have 
self-intersection — m; the components F\, F2, and G (if present) have self-intersection —2. 
The cusps are rational over Q; cq specializes to Zq, and Cqo specializes to Z^. Their images 
are not supersingular, and are the points "at infinity" on those components. 

We will take X = {cqo, cq} to be the set of cusps, and we will take E = \\ v E v , where 

Eoo = r\D(0,R)) = {z e X (p)(C) : \j(z)\ < R} . 

and where E p is the set of points of Xq(p)(Q p ) specializing to the 'ordinary' (i.e non- 
supersingular and non-cuspidal) points of Z^. For all the other nonarchimedean places q, 
we will take E q to be the X-trivial set 

E q =<m (p)(C p )\(B(c ,l)-{jB(c oo ,l)-) . 

We will take the local uniformizing parameters to be g Coo {z) = l/j(z), g co ( z ) = ^/J(P Z )- 

This set E is chosen mainly because we can do explicit computations with it, rather 
than for its intrinsic interest. However, it illustrates nicely how arithmetic and geometric 
information about a curve enter into capacities. 
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The Green's matrix at the archimedean place. 

Let T> = {z G S) : — 1/2 < He(z) < 1/2, \z\ > 1} be the standard closed fundamental 
domain for ST^Z). As a function from Sj to C, j(z) maps this region conformally onto C, 
taking the ray from i to 00 along the imaginary axis to the real interval [1728, 00), with 
j{i) = 1728; the circular arc at the bottom of T> to the real interval [0, 1728] (covering it 
twice), with j(e m ' 3 ) = j(e 27Tl ' 3 ) = 0; and the vertical sides of T> to the real interval [—00, 0]. 
It also takes the part of the imaginary axis from to i to [1728, 00). A fundamental domain 
for Tq(p) is given by 

(p-1)/2 

v(p) = pu( (j f k (vy 

k=-(p-l)/2 

where fk(z) = — l/(z + k). Under the quotient Tq(p)\Sj, the image of the circular arc at 
the bottom of T> separates Ao(p)(C) into two components, one containing Cqo and the other 
containing cq. On the other hand, the image of the imaginary axis joins the cusps cq, Coq. 

By our choice of E^, and discussion above, it follows that when j(z) is viewed as a map 
from X (p)(C) to P X (C), if R > 1728 then X (p)(C)\£; oo has two connected components, 
while if R < 1728 it has one component. 

As a divisor j~ 1 ((oo)) = p{cq) + (cqo), so the pullback formula (|2.6ip gives 

G(j(z), 00; D(0,R)) = pG(z,c ; J B O o) + G'(z,c oo ;£; oo ) . 

Since l/j(z) is the uniformizing parameter at Cqo, it follows that 

-log(R) = pG(coo,c ;E oo ) + V r Coo (E oo ) . 

Similarly, since lim z ^ Co j(z) p /j(pz) = 1, and since l/j(pz) is the uniformizing parameter at 
co, 

-log(.R) = G(c ,c oo ; J B oo )+pV r C0 ( J B oo ) . 

Hence, writing B(R) = G^CocCoji^oo) = G{cq, c^; -Boo), the archimedean local Green's 
matrix is 

(2.158) T ( E^ = ( -*«*> 4lo ° g(fl) ) + B(H)(7 _\). 

Here B(R) = 0ifR> 1728, while B(R) > if R < 1728. It will turn out that R > 1728 in 
the situation of interest to us; however, note that in any case the second matrix in (|2.158|) 
is negative semi-definite. 

The Green's matrix at the place p. Using Proposition 12.221 and the definition of 
E p as the set of points of Ao(Q p ) specializing to ordinary points on the component Z^, we 
can determine G(z,c 00 ;E p ) and G(z,cq] E p ). 

Let M p be the number of F p -rational ordinary points on Z^. For z £ Xo(p)(C p ), write 
z =z Co if z specializes to same point of Zq as Co, and write z ^z^ c<x> specializes to the 
same point of Z^ as Cqo . Using Proposition 12.221 and the methods in the proof of Theorem 
I2T2T1 we find that 

G(z, Coo; Ep) = 

G(z,c ;E p ) = 



1 V 
A/^p-1 

1 P 
A/^p-1 


+ log ? 


,(\m P ) 


if Z\ 

if z; 


= Z CO; 

=z x c c 


1 P 
A^p-1 

1 P 
A/^p-1 


+ P-1 


+ log p (\j(pz)\p) 


if z 

if z 


= Zoc C ( 

=z c 
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Here the number 12/ (p— 1) is actually the quantity j C0 (Zoo, Zoo) m the notation of (I2.13ip . 
obtained by solving the equations f|2.128j) relating components. Since the special fibre of 
SD?o(p) a t P has different configurations according as p = 1, 5, 7, 11 (mod 12), it is somewhat 
surprising that the same value arises in all cases. 
It follows that the local Green's matrix at p is 

(2.159) T(E p ,X) = ( ^V i Hj2_ ) ■ 

The number N p can be expressed in terms of the class number h(—p) of the ring of integers of 
Q(\/ — p)- Indeed, M p = p—n ss (¥ p ), where n ss (¥ p ) is the number of F p -rational supersingular 
points on Z^. It is known (see for example [20] . pp. 75- 76) that 

„„ (Fp) _ *'(-») + *(-») 

where h'(D) is the class number of the quadratic order of discriminant D if there is such an 
order, and is otherwise. Using the formula relating class numbers of orders in quadratic 
fields to those of the maximal orders (see [36], Theorem 7, p. 95), this simplifies to n ss (¥ p ) = 
c p h(—p), where 



(2.160) 



Thus N p = p — c p h(—p). It is known that N p is always positive, so E p is nonempty. 

The Global Green's Matrix. For each prime q of Q with q ^ p, the model 9JTo(p) 
has good reduction at q, the cusps Coo,co specialize to distinct points of the special fibre, 
and the uniformizing parameters g Coo (z) and g co ( z ) specialize to nonconstant functions 
(mod q). Since E q is X-trivial, T(E q ,X) is the zero matrix. 

Suppose for the moment that R > 1728; this assumption will be justified below. Then 
B(R) = 0, and the global Green's matrix r(E,3E) is 

I a^mp) -iiog(*) + (^ + ^)iog(p) ) ■ 

By the minimax definition of V(E, X) (see formula (|3.49p below) 

V(E,X) = min max (T(E, X)s) . . 

Thus V(E,X) < if and only if for some s = t (s 1 , s 2 ) £ V 2 (R), 

J Sl (-l og (fl) + ^^]og(p))+ S2 (^£log(p)) < 0, 

1 «i(^p?llog(p))+. a (-ilog(/2) + ^^ + ^log(p)) < 0. 

Equivalently, V(E, X) < if and only if for some s € M with < s < 1, 



r 1/2 


iip=l 


(mod 8), 


2 


ifp = 3 


(mod 8), 


1/2 


if p = 5 


(mod 8), 


1 


ifp=7 


(mod 8). 



(2-161) < 1 fi A* 1* 
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The left side of the first inequality in (|2.16ip is decreasing with s, while that in the second 
inequality is increasing, so the extremal value of R is obtained when they are equal. Solving, 
and using the Fekete-Szego Theorems 10.31 and 11.51 one obtains 

Theorem 2.30. Let p > 5 be a prime, and consider the Deligne-Rapoport model 9Ko(p) 
for modular curve Xq(j))/Q. Put M p = p — c p h{—p), where c v is as in (J2.160P and h{—p) 
is the class number o/Q(- v /— p). Then if 

(2.162) R > p ^ ^ , 

there are infinitely many a G ^o(p)(Q) whose archimedean conjugates satisfy \j(a(a))\ < R, 
whose p-adic conjugates all belong to ^o(p)(Qp) and specialize (mod p) to ordinary points 
in Zoo, and whose conjugates in X (C q ) specialize mod q to non- cuspidal points offfllo(p), 
for all q / p. 

If the inequality (|2.162p is reversed, there are only finitely many. 

Note that the right side of (|2.162j) is greater than p 6 , and for p > 5 this is at least 15625. 
By the second part of the theorem and the monotonicity of the sets j~ 1 (D(0, R)), the first 
part cannot hold for any R < 15625. This validates our assumption that R > 1728. 



CHAPTER 3 



Preliminaries 



In this chapter we systematically lay out notation, conventions, and foundational ma- 
terial used in the rest of the paper. 

This work can be regarded as a sequel to the author's monograph "Capacity theory 
on algebraic curves" ([51J), and we recall several results from that work. In particular, we 
consider spherical metrics on P , the 'canonical distance' [z, w]^ on an algebraic curve, sets 
of capacity 0, upper Green's functions, the inner Cantor capacity, and the L-rational basis 
for algebraic functions on a curve with poles supported on a finite set X. 

1. Notation and Conventions 

Throughout the paper, we write log(x) for ln(x). 

If if is a number field, K will be a fixed algebraic closure of K, and K scp will be 
the separable closure of K in K. We write Aut(K / K) for the group of automorphisms 
Aut(K/K) = Gal(K scp /K). Given a place v of K , let K v be the completion of K at v, let 
K v be an algebraic closure of K v , let K^ p be the separable closure of K v in K v , and let C„ 
be the completion of K v . If v is nonarchimedean, write O v for the ring of integers of C„. Let 
Aut c (C v /K v ) = Aut(K v /K v ) = Gal(Kv ep / K v ) be the group of continuous automorphisms 
of C v fixing K v . 

If v is archimedean, let \z\ v = \z\ be the usual absolute value on R or C for which the 
triangle inequality holds. For < x G R, write log^(x) = ln(x). If K v = R, put q v = e; if 
K v = C, put q v = e 2 . 

If v is nonarchimedean, let \x\ v be the absolute value on K v given by the modulus of 
additive Haar measure. Let O v be the ring of integers of K v , let ir v be a uniformizer for 
O v , and let k v = O v /ir v O v be the residue field. Put q v = #(k v ) Then \n v \ v = l/q v - If 
char(if) = p > 0, then q v = p-* v is a power of p. If char(K) = and p is the rational prime 
under v, let e v and f v be the absolute ramification index and residue degree; then q v = p-* 1 ' 
and \p\ v = (l/p)~t Kv '-^pi = l/q%". This absolute value has a unique extension to C v , which 
we will continue to write as \x\ v . Let log„(a;) be the logarithm to the base q v , and let ord 1) (x) 
be the additive valuation on C„ associated to \x\ v . Then ord„(x) = — log v (|x| v ) G Q for all 
ieC„ x . 

Let M.k be the set of all places of K. For 7^ k G K, the product formula reads 

Y^ lo gt>(l K k') lo g(9f) = . 

v&Mk 

We will sometimes need to write the product formula multiplicatively. To this end, define 
weights D v = \og v {q v ), so that D v = 1 unless K v = C, in which case D v = 2. Then 



n 

v&Mk 



\rn\11 — X 
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This combination of normalized absolute values and weights is made to preserve compati- 
bility with the literature in analysis concerning capacities. 

If L/K is a finite extension, we use similar conventions in defining normalized absolute 
values \x\ w for places w of L, as well as q w , D w and log^x). Thus for 7^ A G L, 

J2 log w (\X\ w )log(q w ) = , J] |A|£» = 1 • 

wGMl w&Ml 

If v is a place of K and w is a place of L over K, then on C w = C v we have the (extended) 
absolute values \x\ v and \x\ w . For archimedean places, |x|„, = \x\ v = \x\ for all x € C^ = 
C„ = C. For nonarchimedean places, |x|„, = |x|i™ ' for x G C w = C v . For all places, 

L|fl« _ \ rr \[L w :K v \D v 

Let -F be a field. By a 'variety' V/-F we mean a separated scheme V of finite type over 
Spec(-F). By a 'curve' C/F, we mean a smooth, projective, connected scheme of dimension 1 
over Spec(F). If V/F is a variety and L is a field containing F, we write Vz, = V x^ Spec(L) 
and let V(L) = Homp(Spec(L), V) = Honi£(Spec(L), Vl) be the set of L-rational points of 
V. If Vl is irreducible, we write L(V) for its function field. 

If K is a global field, v is a place of K, and V/-K" is a variety, we abbreviate Vj^, by 
V v . Note that V„(C„) = V(C„) since K is embedded in K v and C w . If E v C V„(C t) ) is a 
nonempty set, then for each / G C„(V), we write ||/||_b„ = sup zeEu |/(^)|d for its sup norm. 

2. Basic Assumptions 

Throughout the paper we will assume that: 

K is a global field and C/K is a curve (smooth, projective, and geometrically connected). 
Fix an embedding C ^-> P^ = P^/ Spec(iC) for an appropriate N, and equip P^ with a 
system of homogeneous coordinates. For each v, let ||x,y|| w be the f-adic metric associated 
to this embedding (see ^3141 below). For each nonarchimedean v, the choice of homogeneous 
coordinates yields gives an integral structure ¥ N / Spec(O v ). By taking the closure of C v in 
P / Spec(0„), we obtain a model £„/ Spec(O tl ). 

X = {x±, . . . , x n } C C(K) is a finite set of global algebraic points, stable under Aut(K/K). 
We will call the points in X poles. 

L = K(X), so L/K is a finite normal extension. For each place v of K, fix an embedding 
t v : K <-+ C v over K. This induces a distinguished place w v of L lying over v, and an 
embedding X <— > Cy(Cy). In this way, we regard X as a subset of C W (C„), for each v. 

E v C C„(C„) is a nonempty set, for each place v of if. A set E v will be called X- 
trivial (for the model £ v ) if w is nonarchimedean, <L V has good reduction at v, the balls 
-B(x,,, 1)~ = {z £ C V (C V ) : ||2, Xi\\ v < 1} are pairwise disjoint, and 

m 
E v = C(C)\ (J 5(zi, I)" . 

Equivalently, £?„ is X-trivial if £„ has good reduction at v, the points in X (identified 
with points of C V (C V ) and extended to sections of € v 0o v Spec(O^)) specialize to distinct 
points (mod v), and E v is precisely the set of points of C V (C V ) which specialize to points 
complementary to X (mod v). 

We will assume the sets E v satisfy the following conditions: 
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(1) Each E v is stable under Aut c (C v /K v ). 

(2) Each E v is bounded away from X in the f-topology. 

(3) For all but finitely many v, E v is X-trivial. 

Here, property (3) is independent of the choice of the embedding C ^-> P / K and the choice 
of homogeneous coordinates on ¥ N /K. Note that E v may be closed, open, or neither. 
However, an X-trivial set is both open and closed. 

Put E = rXu^y- We will call E a K-rational adelic set. By our assumptions, E is 
compatible with X, in the terminology of the Introduction. 

U v C C V (C V ) is an open set containing E v , for each place v of K. We do not assume 
that U v is bounded away from X or stable under Aut c (C v /K v ), though we will reduce to 
that situation in the proof of the Fekete-Szego theorem. The set U = FJ U v will be called 
an adelic neighborhood of E. 

For each Xi G X, fix a rational function g Xi (z) G K(xi)(C) with a simple zero at a;,. We 
require that the choices be made so that g a ( Xi )( z ) = a (9xi)( z ) for all a G Aut(K/K). These 
uniformizing parameters will be used for normalizations throughout the paper. 

We will often deal with objects on which Aut(K / K) acts: for instance points in C(K) 
and functions in K{C). If L/K is galois, the points of C{L) fixed by AvX{K/K) are the ir- 
rational points, and the functions in L(C) fixed by Aut(K / K) are the X-rational functions. 
Likewise, if v is a place of K, we will often deal with objects on which Aut c (C v /K v ) acts. 
We will use the following terminology (due to Cantor |16j): 

Definition 3.1 (if-symmetric, .^-symmetric) . Let K be a global field, and let Fbea 
collection of objects on which Aut(K / K) acts. If an element yo G Y is fixed by that action, 
we will say that yo is -f^-symmetric. If a subset Yq C Y is stable under Aut(K/K), we will 
say that Yq is if-symmetric. 

Let v be a place of K, and let Fbea set on which Aut c (C v /K v ) acts. If an element 
yo € Y is fixed by that action, we will say that yo is ^-symmetric. Likewise, if a subset 
Yo C Y is stable under Aut c (C v /K v ), we will say that Yo is ^-symmetric. 

Here is an important example. 

Let X = {x\, . . . ,x m } C C(K) be as above. Define a permutation representation of 
G = Aut(K J K) in S m by x a ^ = cr(xi) for each a € G. There is an induced action of G on 
R m : given s = *(si,...,s m ) E R m , put a(s) = t (s a ^, . . . , s ff ( m )). If s CT(i ) = s { for all cr G G 
and all z, we call s a K -symmetric vector. Similarly, G acts on M m (R) by simultaneously 
permuting the rows and columns. These two actions are compatible: for s G R m and 
r G M m (R), we have cr(rs) = o"(r)cr(s). If Tjj = r^^) ^q) for all a G G and all i, j, we call 
r a K-symmetric matrix. 

For another example, let Y" be the collection of all finite sets of functions in K(C). 
Then the set of uniformizing parameters {g Xi {z)} Xi &x chosen above is if-symmetric, since 
vidxjiz) = g<r( Xi ){z) for all i. 

The following fact is well known, but we do not have a convenient reference for it. 

Proposition 3.2. Let K be a global field, and letC/K be a smooth, projective, connected 
curve. Then C v (K^, cp ) is dense in C V (C V ) under the v topology, for each place v of K . 
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Proof. We first show that K^ p is dense in C„. Since C„ is the completion of K v , it 
suffices to show that Ky Cp is dense in K v . If char(LT) = there is nothing to prove. Assume 
char(L') = p > 0, and take a G K v \Ky ep . Let P(x) G X„[x] be the minimal polynomial of a. 
Since a is inseparable over K v , there is a polynomial Q(x) G K v [x] such that P(x) = Q(x p ). 
For each / b G K v , put P b (x) = P(x) + 6x. Then P^x) = b, so (P b (x) , P^x)) = 1, 
and -Pf,(x) has distinct roots. In particular, its roots all belong to K^, ep . Fix e > 0, and let 
b — > 0. By the continuity of roots of polynomials in C„[a;] under variation of the coefficients 
([34], p. 44), if \b\ v is sufficiently small, then P\,{x) has a root a^ with |a& — a\ v < e. 

We next show that C v (Ky ep ) is dense in C V (C V ). Since C/.K" is smooth, so is C v /K Vl hence 
the function field K V (C V ) is separably generated over K v (see |51j . p.21). Since K V (C V ) / K v 
is finitely generated and has transcendence degree 1, there is an / G K V (C) such that K V (C V ) 
is finite and separable over K v {f). By the Primitive Element theorem, there is a g G K V (C) 
such that K V (C) = K v (f,g). Let F(x,y) G -K^fx,?/] be a nonzero polynomial of minimal 
degree for which F(f,g) = 0. Regarding F{x,y) as a polynomial in y with coefficients in 
Kt,[x], write 

F(x,y) = a Q {x)y n + ai{x)y n ~ l + ■ ■ ■ + a n {x) . 

Let R(x) be the resultant of F and 4p. It is not the zero polynomial, since g is separable 
over K v (f). There are finitely many values of x G C„ for which R(x) = 0; for all other x, 
the polynomial F x (y) = F(x,y) has n distinct roots. 

Let C V: i/K v be the projective closure of the plane curve defined by F(x, y) = 0. There is 
a birational morphism Q : C v — > C Vj \ defined over K v . Let S\ C C Vj i(C v ) be the set consisting 
of all singular points, branch points of Q, points "at infinity", and points where R(x) = 0. 
Put S = Q~ x (Si) C C V (C V ); both S± and S are finite. The map Q induces a topological 
isomorphism from C V (C V )\S onto C V: i(C v )\Si which takes C v (Ky Cp )\S onto C V: i(Ky Cp )\Si. 
To show that C v (Kf, cp ) is dense in C V (C V ), it suffices to show that C V: i(Kf, cp )\Si is dense in 
C 1 ,,i(C„)\5i. 

Identify points of C V) i(C v )\Si with solutions to F(x, y) = in C^, and fix P = (6, c) G 
Cu,i(C u )V'i. Then c is a root of F b (y) = ao(b)y n + • • • + ao(b). Since ^ ep is dense in C„, 
there is a sequence b\ , 62, • • • G Kf, ep converging to b. We can assume that none of the 6j is 
the x-coordinate of a point in Si. By the continuity of the roots of polynomials, there are 
ci, C2, • • • G Kl cp such that each q is a root of F bi {y), and the points Pi = (aj, 6j) converge 
to P. □ 

3. The L-rational and L scp -rational bases 

Let L = K(3L), as above. Given finite extension F/K, let F sep be the separable closure of 
K in F. In this section we will construct a if -symmetric (that is, Aut(K jK )-equivariant) set 
of L-rational functions which we will use to expand functions in K(C) with poles supported 
on X. We will call this the L-rational basis. To deal with separability issues in the global 
patching construction, we also construct a related set of L sep -rational functions, which we 
call the L sep -rational basis. When char(if ) = 0, the L-rational and L sep -rational bases are 
the same, but when char(if) = p > they are different. 

Given a LT-rational divisor D on C, put 

f(D) = H°(C R ,Oc s (D)) = {f€K(C):dw(f) + D>0}. 
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A theorem of Weil (see for example Lang [35], Theorem 5, p. 174) asserts that if D is rational 
over a finite extension F/K, then T(D) has a basis consisting of irrational functions. In 
scheme-theoretic terms, this comes from the faithful flatness of Spec(if)/Spec(-F). 

We first give the construction when char (if) = 0. Let g > be the genus of C, and put 
J = 2g + 1. 

Taking Dq = YaLi J ' i. x i)i P u ^ ^o = dimg-(r((A)))) > 1. Noting that Dq is rational 
over if, choose an arbitrary if -rational basis {(pi, . . . ,(p\ } for r(L>o). Next, choose a 
representative X{ from each Aut (L/if )-orbit in X. For each j = J, . . . ,2 J, choose a if (xj)- 
rational function (pij(z) G T(J ■ (xj)) with a pole of exact order j at Xj, normalized in such 
a way that 

lim <p it j(z) -gxiiz) 3 = 1 , 

Z— >Xi 

and taking <Pi t 2j{z) = <pij(z) 2 . Such functions exist by the Riemann-Roch Theorem. For 
each a fa) in the orbit of xi and each j = J, . . . , 2J, put ^> a (i),j = cr ( < fi,j)- 

For each j > 2 J + 1, we can uniquely write j = £■ J + r, where £ and r are integers with 
£ > and J + 1 < r < 2 J. Define 

(3-1) Vi,i(«) = (¥V(-z)) • ViA z )- 

Then ipij is rational over K(xi), has a simple pole of order j at X{ and no other poles, and 
is normalized so that 

(3.2) lim ipi j (z) ■ g Xi (z) j = 1. 

Z— >Xi 

For all a 6 Aut(K/K) and all (i, j), we have f a (i),j = °"( ( /'i,j)- 

In this way we obtain a multiplicatively finitely generated, if -symmetric set of functions 

(3.3) {v?a : \ = l...,Ao}\J{<p itj :i = l,...,m,j>J+l} 

defined over L, which we will call the L-rational basis (note that the functions ipi t j do not 
belong to the L-rational basis, though they were used in constructing it). Each / € K(C) 
with poles supported on X can be uniquely expanded as a if -linear combination of the ipk 
and the tpij , and if / has a pole of order m at each Xi , only the ip\ and the ifij with j < m 
are required in the expansion. Similarly, for each v, each / G C V (C) with poles supported 
on X can be uniquely expanded as a C„-linear combination of the ipk and the ipij . 

When char(if ) = 0, the L sep -rational basis will be the same as the L-rational basis. 
However, we will write it as 

(3.4) {^ A : A = 1 . . . , A } U {<p id : i = 1, . . . ,m,j > J+ 1} , 

with <p\ = tp\ and ipy = ifij for all A, i, j. 

Next suppose char(if ) = p > 0. For each x i: let [Kfa) : if] ins °P = [K( Xi ) : if (xj) s °p] 
be the inseparable degree of the extension K(xi)/K. Let J = p be the least power of 
p such that p A > max (2g + l,maxi([if fa) : if] inscp )). Put D = E^i J • ( x i) and let 
Ao = dim^(L>o) > 1- By construction, L>o is if -rational. 

We first construct the L sep -rational basis, then we use it to construct the L-rational 
basis. To assure L sep -rationality, we must relax the condition that each ipij has a pole of 
exact order j at Xj. 

Fix a if -rational basis {^i, . . . , ^a } for T(J ■ D). Then, for each i = 1, . . . , m, consider 
the divisors Di^j = J ■ fa) and D%^.j = 2 J • (xj). Both are rational over if (xj) sep , so 
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T(Di t j) and Y{Di^j) have if (xj) sep -rational bases. By the Riemann-Roch theorem, there is 
a if (xj) sep -rational function ipij with a pole of order precisely J at (xj). Since J is divisible 
by [K(xi) : K] msep , the function g Xi (z) is rational over if(xj) sep , and we can normalize 
(fi.j so that 

lim tpij(z) ■ g x ,(z) J = 1 . 

Again by the Riemann-Roch theorem, dim^(r(Dj j 2j)/r(-Dj,j)) = J- Choose if(xj) sep - 
rational functions tpi t j+i, ■ ■ ■ ,f>i,2j G r(-D«,2j) in such a way that ifi^j = (f>i,j) 2 and the 
images of ^j+i, . . . , <£>i,2j in Y{Di t 2j) /T{D^j) form a basis for that space. For each j > 2 J, 
we can uniquely write j = I ■ J + r with l,r £ Z, I > 1, and J + 1 < r < 2 J; put 

(3.5) Ipij = $ tJ ■ <p i>r . 

Thus, for each j > J, tptj is rational over if (x,) sep . For an index j > J not divisible 
by J, the function fy j has a pole of order at most J ■ \j/J~\ at x.j, but its pole will not in 
general have exact order j. 

We will require that the tpij for different x, be chosen in a Gal(L scp /if)-equivariant 
way, so <Pa(i) j = &{<?i,j) f° r each a G Aut(if/if ). The collection of L sep -rational functions 

(3.6) {fi x (z) : A = 1 . . . , A } U {ftj(z) : i = 1, . . . , m, j > J + 1} 

will be called the L sep -rational basis. By construction, it is if -symmetric and multiplica- 
tively finitely generated. Note that although ipij was used in constructing the L sep -rational 
basis, it is not an element of the basis. 

Each / G K (C) with poles supported on X can be uniquely expanded in terms of the 
L sep -rational basis, and if _f(z) has a pole of order m at each Xj, only the ip\ and the £>j j 
with j < J ■ \rii/J~\ are required in the expansion. Similarly, for each v, each / G C V (C) can 
uniquely be expanded as a C^-linear combination of the (pk and the <Pij- 

We now use the L sep rational basis to construct the L-rational basis. 

Put (f X = fix for A = 1, . . . , A . For each x;, put ip^j = <p itJ and (p i)2 j = <pfj- By the 
Riemann-Roch theorem, for each j = J + 1, . . . , 2 J — 1 there is a K (xj)-rational function 
¥>ij(z) G r(j • (xj)) with a pole of exact order j at Xj. We will choose ^>ij(z) to be a 
K (xj)-rational linear combination of tpij+i, • • • , <Pi,2J, normalized so that 

]m^j(z) -gxiiz) 3 = l ; 

this is possible since £>i,j+i, . . . , <^i,2j span T(2J • (xj))/r(J • (xj)). We will require that 
for distinct i, the (fij be chosen so that <P<?H),j = a ( i Pi.j) f° r an CT £ Aut(L/K). For each 
j > 2 J, we can uniquely write j = £ ■ J + r, where < (. € Z and J + 1 < r < 2 J, and we 
define 

(3-7) <ft,iO) = 0/V( z ))* • <Pi,r( z )- 

Then (pij is rational over if (xj), has a simple pole of order j at Xj and no other poles, and 
is normalized so that 

(3.8) lim ipij(z) ■ g Xi (z) j = 1. 

For all a G Aut(K/K) and all (i, j), we have <p a (i),j = a {^i,j)- 

The construction has a number of consequences, which we record for future use. 
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Proposition 3.3 (Uniform Transition Coefficients). Let char (if) be arbitrary. Then 

(A) fix = ip x for X = 1,...,A , 

(B) For each i = 1, . . . ,m and each £ > 2, ipi^j = fii/j = <pf j is K(xi) sep -rational and 
belongs to both the L-rational and L scp -rational bases; it has a pole of exact order £J at Xi, 
and is normalized so that 

lim ¥i/j(z) ■ g Xr {z) U = 1 . 

Z— >Xi 

For each j > J + 1 we have (fi,ej(z) ■ <Pij(z) = (p^a+j(z) andy^ej(z) ■ fii,j(z) = <p it ej+j(z). 

(C) For each i = 1, . . . ,m, there is an invertible matrix Bi = (Bijk)i<j,k<j with coeffi- 
cients in K{xi) such that for each £>1, and each j = 1, . . . , J, 

J 
(3-9) ¥i,£J+j — / _, Bj,jk ■ <Pi,ej+k ■ 

Likewise, put Bi = B^ 1 and write Bi = (Bijk)i<j.k<j- Then the Bijk belong to if (xj), and 
for each £ > 1, and each j = 1, . . . , J, 

J 

(3.10) ^PiiJ+j = / , Bj,jk • fi,ej+k ■ 

fc=i 

Proof. When char(if) = 0, the proposition is trivial, since the L-rational and L sep - 
rational bases coincide. 

When char (if) = p, the low-order basis functions (p\, . . . , (p\ Q coincide with ipi, . . . , fi\ . 
The high-order basis functions (pij and (pij are closely related as well. For each i and each 
£ > 1, the function ipi/j = fii/j = iff j is defined over if (xj) sep ; for £ > 2, it belongs to both 
the L-rational and L sep -rational bases. By construction, the functions tpi^j+i, ■ ■ ■ , <Pi(t+i)j 
and !pi t ej+i, • • • , <Pi(£+i)j, and (p^ej+i, ■ ■ ■ , <Pi,u+\)j are if (xi)-rational linear combinations 
of each other. Since tpij = <pij, (|3.5p and (|3.7p show that for each block of J functions we 
have the same transition coefficients. □ 

For each place v of if, fix an embedding of K into C v , and use it to identify functions 
in if (C) with functions in C V (C). 

Corollary 3.4 (Uniform Comparison of Expansion Coefficients). Let char (if) be ar- 
bitrary. For each place v of if, there are constants B V ,B V > (with B v = B v = 1 for all 
but finitely many v), such that for any f G C V (C) with poles supported on X, if we expand 
f using the L-rational and L scp -rational bases as 

f = 5Z Ai 'Wi,j + ^2 AxLpx > j = J2 Ai >j&,j + J2 ^ a ^ a ' 



M A 1,3 



then 



and 



max(\A iyj \ v ,\Ax\ v ) < B v ■ max(|Ajd„, \A X \ V ) 



max(\Aij\ v ,\Ax\ v ) < B v ■ max(\A it j\ v , \A X \ V ) 
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Corollary 3.5 (Rationality Properties of Expansion Coefficients). Let char(L') be 
arbitrary. Suppose f G K{C) is a K -rational function with poles supported on X. When f 
is expanded in terms of the L-rational and L-rational bases as 

(3.H) / = E E ***** + E A ^x , /=EE ^m,i + E Aw\ , 

t=l j=J+l A=l i=l j=J+l A=l 

then each A^ belongs to K{xi), each A\ belongs to K , each Aij belongs to K(xi) scp , each 
A\ belongs to K , and the Aij, A\, Ay, and A\ are K -symmetric. 

Similarly, for each place v of K, if f E K V (C) is a K v -rational function with poles 
supported on X, when f is expanded in terms of the L-rational and L-rational bases as 
in (|3.1ip . then each A^ belongs to K v (xi), each A\ belongs to K v , each A^ belongs to 
Kv{xi) sep , each A\ belongs to K v , and the A^, A\, A^, and A\ are K v -symmetric. 

Proof. We only give the proof in the global case, since the local case is similar. Let 
/ € K(C) be a i^-rational function with poles supported on X. 

First consider the expansion of / in terms of the L sep -rational basis. Since /, the fiij, 
and the tp\ are all defined over L sep , the A^ and A\ belong to L scp . Since the ifiij are 
defined over K{xi) sep and are galois-equivariant, and the ip\ are defined over K, it follows 
from invariance of / under Gal(L sep /LT) that each Aij belongs to K(xi) sep and each A\ 
belongs to K, and as a collection, the A^ and A\ are LT-symmetric. 

Next consider the expansion of / in terms of the L-rational basis. When the L sep - 
rational basis is expressed in terms of the L-rational basis, for each (i,j), <f>ij is a K{x,i)- 
linear combination of the (pn-, and for each A, 4>\ = <p\. It follows that for each (i,j), A^ is 
a ii"(xj)-linear combination of the A^, and for each A, A\ = A\. Since each A^ is K(xi) sep - 
rational, it follows that each Aij is i^(xj)-rational. Similarly, each A\ is ^-rational, and 
as a collection the A^ and A\ are if-symmetric. D 

Corollary 3.6 (Good Reduction Almost Everywhere). There is a finite set S of places 
of K, such that for each v ^ S, <t v has good reduction at v and each of (p\, ipij, (p\, and 
(fij specializes to a well defined non- constant function on <t v (mod v). 

Proof. This follows from the fact that the L-rational and L sep -rational bases are mul- 
tiplicatively finitely generated. □ 

For each place v of K, let U v be the neighborhood of E v chosen in §3121 For any 
<p G C V (C) with poles supported on X, let ||y||[/„ = sup xeUv (\<p(x)\ v ) be the sup norm. 

Proposition 3.7 (Uniform Growth Bounds). Suppose each U v is bounded away from 
X in the v-topology, and that U v is X-trivial, for all but finitely many v. Then for each v, 
there is a constant C v > such that 

\<Pk\\u v , \\<P\\\u v <C v for all A = 1,...,A , 
Iv'jjlluu! Il&,jllc„ < Cl for alii and all j > J . 
Moreover, for all but finitely many v, we can take C v = 1. 

Proof. Since the L-rational and L sep -rational bases are multiplicatively finitely gen- 
erated, the proposition is immediate from the construction and our assumption that U v is 
bounded away from X and is X-trivial for all but finitely many v. □ 
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For an example comparing the L-rational and L sep -rational bases when char(LT) = p > 0, 
let K = ¥ p (t) where t is transcendental over ¥ p . Take C = P 1 jK and identify P 1 with 
A 1 U {oo}, using z as the standard coordinate function on A 1 . Take X = {x\}, where 
xi = t l / p in affine coordinates. Then L = K(X) = K(t l l p ) and L scp = K. Choose 
9xi = z — t 1 ' p ', noting that (g Xi ) p = z p — t is if-rational. 

Then J = p, Dq = p ■ (xi), and Ao = dim^(r(L>o)) = P + 1- We can take the low-order 
part of the L-rational and L scp rational bases to be 

_ \ z z p ~ l 

{ip 1 ,...,i Pp+1 } = {^i,...,99 p+ i} = {1, -^—j., ^— ~ t , ■ ■ ■ , ^— ^} ■ 

For the high-order part of the L-rational basis we can take ipxj = l/(z — t l ' p y for j = 
p, . . . , 1p — 1, and for the the high-order part of the L sep -rational basis we can take <p\ iP = 
l/(z p — t) and (fij = z 2p ~i /(z p — t) 2 for j = p + 1, . . . , 2p. Thus in general for j > p, if we 
write j = (. ■ p — s with < s < p, then 

^ = (JT^jJ and ^ = (i^F • 

Observe that <p\j has a pole of order p \j/p~\ at x\. For each £ > 1, <pig p = <Pi,£p = l/(z p — t) e 
is if-rational, with a pole of exact order £p at X\. 

4. The Spherical Metric and Isometric Parametrizability 

Consider F N /K, equipped with a system of homogeneous coordinates xq, . . . , x^. Write 
A^ for affine patch on which x^ 7^ 0. There is a natural metric \\z, w\\ v on ¥^(C V ) called 
the u-adic spherical metric (see |51| . §1.1): 

Write z = (zq : ■ ■ ■ : zn), w = (wq : • • • : wjy). If v is archimedean, and we fix an 
isomorphism C„ — C, then H2, io||„ is the chordal distance associated to the Fubini-Study 
metric: explicitly, 

\/^0<i<j<N \ z i w j ~ w i z j\ 

\\z,w\\ v = 



VEi\zi\ 2 JEj K 



1 2 



It has the following geometric interpretation. Let 93 be the length of the geodesic from z to 
w under the Fubini-Study metric on P^(C), so < ip < n. Then ||z, u;||„ = sin(</?/2), the 
length of a chord subtending an central arc of measure (p in a circle of diameter 1 (see [51j , 
p.26). When N = 1, and if we write P : (C) = C U {00}, identifying the affine patch Aj(C) 
with C, then for z = (1 : Z\) and w = (1 : w\), 

11 n \zi-wi\ 

\\z,w\\ v 



Vi + lzilVi + HI 2 

is the usual chordal distance on P 1 . 

If v is nonarchimedean, then ||,z,u;||„ is defined by 

H || maxoj<j<jv \zjWj - WjZj\ v 

\\z,w\\v — n \ \ n 1 \ • 

If z, w belong to the affine patch Aq and are scaled so that zq = wq = 1, then 

maxi<j <A r|^ -wA v 



\z,w\ 



(max(l,maxi<j<7v |zj|^)(max(l,maxi<j<Ar |ioj|«) 
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In particular, if z,w G Aq(O v ), then \\z, w\\ v = maxi<j<jv(|zi — Wi\ v ). 

If v is archimedean, then \\z, w\\ v is invariant under the action of the unitary group 
U(N + 1, C) on P^(C). If v is nonarchimedean, then \\z, w\\ v in invariant under the action 
ofGL(JV + l,O t; )onPj r (C). 

Clearly < \\z, w\\ v < 1 for all z,w G P^(C^), with \\z, w\\ v = if and only if z = w. 
Furthermore, ||z,t(;|| v = \\w, z\\. If v is archimedean, ||z,u;|| w satisfies the triangle inequality; 
if v is nonarchimedean, it satisfies the ultrametric inequality ( |51j . p. 26). In particular, 
||z, ro||„ is a metric on P^(C„). 

A deeper fact is that for each ( G P^(C„), the function 

(3I2) M < =- irara 

is a metric on P^(C„)\{£}. If v is archimedean, \z, w\^ satisfies the triangle inequality; if 
v is nonarchimedean, it satisfies the ultrametric inequality. For this, see ( |51| . Theorem 
2.5.1, p. 122). 

If C/K is a smooth curve and i : C M- P^ is a projective embedding, then we get an 
induced metric \\z, w\\ v on C V (C V ), for each v. 

It can be shown that ||,z,io||„ is a Weil distribution for the diagonal divisor on C v x C v 
([51], Theorem 1.1.1, p. 27). From this, it follows that if i x ■ C ^ ¥ Nl and i 2 : C ^ P^ 2 are 
two embeddings, and \\z, w\\ v ,i, \\z,w\\ v> 2 are the corresponding metrics on C V (C V ), they are 
equivalent: there are constants C\,Ci > such that for all z,w G C V (C V ), 

(3.13) C\\\z, to|| v ,i < \\z,w\\ V) 2 < C 2 11^,^11^,1 . 

We will call any such metric ||z, w\\ v on C V (C V ) a spherical metric. We use the following 
notation for 'discs' in C„, and 'balls' in C V (C V ): 

D(a,r)~ = {z G C v : \z — a\ v < r}, D(a,r) = {z £ C v : \z — a\ v < r} ; 

B(a, r)~ = {z G C V (C V ) : \\z, a\\ v < r}, B(a, r) = {z G C V (C V ) : \\z, a\\ v < r}. 

If C G C V (C V ), and g^(z) G C^(C) is a uniformizer at £, then there is a constant C^ > 
such that 

(3.14) lim Jf# = C ( . 

This follows from the nonsingularity of the curve C, and definition of |J2;,io||„ in terms of 
local coordinate functions. 

Definition 3.8. Let v G Mr be nonarchimedean. An open ball B(a,r)~~ C C V (C V ) 
is isometrically parametrizable if it is contained in some affine patch A^ , and there are 
power series X±(z), . . . ,\n(z) G C„[[z]] converging on the disc D(0,r)~ such that the map 
A : D(0,r)~ — > B(a,r)~ given in affine coordinates on A^ by A(z) = (Xi(z), . . . , Ajv(z)) is 
a surjective isometry: A(D(0,r)~) = B(a,r)~ and for all x,y G D(0,r)~, 

||A(x),A(y)|| w = \x-y\ v . 

We call the map A an isometric parametrization. If F u C C„ is a field such that each 
Xi(z) G i^utN], we say that A is F„-rational. 

A closed ball B(a,r) will be called isometrically parametrizable if it is contained in an 
isometrically parametrizable open ball B(a,r\)~ for some n > r. 
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If v is nonarchimedean, and C is embedded in F N , then all sufficiently small balls with 
respect to the corresponding spherical metric ||z,i(;||„ are isometrically parametrizable: 

Theorem 3.9. Let v G Mr be nonarchimedean. Then there is a number < R v < 1, 
depending only on v and the embedding C — > F , such that each ball B(a,r)~ C C V (C V ) 
with < r < R v is isometrically parametrizable. If C has good reduction at v for the given 
embedding, we can take R v = 1. 

If a £ C V (C V ) and < r < R v , then for any point ao G B(a,r)~ and any complete 
field F u C C v such that oq G C v {F u ) and K v C F u , there is an F u -rational isometric 
parametrization A : D(0,r)~ — > B(a,r)~ with A(0) = ao- 

For any isometric parametrization A : D(0,r)~ — > B(a,r)~ , there is an index io such 
that for all x, y € D(0, r)~ 

(3.15) ||A(a;),A(y)||„ = \\ io (x) - \ io (y)\ v = \x - y\ v . 

Furthermore, if F u is any field such that A is F u -rational, and if L w C C v is a complete 
field containing F u , then A(D(0,r)~ C\L W ) = B(a,r)~ nC v (L w ). 

Proof. The existence of the number R v and the existence of isometric parametrizations 
with the specified properties relative to ao and F u are proved in ( [51] . Theorem 1.2.3, p. 31). 
The fact that we can take R v = 1 when C has good reduction at v is proved in ( |51j , Corollary 
1.2.4, p.39). 

Now let A = (Ai, . . . , Aat) : -D(0, r)~ — > B(a, r)~ be an arbitrary isometric parametriza- 
tion. We first show that there is an index io for which (|3.15p holds. 

Put ao = A(0). After replacing a by ao and changing coordinates by a translation, we 
can assume that a = ao = 0. For each i, write 



K{z) = ^ ai, n z n 



n=l 



Since A« converges on D(0,r) , for each R with < R < r we have lim n _ ! . 00 \ai^ n \R n = 0. 
Furthermore, by the Maximum Modulus Principle for power series, if R € |C^ |„ then 

(3.16) ||Ai||D(o,/?) = max|a iiri | 1 , J R n . 

Since A is an isometric parametrization with A(0) = 0, for each i and each R with 
< R < r, if x G D(0, R) we have 

|A i (x)| t , = |Ai(x)-Xi(0)| 1 , < ||A(x),A(0)|„ = |x-0|« < R . 

This means that || ^i||z)(o,i?) ^ ^> f° r each i and R. Similarly, for all x,y G D(0, r)~~ 

(3.17) \\i(x) -Xi{y)\ v < \\A(x),A{y)\\v = \x-y\ v . 

On the other hand for each R with < R < r, and each x G D(0,R), we have 
max |Aj(x)L = ||A(»), A(0)L = la; — 0L = \x\ v . 

l<i<N 

Letting \x\ v approach R and using the Pigeon-hole Principle, we see for each R there is 
some i for which || A* ||z3(o,.R) = R- 

Take a sequence < Ri < R2 < • • • < r with lim^oo Rg = r, such that each R^ G |C^ |„. 
By the Pigeon-hole Principle, there is an io such that || Aj ||_d(o,_r^) = Re for infinitely many I. 
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After replacing {Rg}e>i by a subsequence, we can assume this holds for all £. For notational 
convenience, relabel the coordinates so that iq = 1. 

For each £, (|3.16j) shows that \ai >n \ v R™ < \\^i\\D(o,R e ) = Rt f° r each n, with equality 
for some n. Let n{£) be the maximal index for which \ai )n \ v R™ = Re. We claim that 
ri£ = 1 for each t. Suppose to the contrary that rig > 2 for some £. Since the function 
fg(R) = \ai t n e \ v R ne — R is convex upward for R > 0, is negative for small positive R, 
and satisfies fg(Rg) = 0, it must be positive for R > Rg. Hence for each R E |C*|„ with 
Rg < R < r we would have 

11-^1 II D(o,ii) — \ a i,ni\vR ni > R , 

contradicting ||Ai||x)(or) < -R- Thus lai^l^i?^ = Rg and \ai^ n \ v R™ < Rg for each n > 2. 
Letting £ — > oo and using the convexity of \a± n \vR n for n > 2, we see that for < R < r 



(3.18) 



«i,i|i) — 1 

ainlvR^ 1 < 1 for n > 2 . 



Take x,y £ D(0,r) , and choose i? with max(|x| w , |y| t) ) < R <r. Then 

oo 

|Ai(x)-Ai(y)|„ = \^2a hn (x n -y n )\ v 



n=l 

oo n— 1 



(3.19) = \x-y\ v -\a ltl + J2 a hn(J2 xk y n * *)!« = l x ~ ^ 



n=2 fc=0 



where the last step uses (J3.18P and the ultrametric inequality. Combining ()3.17|) and (J3.19P 
yields (I3TT5J1 . 

Now let F u be any field over which A(z) is rational. Since ai ; i 7^ 0, under composition of 
power series X\(z) has a formal inverse A^ - (2) £ F u [[z]]. By (|3.18j) and a simple recursion, 
Aj~ (2) converges on D(0,r)~: for each x E D(0, r)~, 

Ar'(Ai(x)) = Ai(V(x)) = x . 

Thus Ai and Aj" induce inverse isometries from D(0, r)~ onto itself. 

If Fu ^ -^to f= C tI , then A is L u ,-rational. Suppose L w is complete. In this case ao := 
A(0) E C V (L W ), and the initial reductions allowing us to assume ao = do not affect the 
L^-rationality of A. Clearly A(D(0,r)~ n L w ) C B(a,r)~ nC v (L w ). For the opposite 
containment, take 6 £ B(a,r)~ C\C V (L W ). Write 6 = (61, . . . , 6jv). Then 61 E L>(0,r)~ n L w ; 
put x\ = X[ (61). Since X[ is L^-rational, it follows that x\ E 23(0, r)~ n L^. We claim 
that A(xi) = 6. In fact this is immediate, since there is some x E D(0, r)~ for which 
A(x) = b; hence by ([335]) . 

||6,A(xi)||„ = ||A(x),A(xi)|| = |&i-Ai(xi)|„ = 0. D 

5. The Canonical Distance and the (X, s)-Canonical Distance 

Let v be a place of K. Consider the usual distance function \z— w\ v on C v = P 1 (C 1) )\{oo}, 
which has the property that for each nonzero rational function / £ C^(P 1 ), if div(/) = 
^2 miifli), then there is a constant C(f) such that for all z & C v 

(3.20) |/(*)|„ = C(/)- J] \z-Oi\p. 
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Fix £ G C V (C V ). In ( [51| . §2) a 'canonical distance' [^,u;]^ on C„(C„)\{C} was intro- 
duced, generalizing \z — w\ v . The canonical distance [2, w]<; is a symmetric, nonnegative 
real-valued function of z,w G C V (C V )\{(}, and is unique up to scaling by a constant. Its 
existence is shown in ( |51| . Theorem 2.1.1). It can be normalized by specifying a uniformiz- 
ing parameter g^(z), in which case it is characterized by the following three properties (see 
[51] , Theorem 2.1.1, p. 57, and Corollary 2.1.2, p. 69): 

(1) (Continuity): [-2,u>]<j is jointly continuous in z and w. 

(2) (Factorization): Let ^ f(z) G C V (C) have divisor div(/) = Y2 m i{ a i)- Then there 
is a constant C(f) such that for all z G C V (C V )\{<^}, 

(3.21) \f(z)\ v = c(/)-nMr- 

(3) (Normalization): For each w G C V (C V )\{C}, 

lim [z,w]{ • \9((z)\ v = 1 . 

Two other important properties of the canonical distance are as follows: 

Proposition 3.10. For all z,w G C V (C V )\{(} 

(4) (Symmetry): [z,w] c = [w,z]q 

(5) (Galois equivariance) : For each a G A\\t c (C v /K v ), 

[<j{z),o-{w)} a{0 = [w,z] c 
2/[ x >yk an d I x '?/]o-(C) are normalized compatibly {e.g. if g a {c){z) = a(g^)(z)). 

Proof. The canonical distance can be defined directly using rational functions. Fix 
C G C V (C V ) and fix a uniformizing parameter g^(z). For each w ^ £, there is a sequence 
of functions f n (z) G C V (C) having poles only at £ and whose zeros approach w in the v- 
topology. This follows from the 'Jacobian Construction Principle' of ( j51j , Theorem 1.3.1, 
p. 48), and depends on the fact that the residue field of C„ is the algebraic closure of the 
prime field ¥ p and its valuation group is the same as that of K v . Fixing a uniformizing 
parameter g^(z), normalize the f n (z) so that 

lim \f n (z) ■ gdz) dcg[M \v = 1. 
Then one can define the canonical distance by 

[Z,W]C = lim \fn(z)\l /dCS{M J 

see ( |51j . Theorem 2.1.1, pp. 57-58). The limit is independent of the sequence {f n } and the 
convergence is uniform outside each ball B(£, r)~ , with r > 0. 

The fact that [^,io]^ is symmetric in z and w is proved in ( |51j . Theorem 2.1.1, p. 57). 
Its galois equivariance follows immediately from the galois equivariance of functions. □ 

The fact that [z, w]^ can be approximated by absolute values of rational functions is the 
reason it is the kernel which appears in arithmetic potential theory, and is the key to the 
proof of the Fekete-Szego theorem. 

Several alternate constructions of the canonical distance are given in |51| . To clarify its 
relation with other objects in arithmetic geometry, we recall two of them: 



74 3. PRELIMINARIES 

First, the canonical distance is intimately related to Neron's local height pairing. Recall 
that Neron's pairing (•,■)« is a continuous, real-valued, Aut c (C^/if t ,)-equivariant bilinear 
function defined for pairs of divisors on C V (C V ) of degree with coprime support, having 
the property that for each 0/ / 6 C V (C) and each a, b G C V (C V ) disjoint from the support 
ofdiv(/), 

<div(/), (a) -(&)>„ = -log„(|/(a)//(&)|„). 

(Here we adopt the normalization of Neron's pairing used in [51] . which differs from Neron's 
normalization by a factor —l/log(q v ).) Neron originally defined his pairing only for ir- 
rational divisors: the fact that it can be extended to a galois-equivariant pairing on du- 
rational divisors follows from its continuity and invariance under base change; see ( |51| . 

pp.74-76). 

The canonical distance, normalized as in (13.27p . can be defined using Neron's pairing 
by coalescing the poles of ((z) — (t), (w) — (Q)vj see ( |51| . §2.2): 

- log v ([z, w] c ) = Jim {(z) - (t), (to) - (C))« + log„(| 5 <(t)|„) . 

Conversely, Neron's pairing can be recovered from the canonical distance. Suppose D\ = 
^2 77ij(oj) and Di = ^ n j(bj) are divisors of degree with coprime support. Take £ distinct 
from the Oj, bj. Then 

{D 1 ,D 2 ) V = - 5^m»nj log^Qoi, 6jk) . 

Second, the canonical distance can be expressed in terms of Arakelov functions. If v is 
archimedean, identify C v with d and let ((z, w)) v be an Arakelov function on C V (C) x C V (C). 
Then 

3-22 [z,wk = a m (l — T^r 

is a canonical distance function: see ( |51j . §2.3). Iff is nonarchimedean, functions ([z,w]) v 
on C V (C V ) x C V (C V ) for which ()3.22|) holds can be constructed using intersection theory 
and the semistable model theorem; see ( |51| . §2.4) and ( |19j . §2). They will also be called 
Arakelov functions. 

For each v, the function ((z, w)) v is bounded, continuous, symmetric, and vanishes only 
on the diagonal. In (|51j, §2.3, §2.4) it is shown there is a constant C v > 1 (depending on 
the choice of the spherical metric \\z, w\\ v ) such that for all z, w G C V (C V ) we have 

(3.23) 1/C V ■ \\z,w\\ v < ((z,w)) v < C v \\z,w\\ v 

From (|3.22p , one obtains the following 'change of pole' formula for the canonical distance: 
for any £, £ G C V (C V ), there is a constant Cg^ such that for all z, w ^ £,, £, 



(3.24) {z,w]i = C^ 



z,w 



C 



Using (|3.22p or (|3.24|) . one easily derives the following alternate form of (|3.21|) : if deg(/) = 
A^ and we write div(/) = X^=i( a «) — Sj=i(Ci)) listing the zeros and poles of / with 
multiplicities, then there is a constant C(f) such that for all z G C v (C v )\{£i, . . . ,£n}, 

N 

(3-25) \f(z)\ v = C(f)-H[z,a^. 
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From (pT22j) and the fact that 



T H \\ Z 1 W \\v 



\\z,(\\v\\w,(\\v 

is a metric on C V (C V ) (see (I3.12P ). it follows that [z, w]^ satisfies a weak triangle inequality: 
there is a constant B v such that for each £ and all z,w,p G C V (C V )\{C}, 

[z,w]c < B v - ([z,p]c + [p,w]c) ■ 

This property justifies calling [z, w]^ a 'distance'. However, it seems not to be very important 
in practice, and examples show that one cannot always take B v = 1 (see [51| . p. 128). 

If v is nonarchimedean and C has good reduction at v for the projective embedding 
which induces \\z, w\\ v , then || ^r, i/j ||^ is an Arakelov function. Further, if g^(z) G K(C) is a 
uniformizing parameter at £, then for all but finitely many v 

(3.26) \g c (z)\ v = \\z,C\\v 

on the ball -B(C> 1)~ • Hence, if the canonical distances are normalized as in (13.2T[) . then for 
all but finitely many v, 

\\z,w\\ v 



z,w 



\\z,C\\v\\w,C\\v ' 

See [51], pp. 90-92. 

For most of this work, we will be interested in the case where £ belongs to the K- 
symmetric set X = {x\, . . . ,x m } in the Fekete-Szegd theorem. Let g Xi (z) £ K{C) be the 
fixed global uniformizing parameter chosen in E J3I21 For each v we will normalize [z, w] Xi so 
that 

(3.27) lim [z,w] Xi ■ \g Xi (z) \ v = 1. 

A mild generalization of the canonical distance, which we call the (X, s)-canonical dis- 
tance, will play an important role in this work. Given a probability vector s£ V" 1 , define 



(3.28) [z,w]x,g = ]j([ 



z,w Xi 



=1 



where the [z, w] Xi are normalized as in ()3.27p . The case of interest is where X C C(K) C 
C V (C V ) is the set of global algebraic points in the Fekete-Szegd theorem, and the uniformizing 
parameters are the ones chosen in E J3I2I 



If v is archimedean, and we identify C v with C, then C V (C) is a Riemann surface. By 
a coordinate patch on C V (C), we mean a simply connected open set U C C V (C) for which 
there is a chart ip : U —> C giving an isomorphism of U with an open set U' C C Given 
z,w € U, by abuse of notation we will write \z — w\ for \(f(z) — ty{w)\. 

If v is nonarchimedean, recall from Theorem 13.91 that there is an R v > such that 
each ball B(a,r)~ C C V (C V ) with r < R v is isometrically parametrizable by power series; 
if ip : B(a,r)~ —> D(0,r)~ is the inverse map to an isometric parametrization, then for all 
z,w G B(a,r)~ we have ||z,w;||„ = \(p(z) — ip(w)\ v . 

The following result, which is an immediate consequence of ( |51| . Proposition 2.1.3, 
p. 69), asserts that — log v ([z,w]x,g) is 'harmonic in z except for logarithmic singularities at 
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w and the Xi E X\ and varies continuously with w. It will be used in developing potential 
theory for the kernel — log v ([z,w]x,g)- 

Proposition 3.11. Let C/K be a curve, and v a place of K. Fix X. 

(A) If v is archimedean, 

(1) If U and V are disjoint open sets not meeting X, then for each s, — log([z,if]x,s) 
is continuous on U x V and is harmonic in each variable separately. 

(2) On any coordinate patch U C C V (C) not containing not meeting X, there are con- 
tinuous, real-valued functions rjjj tX .(z,w) on U x U , harmonic in each variable 
separately, such that for all z,w E U and s, 

in 
-log([z,w]xj) = -logdz-wD+^Sjnu^iz,™) ■ 

3=1 

(3) If U is a coordinate patch containing exactly one point Xi E X, and V is a coordi- 
nate patch disjoint from U and X, then there are continuous real-valued functions 
Vu,v,x ( z , w) onU xV , harmonic in each variable separately, such that for all z E U 
and w £ V and all s, 

in 
-log([z,w] X: g) = Silog(\z -Xi\) + J ^2s j rj U y tXj (z,w) . 

i=i 

(B) If v is nonarchimedean, 

(1) If U = B(a,r)~ and V = B(b,s)~ are isometrically parametrizable balls disjoint 
from each other and from X, then —log v ([z,w]x,s) is constant on U xV. More 
precisely, there are constants rjuy^ Xj E Q such that for all s and all z E U, w E V, 

in 

-log v ([z,w]x,g) = ^Sjrjuy^. . 

(2) If U = B(a,r)~ is an isometrically parametrizable ball not containing any points 
of X, then there are constants f]\j^ x E Q such that for all z,w E U and all s 

Til 

-log v ([z,w] x ,g) = -log v (\\z,w\\ v )+^2sjri UtXj . 

3=1 

(3) If U = B(a,r)~ is an isometrically parametrizable ball containing exactly one 
point xi E X, and V = B(b,s)~ is an isometrically parametrizable ball disjoint 
from U and X, then there are constants r/uy Xj E Q such that for all z E U and 
w E V, and all s, 

in 
-log v ([z,w]x,s) = 3 i log v (\\z,x i \\ v ) + '^2sjri Ut v >X:j . 

i=i 

6. (X, s)-Functions and (X, s)-Pseudopolynomials 

Fix a place v of K. Let X = {x\, . . . , x m } C C(K) be the ET-symmetric set from §3121 
and let the canonical distances [z,u)] Xi be normalized as in (|3.27p . where the uniformizing 
parameters g Xi (z) are the ones from §3121 
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Definition 3.12. Suppose s G "P m n Q m . By an (X, s) -function we mean a rational 
function f(z) G C V (C) whose poles are supported on X, such that if N = deg(/), then f(z) 
has a pole of exact order Nsi at each Xj G X. 

Definition 3.13. Let s G P" 1 be arbitrary. By an (X, s) -pseudopolynomial (or simply 
a pseudopolynomial) we mean a function P : C„(C„) — > [0, oo] of the form 

N 

(3.29) P(z) = C-Y[[z,a k ] x ,g. 

fc=i 

where C > is a constant and ct\, . . . , a^ G C V (C V )\£. We will call ct\, . . . , ajy the roots of 
P(z). If C = 1 and we wish to emphasize that fact, we will say that P(z) is monic. We call 

1 N 

fc=i 

the probability measure associated to P(z). 

In the proof of the Fekete-Szego theorem, (X, s)-functions occur naturally. The reason 
for introducing the (3£, s)-canonical distance is that it allows us to view the absolute value 
of an (X, s)-function as an (X, s)-pseudopolynomial, factoring it in the form 

N 

(3.30) \f(z)\ v = C(f)-l[[z,a k } x>g 

k=l 

where a±, . . . , ocn are the zeros of f(z), listed with multiplicities. This follows by an easy 
symmetrization argument: suppose f(z) is an (X, s*)-function, and let £i,...,£jv be the 
points xi,...,x m listed according to their multiplicities in div(/). Thus, each Xi occurs 
Nsi times. For each permutation ir of {1, . . . , N}, by (|3.25|) there is a constant C(f, rr) such 
that |/(z)|« = C(/,7r) • rifc=i[ z ' a fc]^(fc) ^ or au z e C V (C V )\X. Taking the product over all 
tv, and then extracting the (Nl) th root, gives ()3.30p . 

Note that a pseudopolynomial P(z) makes sense even when its roots are not the zeros 
of an (X, s)-function f(z), but it agrees with |/(z)|„ (up to a multiplicative constant) when 
such a function exists. Furthermore, P(z) varies continuously with its roots. This allows 
us to investigate absolute values of (X, s)-functions without worrying about questions of 
principality, which will play a key role in the construction of the initial local approximating 
functions in £j5]and $6] below. 

7. Capacities 

In this section we define sets of capacity and sets of positive capacity, and we introduce 
several numerical measures of capacity. 

Fix a place v of K. 

Definition 3.14. If H is a compact subset of C V (C V ), we will say H has positive capacity 
if there is a positive measure v supported on H for which 

I{y) := // — log„(||z, w\\ v ) dv(z)dv(w) < oo . 

J JHxH 

If I{y) = oo for all positive measures v on H, we say that H has capacity 0. 
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By (|3.13p the property of having positive capacity or capacity is independent of the 
choice of the spherical metric. Clearly it suffices to test I{y) only for probability measures. 

We next define the capacity of a compact set relative to a point. 

Fix £ G C V (C V ), and fix a uniformizing parameter g^(z), giving a normalization of the 
canonical distance [z,W]f. Let H C C V (C V )\{C} be compact. Given a probability measure 
v supported on H, we define the energy integral of v with respect to £ by 



hi") = // -log v ([z,w] c )du(z)du(w) . 

J JHxH 

If H is nonempty the Robin constant of H with respect to Q is 

V C (H) = inf I ( (u) , 

prob meas v 
onif 

where the infimum is taken over all probability measures supported on H. If H is empty 
we put V^(H) = oo. The capacity of H with respect to C, to be 

id H ) = ?« 

Thus, 7^(i?) > if and only if I^(v) < oo for some probability measure v supported on H. 

Likewise, given a probability vector s G V m , if H C C^(C W )\3£ is compact, then for any 
probability measure v on i? , we define the (3t, ^-energy 

^,s(^) = // -\og v ([z,w] x ,g)dv(z)dv(w) . 

J JHxH 

We put Vx,g(H) = inf„ Ix,s{y)i an d define the (3t, s)-capacity 

7£,sV"J - ?« 

The following lemma shows that for a given compact set -ff, either 7f(-ff) > for all 
C £ H , or 7c (#) = for all C £ H. 

Lemma 3.15. Let H C C„(C„) &e compact. Then the following are equivalent: 

(1) H has capacity 0; 

(2) For some ( G C V (C V )\H , 7c (iJ) = 0; 

(3) For eoc/i C e C V (C V )\H , 7c (iJ) = 0. 
If H C C V (C V )\X, these are equivalent to 

(4) For some s G 7> m , ^x^H) = 0; 

(5) For eoc/i s G 7> m , 7£, s -(#) = 0. 

Proof. If u is archimedean, the set -ff = C V (C) is compact. In this case H has positive 
capacity, and the lemma is vacuously true. If v is nonarchimedean, then C V (C) is not 
compact. Now suppose H ^ C V (C). li ( ^ H, then \\x, (\\ v is uniformly bounded away from 
for x G H, because H is compact. Thus the lemma follows from (|3.22p and (13. 23ft . □ 

We next define the inner capacity and the outer capacity of a set, relative to a point. 

Definition 3.16. For an arbitrary set E v C C V (C V ), we say E v has positive inner 
capacity if there is some compact set H C E v with positive capacity. If every compact set 
H C E v has capacity 0, we say that E v has inner capacity 0. 
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For each £ E C„(C„), we define the inner capacity ^/^(E v ) by 

(3.31) j c (E v ) = sup 7C (#) . 

HCE V \{(} 
H compact 

Thus < ^q{E v ) < oo. When E v is compact and Q <£ E, clearly ^f^(E v ) = ^c_{E v ). 

Sets of inner capacity are "negligible" for many purposes in potential theory. Each 
countable set E v has inner capacity 0, because a probability measure supported on a com- 
pact subset of E v necessarily consists of point masses. On the other hand, any set E v which 
contains a nonempty open subset of C V (C V ), or a nonempty open subset of C V (L W ) for some 
finite extension L w /K v , or a continuum (if v is archimedean) , has positive inner capacity. 
This follows from ([51], Proposition 3.1.3, p. 137) and ([ST], Example 4.1.24, p. 212). 

To define the outer capacity, we will need the notion of a PL^-domain. 

Definition 3.17. If C G C V (C V ), a PL^-domain is a set of the form 

U = {z€C v (C v ):\f(z)\ v <l} , 
where f(z) G C V (C) is a nonconstant function whose only poles are at £. 

Fix £ E C V (C V ), and fix a uniformizer g((z). If U is a PL^-domain, let / G C^C) be a 
function which defines it. Write N = deg(f) and define 

V C (U) = lim -j=bg w (/(*) •#(*)") 
We then put 

(3.32) 7C (C7) = g" 1 ^ . 

Using ( |51j . Theorem 3.2.2 and Proposition 4.3.1) one sees that this definition is independent 
of the choice of / defining U. If v is archimdean, a PL^-domain is compact, and ( [51] . 
Theorem 3.2.2) shows that the two definitions we have given for "f^(U) coincide. If v is 
nonarchimedean, a PL^-domain U is never compact; however, by ( [51j . Proposition 4.3.1) 
j c (U) = 7 C (C/). 

For an arbitrary set E v , if £ ^ E v , we define the outer capacity to be 

^E.) = W_ idU) ■ 

U a PL<;-domain 

Trivially j c (E v ) < 1( (E V ). 

Definition 3.18. Let E v C C V (C V ) be arbitrary. If C ^ E v , and ^c,{E v ) = j^(E v ), we 
say that E v is algebraically capacitable with respect to (. If E v is algebraically capacitable 
with respect to every ( ^ E„, we simply say say that algebraically capacitable. 

If E v is algebraically capacitable with respect to £, we define its capacity j^(E v ) to be 
(3-33) 1C (E V ) = j c (E v ) = 7 C (^,) ■ 

In ( |51| ) algebraic capacitability was only defined for sets E v at nonarchimedean places. 
If v is nonarchimedean, it is shown in ( |51| . Theorem 4.3.13) that compact sets, RL-domains, 
and finite unions of them are algebraically capacitable. 

If v is archimedean, then each RL-domain is compact, and it follows from ( |51| . Propo- 
sitions 3.1.17 and 3.3.3) that each compact archimedean set is algebraically capacitable. 
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Remark. The reason for introducing the notion of algebraic capacitability is that the 
inner capacity turns out to be the 'right' notion of capacity for the Fekete-Szego theorem, 
whereas the outer capacity is the right notion for Fekete's theorem (see Theorem 1 1.5j) . This 
is because the initial reductions in the proof of the Fekete-Szego theorem involve replacing an 
arbitrary set E v with a compact subset whose capacity is arbitrarily near 7 (E v ), for each 
Xi G X. Likewise, the initial reductions in the proof of Fekete's theorem involve replacing 
E v with an algebraically defined neighborhood of itself. 

Thus, algebraic capacitability is the hypothesis which makes a set permissible in both 
theorems. In this work, we are primarily interested in the Fekete-Szego theorem, and in 
stating the most general versions of the theorem we use the inner capacity. 

8. Green's functions of Compact Sets 

In this section we define and study the Green's functions G(z, £; H v ) of compact sets. 

Let H v C C V (C V ) be compact. We first define G(z, (; H v ) when £ ^ H v . Fix a uniformiz- 
ing parameter g((z), which determines the normalization of [z, w]^. If H v has positive inner 
capacity, so V^(H) < 00, there is a unique probability measure //£ supported on H v for 
which I^(^) = VAH V ). It is called the equilibrium distribution of H v relative to £. 

In the archimedean case, the existence of //£ is shown in ( |51j . p. 137), and its uniqueness 
in ( |51| . Theorem 3.1.12, p. 145); in the nonarchimedean case, its existence is shown in ( |51| . 
p. 190), and its uniqueness in ( |51j . Theorem 4.1.22, p. 211). 

The potential function uh v (z, C) is defined by 

(3.34) u Hv (z,C) = / -log„([z,u;] c )d/i C (u/) . 

J H v 

Since V^(H V ) = J HvXHv -log v ([z,w]^)dfi^(z)diJ,^(w), clearly V^(H V ) -u Hv (z,() is indepen- 
dent of the normalization of [z, w]^. 

Definition 3.19. Let H v c C V (C V ) be compact, and fix ( £ H v . If H v has positive 
inner capacity, we define its Green's function with respect to £ to be 

(3.35) G(z,(;H v ) = V C (H V ) - u Hv (z,() 

for all z G C V (C V ). If H v is compact and has inner capacity 0, we put G(z,C,;H v ) = 00. 

Remark. This definition of the Green's function for a compact set differs from the 
one in ( |51| ). In ( |51| . p. 277) both 'upper' and 'lower' Green's functions G{z,Q\H v ) 
and G(z,C'jH v ) were defined. By ( |51j . Theorems 3.1.9 and 4.1.11), if H v is algebraically 
capacitable (and in particular if H v is compact) then G(z,£;H v ) and G(z,(^;H v ) agree for 
all z $l H v ; however G(z,C\H v ) = for all z G H v while G(z,C',H v ) may be positive on a 
subset e C H v of inner capacity 0. 

Our G(z, C; H v ) is the same as the upper Green's function G(z, £; H v ), whereas in ( |51j ) 
G(z, C; H v ) was defined to be the lower Green's function G(z, £; H v ). 

We have made the change in order to simplify notation, and because of the author's con- 
viction that the choice of G(z, C; H v ) made in ( |51| ) should have been reversed: G(z, £; H) 
carries more information than G(z, £; H), and is easier to work with. 

The following proposition describes the main properties of the Green's function. 

Proposition 3.20. Let H v C C V (C V ) be a compact set of positive inner capacity, and 
fix C ^ Hv Then G(z,C;H v ) has the following properties: for each £ G C V (C V )\H V , 
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(1) G(z,(;H v ) > for all z £ C V {C V ). 

(2) If v is nonarchimedean, then G(z,£;H v ) > for all z ^ H v . If v is archimedean, 
then G(zX]H v ) > on the connected component of C V (C)\H V containing (, and is on all 
other components. Furthermore G(z,C,;H v ) = G(z,Q\H v ), where H v = C V (C)\D^ and D^ 
is the connected component of C V (C)\H V containing £. 

(3) G(z,C', H v ) = for z £ H v , except on a (possibly empty) exceptional set e v C H v 
of inner capacity 0, which is an F a set and in particular is Borel measurable. If v is 
archimedean, e v is contained in the boundary dH v and in fact is contained in the 'outer 
boundary' 8Dq. Each point of H v which belongs to a continuum in H v is non- exceptional. 
In particular, if H v is a union of continua, the exceptional set is empty. 

(4) G(z, £; H v ) is continuous for each z £ H v , and at each zq £ H v where G(zq, £; H v ) = 
0. If v is archimedean, then G(z,Q;H v ) is harmonic on C V (C)\(H V U{C}) and subharmonic 
onC v (C)\{(}. 

(5) G(z,Q\H v ) is upper semi- continuous everywhere: in fact, for each zq £ C V (C V ), 

limsup G(z,C;H v ) = G(z ,(;H v ) , 

z^z 

and if v is nonarchimedean and zq £ H v or if v is archimedean and zq £ dD^, then 

limsup G(z,(;H v ) = G(z , C',H V ) . 

2^20 

z£H v 

(6) If v is archimedean, then on any coordinate patch U with £ £ U C D^, there is a 
harmonic function r)H v x( z ) such that G(z,Q]H v ) = —\og v (\z — Q\) + r)H v x( z ) on U. If v 
is nonarchimedean, then for any isometrically parametrizable ball B(£,r)~ C C V (C V )\H V , 
there is a constant r)H v x such that G(z,C t \H v ) = — log„(||^, Cllv) + 7 ?i?„,C on -^(C) r )~- 

PROOF. Parts (l)-(4) follow from ([51], Lemma 3.1.2, Theorem 3.1.7, Lemma 3.1.8, 
and Theorem 3.1.9) in the archimedean case, and ( [51] ; Lemma 4.1.9, Theorem 4.1.11, 
and Corollary 4.1.12) in the nonarchimedean case. Part (5) is contained in ( [51] . Lemma 
3.1.2) in the archimedean case, and follows from Proposition l3.1ll B(2) and the definition 
of uh v (z, C) as an integral, in the nonarchimedean case. Part (6) is immediate from the 
definition. □ 

An important fact is that the Robin constant can be read off from the upper Green's 
function: if g^(z) is the uniformizing parameter determining the normalization of [z, w]^, 
then 

(3.36) lim G(zX;H v )+log v (\g c (z)\ v ) = V C (H V ) . 

This follows trivially from the definition of G(z,C;E v ) in terms of the potential function. 
However, it emphasizes the fact that the Robin constant depends on the choice of the 
uniformizing parameter, while G(z,Q]E v ) is absolute. 

The Green's function is decreasing as a function of H v : 

Lemma 3.21. Let H v C H' v be compact sets in C V (C V ), and suppose £ ^ H' v . 
Then G(z, C; H v ) > G(z, C; H' v ) for all z. 

Proof. In the nonarchimedean case this is ( ]51j . Proposition 4.1.21, p. 209). 
In the archimedean case (using our notation) it is shown in ( |51j . Lemma 3.2.5, p. 157) 
that G_(z, C; H v ) > G(z, C', H' v ) for all z. By the discussion above, it follows that G(z, £; H v ) > 
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G(z, C; H' v ) except possibly on a set of capacity contained in dH' v . However, if zq G dH' v , 
then by Proposition 13.20( 4). 

G(z ,C,H'v) = Hmsup G(z,(;H' v ) < limsupG(z,C;^) < G(z ,(;H v ) . 

Z— >Z(j Z^-ZQ 

z$H' v z$H' v 

□ 

The following result seems intrinsically obvious, but requires a surprising amount of 
work to prove. It will be used in the proof of Theorem 11.21 

Proposition 3.22. Fix v, and let E v C C V (C V ) be a compact set of positive capacity. 
Let H Vt i C H v 2 Q ■ ■ ■ C E v be an exhaustion of E v by an increasing sequence of compact 
sets. Then for each £ ^ E V) we have lim n _ > . 00 V^(H v>n ) = V^(E V ), and for each z ^ Q 

lim G{z,f,H Vjn ) = G(z,(;E v ) . 

n— >-oo 

Proof. Fix C G C V (C V )\E V . 

Without loss, we can assume that each H V)Tl has positive capacity. By the definition of 
the Robin constant, we have V^(H V) i) > V^{H v fl) > • • • > V^(E V ). Put 

V = lim V c (H v>n ) . 

n— >oo 

For each n, let /x n be the equilibrium distribution of H v>n with respect to £, and let u n (z, £) = 
u H V: „(z,C) be the potential function. By definition 

G(z,C]Hv,n) = V^(H Vtn ) -Un(z,C) ■ 

By Proposition 13.20( 3) there is an i^-set e n C H V)Tl with inner capacity such that 
G(z,C, Hv,n) — 0, or equivalently u n (z,() = ^c(-H«,n)j for all 2; G H VjT \e n . By Lemma 
13.211 the functions G(z, £; H v>n ) are nonnegative and decreasing with n. Put 

G c (z) = lim G(z,(;H Vin ) . 

n— ¥00 

Similarly, G(z,C',E v ) = V^(E V ) — ue v (z,(), and there is an i^-set eo C E v of inner 
capacity such that G(z,Q;E v ) = 0, or equivalently ue v (z,() = Vc(Ey)> f° r an 2 £ E v \eo- 
Let e = U^=o e "- By ( [51j . Propositions 3.1.15 and 4.1.14) the union of countably many 
Borel sets of inner capacity itself has inner capacity 0, so e has inner capacity 0. For each 
z G E v \e, we have 

G c (z) = G(z,(;E v ) = 0. 

We will show, successively, that V = V^(E V ), that the \i n converge weakly to /i, and that 
G^(z) = G(z, C; E v ) for each z 7^ C,. 

By the discussion above, the potential function Ue v {z,Q ls identically equal to V^(E V ) 
on E v \e. Since a Borel set of inner capacity must have mass for any positive Borel 
measure whose potential function is bounded above ( |51| . Lemmas 3.1.4 and 4.1.7), for 
each n the Fubini-Tonelli theorem gives 

u n (z,()dfi(z) = // -log v ([z,w]{)dfx n (w)dfi(z) 

hi v J J h/ v xH v n 



(3.37) = / u Ev (wX)dfi n (w) = V C (E V ) 
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On the other hand, pointwise for each zq £ E v \e, we have 

lim u n {z ,() = hm (V ( (H v , n ) - G(z,C;H v>n )) = V - G c (z ) = V. 

Since E v is bounded away from £, there is a constant B\ > — oo such that u n (z, £) > -Bi 
on £7 V , for all n. On the other hand, since UH vn (z, () < V^(H v ^ n ) for all z and the V((H v>n ) 
are finite and decreasing with n, there is a i?2 < oo such that uh v n (z, C) < -^2 on ^«; f° r 
all n. From ()3.37p . the fact that //(e) = 0, and the Dominated Convergence Theorem, it 
follows that 

(3.38) VAE V ) = lim / u n (z,Qdn(z) = [ V dfi(z) = V. 

n ^°° JE v \e JE v \e 

We next show that the fi n converge weakly to [i. Let /2 be any weak limit of a subse- 
quence of {fJ, n }n>i- After passing to that subsequence, we can assume that the \i n converge 
weakly to /2. We will show that jl = /i. 

For each Mel, write 

-logi M \[z,w} ( ) = min(M,-log v ([z,w} c ) . 
Since —log}, ([#, io]f) < — log„([<z, io]f), for each n and each M we have 

- log£ M) ([z, w]){ dfi n (z)dfi n (w) 

(3.39) < // -log v ([z,w]) i dfi n (z)dfi n (w) = I^(n n ) = V^(H v>n ) . 

A standard argument shows that the measures [i n x [i n converge weakly to [i x /i on E v x E v . 
Since the functions — log}, ([z, w]^) are continuous on E v x E v , for each M we have 

n lim JJ -logi M \[z,w]) c d» n (z)dVn(w) = JJ-logi M \[z,w]) ( dTi(z)dfi(w) . 
Combining this with (J3.38P and (J3.39P shows that for each M 

log[ M \[z,w]) c dJl(z)dJl(w) < limV ( (H v , n ) = V = V C (E V ) . 

n— >oo 

On the other hand, by the Monotone Convergence Theorem 

I c Gu) = lim [f -\ogi M \[z,w]) c dMz)dfl(w) . 

M->oo J J 

Thus I((fi) < V{(E V ). However, by the definition of V^(E V ) we must have I^(p) > V^(E V ). 
Hence I((jl) = V^(E V ), and the uniqueness of the equilibrium measure gives ju = /j,. 
Lastly, we show that G^(z) = G(z, (; E v ) for each z ^ C,- For each M, put 

4 M) (*,0 =J-logi M \[z,w]c)d»n(w) , uf v \z,C) =J-logi M \[z,w]c)d»nW . 

Since the kernels — log} ([z,w]^) are increasing with M, the Monotone Convergence The- 
orem shows that for each z ^ ( 

lim u^\z,C) = u n (z,() , lim u]^\z,Q = ue v ( z ,() > 

where the limits are increasing. 
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Now fix zq ^ (. For each M, since — logi, ([zo,w]^) is continuous on E v as a function 
of w and the \x n converge weakly to [i, we have 

limu^W) = uf v \z ,(). 

Hence, for each e > 0, there is an N = N(M,e) such that for all n > N(M,e), we have 

u„ (zcbC) > u e \ z oX)— £ - By the monotonicity of u n (zq, () in M, for each n > N(M,e) 
and each Mi > M we have 

u^\z ,C) > u( n M \z ,C) > ugfW)-e. 

Letting Mi — > oo and then letting M — )• oo, we see that for all sufficiently large n 

u n (z ,() > u Ev (z Q ,C) -£ ■ 



Consequently 



G(( z o) = lim G(z ,(;H vn ) = lim V ( (H vn ) -u n (z ,() 

n— >oo n— >oo 

< V C (E V ) - u Ev {z Q X) + e = G(z ,C;^) + e- 



Letting e — )• 0, we see that (^(zo) < G(zo> C; -E^)- On the other hand, for each n the mono- 
tonicity of Green's functions shows that G(zQ,C;H vn ) > G(zq, (; E v ), and hence trivially 
G c (z ) > G(z ,C;^)- It follows that G c (z ) = G(z ',(;E v ). 

This complete the proof. D 

9. Upper Green's functions 

In this section we introduce the upper Green's function's G(z, £; E v ) of an arbitrary set. 

Definition 3.23. Given an arbitrary set E v C C„(C„), for each z, C G C„(C„) we define 
the upper Green's function by 

(3.40) G(z,C,E v ) = inf G{z,(;Hv) , 

H v cE v \{(} 
H v compact 

and (fixing a uniformizing parameter g^(z)) we define the upper Robin constant by 

(3.41) V C (E V ) = inf V C (H V ). 

H v compact 

If E v has inner capacity then G(z, £; E v ) = oo. If E v has positive inner capacity, then 
for each z ^ £, G(z,£;E v ) is finite and non-negative, while Cr(CC)-Eu) = oo. By Lemma 
13.251 for a compact set i?„ we have G(z, £; H v ) = G(z, £; iJy). 

The following results will be needed later. 

Lemma 3.24. Let E v C C t ,(C<,) Ziaue positive inner capacity. Then for each ( £ C^(C^) ; 
t/iere is an increasing sequence of compact sets H v ^\ C ff„ )2 C • • • C £„\{C} such that 
V^(E V ) = limn^oo V^(H V)n ) and for each z £ C V (C V )\{(}, 

G(z,(;E v ) = lim G(z,(;H v>n ) 
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Proof. Fix £, and let A be the collection of all compact sets K C i?„\{C} with positive 
inner capacity. Consider the family {G(z,C',K)}kgA- The set C V (C)\{(} is a separable 
metric space, and by Proposition 13.201 5 each G(z, £; K) for K G A is upper semi-continuous 
in Cy(C)\{C}- By a well-known property of upper semi-continuous functions (see [32], 
Lemma 2.3.2) there is a countable sequence {K n } n >i of sets in A such that for each z G 
C V (C)\{Q. 

G(z,C,E v ) := ini G(z,C,K) = inf G(z,(;K n ) . 

KeA ri>l 

Likewise, since V^{E V ) = inf^ e ^ V^(K), there is a sequence {K' n } n >i of sets in A such that 
V c (E v )=\im n ^ 00 V ( (K). 

For each n > 1 put -ff^.n = (lj7=i^) ^ (U^=i-^i)" By the rnonotonicity of Green's 
functions of compact sets, for each n we have G(z, £; K n ) > G(z, (; H Vjn ) > G(z, £; H V)n +i); 
similarly V c (K' n ) > V ( (H v , n ) > V c (H Vt7l+1 ). It follows that 

G(z,£;E v ) < \hnG(z,C;H v>n ) < inf G(z,(;K n ) = G(z,(;E v ) 

and that V^(E V ) = lim^-nx, Vq{H v ^). D 

Lemma 3.25. If E v is compact, e v has inner capacity 0, and £ ^ E v , then 

(3.42) G(z,C,E v \e v ) = G{z,(;E v ) . 

If E v C C V (C V ) is arbitrary and e v has inner capacity 0, then for each ( G C V (C V ), 

(3.43) G(z,C,E v \e v ) = G(z,C;E v ) . 

Proof. We first prove (|3.42p . Suppose E v is compact and Q ^ E v . If E v has inner 
capacity the result holds trivially, so we can assume that E v has positive inner capacity. 

By ([51], Corollaries 3.1.16 and 4.1.15), we have V ( (E v \e v ) = V ( (E V ). (Note that in 
( |51j ). our inner capacity ^{Ey) is denoted j(E v ).) By Lemma l3.24l there is an increasing se- 
quence of compact sets H V: i C H V) 2 C ■ ■ ■ C E v \e v such that V^(E v \e v ) = fiim^co V^(H v ^ n ) 
and for each z G C V (C V )\{(} , 

G(z,C;E v \e v ) = lim G(z,(]H vn ) . 

n— >oo 

Let n n be the equilibrium distribution of H v ^ n with respect to (, and let // be the equilibrium 
distribution of E v with respect to £. By the discussion above we have 

lim V^H Vjn ) = V C (E V ) . 

n— »oo 

Now the same argument as in the part of the proof of Proposition 13.221 after formula (J3.38D 
shows that the \x n converge weakly to fj,, and that G(z, £; E v \e v ) = G(z,C,]E v ). 

We can now deduce (|3.43p formally. Let E v C C„(C„) and C G C V (C V ) be arbitrary. By 
definition, 

G(z, C; E v ) = inf G(z, C; H v ) , G(z, C; i^W) = , inf G(z, (; H' v ) . 

H V CE V \{(} Kt(Ev\ev)\{(} 

H v compact H' v compact 

On the other hand, by what has been shown above, for each compact subset H v C E v we 
have 

G(z,C;H v ) = G(z,(;Hv\e v ) = inf _ G(z,C;H' v ) . 

Kc(H v \e v )\{(} 
H' v compact 

It follows that G(z, C; E v ) = G(z, (; E v \e v ). D 
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The upper Green's function has the following properties: 

Proposition 3.26. Let E v C C V (C V ). Then 

(1) (Finiteness): G(z,£;E v ) is valued in [0, oo]. If E v has inner capacity 0, then 
G(z,£;E v ) = oo. If E v has positive inner capacity, then G(z,C',E v ) is finite and upper 
semi- continuous on C V (C V )\{(}. If v is archimedean and E v has positive inner capacity, 
then G(z,C',E v ) is subharmonic on C V (C)\{(}. 

(2) (Symmetry): G(z, (; E v ) = G((, z; E v ) for all z,( G C V (C V ) . 

(3) (Galois equivariance) : G(a(z),a(C)\ a(E v )) = G(z,(,;E v ) for all z, Q G C V (C V ) and 
alia G Aut c (C v /K v ). In particular, if E v is stable under Aut c (C v / K v ) , then 

G(a(z),a(C);E v ) = G(z,(;E v ) . 

(4) (Approximation): Let X = {x±, . . . ,x m } C C V (C V ) be a finite set of points, none of 
which belongs to the closure of E v , and fix e > 0. Then there is a compact set H v C E v 
such that for all Xi,Xj £ X, 

G(xi,Xj^E v ) < G(xi,Xj;H v ) < L _G(x il Xj-,E v ) + e if i / j ; 
V Xi {E v ) < V Xi (H v ) < V Xi (E v )+e if i = j . 

(5) (Base Change): Let L w /K v be a finite extension with ramification index e w / v (take 
e w / v = 1 if v is archimedean). Fix an isomorphism i w / v : C w — > C v and put E w = 
tr^j v {E v ) C C W (C W ). Then 

G(z,(]Ew) = e w/v -G(z,C,Ev) ■ 

(6) (Pullback): Let C±,C2/K V be curves and let f : C\ — > Ci be a nonconstant rational 
map. Given ( G ^(C^), let its pullback divisor be f*((()) = ^Ci m ite)- Then for each 
Ev C C2(C V ) and each z G C\(C V ) 

G(f(z),(;E v ) = ^miG&frJ-HEv)) . 



Proof. In [51j these properties are established for Green's functions of compact sets 
H v , with z, (" ^ H v . Using Definition ^. 231 they carry over to arbitrary sets by taking limits: 

(1) The finiteness properties in assertion (1) are immediate from the definition and 
Proposition 13.21)1 If E v has positive inner capacity, then Lemma 13.241 and Proposition 13.201 
G(z,(; H v ) is a decreasing limit of upper semi-continuous functions on C V (C V )\{(}, hence 
is itself upper semi-continuous. If in addition v is archimedean, then G(z,C t \E v ) is the 
limit of a decreasing sequence of subharmonic functions which is bounded below, so it is 
subharmonic (see [32], Theorem 2.6.ii). 

(2) By Lemma 13.251 since any finite set has inner capacity 0, for each fixed zo>Co we 

have 

G{z ,Co;E v ) = G(z ,C,E v \{z ,(}) = inf G(z ,( ;H v ) , 

H v cE v \{z ,Co} , 
H v compact 

and a similar formula holds for G((q, zq; E v ). By ([51J, Theorem 3.2.7 and Theorem 4.4.14), 
for each compact H v C E v \{zo, Co} we have G(zq, Co! H v ) = G((o, zq; H v ). 

(3) By the Galois-equivariance of [z, w]^ (Proposition 13.101 (B)) and formula ()3.35p . it 
follows that for compact sets H v and z, ( $. H v , we have G(a(z),a((),a(H v )) = G(z, w; H v ). 
By taking limits, it follows that in general 

(3.44) G(a(z),o-(0;a(E v )) = G(z,(;E v ). 
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(4) The approximation property is immediate from Definition 13.231 and Proposition ^, 271 

(5) The base change property follows immediately from our normalizations of |3.|_,|a;|iu, 
log v (z) and log w (z) (see §01])) 

(6) The pullback formula for is established for compact sets in ( |51| . Theorem 3.2.9 and 
Theorem 4.4.19). Fix zq and Q, and put S = f~ 1 ({zo, <_})■ As H v runs over compact subsets 
of E v \{zq, £}, then f~ 1 (H v ) runs over compact subsets of f~ 1 (E v )\S. These sets are cofinal 
in the compact subsets of f~ 1 (E v )\S, since for any compact H' v C f^ 1 (E v )\S, its image 
f(H' v ) C E v \{zo,C} is compact, and H' v C f~ 1 (f(H' v ). Hence, the pullback formula follows 
in general by applying Definition 13.231 to E v and using Lemma 13.251 to f~ 1 (E) and S. □ 

We will now show that just as for compact sets, the Robin constant can be read off from 
the upper Green's function, using the chosen uniformizing parameter: 

Proposition 3.27. If E v has positive inner capacity and is bounded away from C, then 
the upper Robin constant is finite, and 

(3.45) V C (E V ) = \imG(zX;E v )+log v (\g c (z)\ v ) . 

2-!< 

Proof. In the archimedean case, fix a neighborhood U of £ in C V (C V )\E V such that 
the uniformizer g((z) has no zeros or poles in U except at £, and put F = C V (C V )\U. 
Then F is a compact set of positive capacity and E v C F, so G(z,C,,H v ) > G(z,C,;F) for 
each H v C E v . For each compact H v C E v of positive capacity, the function tjh v (z) = 
G{z,Q;H v ) + log„(|^(z)| w ) is harmonic on ?7\{C} and is bounded in a neighborhood of (, 
so it extends to a harmonic function on U. Similarly T)f{z) = G(z,(;F) + \og v (\g^(z)\ v ) 
extends to a harmonic function on U. By Lemma 13.241 there is an increasing sequence 
of compact sets {H v ^ n } contained in E v such that G(z,Q;E v ) = ]xm. n ^ X} G{z,Q;H VtV ) and 
V^(E V ) = limn^oo V^(H V)n ). It follows that {rjH Vi „(z)} is a decreasing sequence of functions 
harmonic in U, which is bounded below by r]p(z). By Harnack's Principle, rjE v (z) := 
lirn^oo ri Hvn (z) is harmonic in U and G(z, (; E v ) = n Ev (z) -log v (\g((z)\ v ) in U\{(}. Since 
T}H v , n (0 = V((Hv,n) for each v, our assertion follows. 

In the nonarchimedean case, let r^ be as in Proposition 13.11( B). and take < r < 
ro small enough that r < ||^,J5^||„ := inf^gcdjz, C\\v)- By Proposition 13.11( B) and the 
definition (|3.35p . there is a constant C^ such that for each compact H v C E v we have 

G(z,C;H v ) = C c + V c (H v )-\og v (\\z,(\\v) 

for all z G (B((,r)\{(}). For each such z the monotonicity of the Green's functions of 
compact sets shows that the values G(z,C',H v ) form a directed set, bounded below by 0, 
hence convergent. Thus for each z & (B (( , r)\{(}) 

G(z,C,E v ) := iniG(z,(;H v ) 

H V (ZE V 



C c + ( inf y c (^))-log,(||z,C||,)) 

H v (ZJi/ v 



and it follows that 



V C (E V ) = \imG(z,C;E v )+\og v (\ 9c (z)\ v ) = inf V ( (H V ) . 

z ~^C ti v (Lhj v I — I 

For nonarchimedean v, the Green's functions and Robin constants of 'nice' sets take 
on values in Q. 
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Proposition 3.28. Let v be nonarchimedean. Let E v C C V (C V ). Suppose that either 

(A) E v = \J e=1 (B(ae,ri)nC v (F We )) where B(ai,ri), . . . , B{a D ,r D ) C C V (C V ) are pair- 
wise disjoint isometrically parametrizable balls and F W1 , . . . , F WD are finite extensions of K v 
in C v , with at G C V (F W( ) and ri G \F* \ v for each £; or 

(B) E v is an HL-domain, that is E v = {z G C V (C V ) : \f(z)\ v < 1} for some nonconstant 
/(z)eC(C). 

Then for each ( G C V (C V )\E V , we have Vq(E v ) G Q, and G(z, £; E v ) G Q for all z / £. 

Proof. In case (A), the assertion is proved in Corollary IA.15I of Appendix lAl 
In case (B), the assertion follows from results proved in ( |51j ). Suppose E v is an 
RL-domain. First note that by ( [51] . Theorem 4.3.3), each RL-domain is algebraically 
capacitable in the sense of ( |51| . Definition 4.3.2). By ( |51| . Theorem 4.4.4), this means 
that for z ^ E v , the upper Green's function G{z,C,;E v ) coincides with the lower Green's 
function G_{z,C,;E v ) defined in ( |51j . p. 282). On the other hand, since each point of E v has 
a neighborhood contained in E v , trivially G{z,C,]E v ) = for z G E v . Since G{z,Q]E v ) > 
G(z, C; E v ) > for all z, we conclude that G(z, £; E v ) = G(z, (; E v ) for all z. 

Thus it suffices to work with the lower Green's function G(z, C;E V ). By ( |51j . Theorem 
4.2.15) E v can be uniquely written in the form 

M 
E v = (~]D 3 
i=i 
where Lq, . . . ,Dm are 'PL-domains' with pairwise disjoint complements. For each £ ^ E v , 
there is a unique Dj with £ ^ Dj, and by ( |51j . Theorem 4.2.12) there is a function 
h^(z) G C V (C), whose only pole is at £, such that 

Dj = {z e C V (C V ) : \h c (z)\ v < 1} . 

By ( |51| . Corollary 4.2.13), Dj is minimal among PL-domains containing E v whose com- 
plement contains £. 

By (HU, Proposition 4.4.1), if deg(/i^) = N, then 

G(z,C;E v ) = G{z,C;Dj) = { W^(I\WI«) * ** g > 

It follows that V^{E V ) G Q and that G(z, (; E v ) G Q for all z ^ (. D 

The next proposition plays a key role in the reduction of Theorem 10.31 to Theorem 14.21 
We begin with a definition. 

Definition 3.29. Let a set E v C C V (C V ) and a subset P° C E v be given. Let z$ be a 
point in E v . If v G Mr is archimedean, we will say that zq is analytically accessible from E® 
if for some r > 0, there is a nonconstant analytic map / : D(0,r) — > C V (C) with /(0) = zq, 
such that /((0,r]) C P°. 

If v is nonarchimedean, we will say that zq is analytically accessible if there are an 
isometrically parametrizable ball B(zo,r) and a (C„-rational) isometric parametrization 
/ : L>(0, r) -> £(>o,r) with /(0) = z , such that /((0„ n L»(0, r))\{0}) C E°. 

Proposition 3.30. Lei E v C (^(C^) 6e a compact set of positive capacity, and let a 
subset E® C E v be given. Suppose there is a Borel subset e C E v of inner capacity such 
that each point of E v \e is analytically accessible from E®. Then for each £ G C V (C V )\E V , 
we have F C (L°) = V C {E V ), and G(z, (; E°) = G{z, C; E v ) for all z / (. 
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PROOF. Fix ( ^ E v . We begin by showing that G(z,(;E®) = G(z,(;E v ) = for each 
z G E v \e. 

First assume v is archimedean. Recall ( [32] . p. 53) that a set Z C C V (C) is said to be 
thin at a point zo if either zq is not a limit point of Z, or there are a neighborhood V of zq 
and a subharmonic function u(z) on V such that 

limsup u(x) < u(zq) . 

X—t-Zo 

x£Z\{zo} 

Fix zq G E v \e. Since zo is analytically accessible from .E^, there is a nonconstant analytic 
map / : D(0,r) -> C V (C) with /(0) = ^ such that /((0,r]) C E#. Without loss we can 
assume r is small enough that ( ^ f(D(0,r)). By ([32], Corollary 4.8.5), /([0,r]) is not 
thin at zq. On the other hand, for each < e < r, the set H £ := f([s,r]) is a compact 
continuum contained in E®. By Proposition 13.201 3. G(z, £; H £ ) is identically on H £ . Thus 
G(z,(,\E®) i s identically on /((0, r]). By Proposition 13.201 5. G(^, £; i£°) is subharmonic 
and non-negative on f(D(Q,r)), so 

< G(z ,(;E v ) < G(z ,(;E° v ) < limsup G(x,C,E° v ) = 0. 

a=e/([0,r])\{« } 

Thus G(z , C; £„) = G(z , C; #2) = o. 

Next suppose u is nonarchimedean. Given zq G E v \e, let / : D(0,r) — >• B(zo,r) C 
C„(C„) be an isometric parametrization with /(0) = 2o, such that /((D(0, r)\{0}) n O v ) C 
E^. Without loss we can assume r is small enough that £ ^ i?(zo,r), and that r G |-ff*|- 
For each < e < r, put K £ = (D(0,r)\D(0,e)~) D O w and put # £ = /(EQ C E°. Since 
B(zo,r) is an isometrically parametrizable ball disjoint from £, by Proposition I3.111 B.2. 
there is a constant C such that [z,w]^ = C||^,io||t, for all z,w G B(zo,r). Pulling this back 
to .D(0, r), we see that [/(x), f(y)]( = C\x — y\ for all x,y G -D(0, r), 

Regarding lf E as a subset of C„ = P 1 (C„)\{oo} and considering the definitions of 
G(z,oo;K £ ) and G(z,(',H £ ), it follows that G(f(x),C;H e ) = G(x,oo; K £ ) for each x G 
D(0,r). By the explicit computation in Proposition 12.41 together with a simple scaling 
argument, we have 



Since 



lim G(z ,oo;H £ ) = lim G(0,oo;K e ) = 0. 



< G(z ,C;E v ) < G(z ,(;E° v ) < lim G(z ,(;H £ 

e->0 



once again we see that G(zq, E v ) = G(zo, £; E®) = 0. 

We next show that V^(E^) = V^(E V ). The argument is very similar to the one in 
Proposition 13.22] but since the context is somewhat different we give the details. 

Write V = V^(E®). By Proposition 13.241 there is an increasing sequence of compact 
sets H V) \ C H V 2 C • • • C E® such that lim^^oo G(z, (,\H v%n ) = G(z,C;E®) for each z G 
C V (C V )\{(}, and \im. n ^. oa V^(H Vtn ) = V; we can assume without loss that each H v>n has 
positive capacity. Write \x n for the equilibrium distribution of H V)U with respect to £, and 
let /j, be the equilibrium distribution of E v with respect to £. After replacing {H Vtn } n >i 
with a subsequence, if necessary, we can assume that the measures \x n converge weakly to 
a probability measure /2 on E v . 
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By what has been shown above, the potential function ue v (z, Q = V^(E V ) — G(z, £; E v ) 
is identically equal to V^(E V ) on E v \e. Since a set of inner capacity has mass under any 
positive measure with a finite energy integral, for each n the Fubini-Tonelli theorem gives 



n UH v , n (z,()dfJ,(z) = // -log v ([z,w] <: )dn n (w)dfJ,(z) 



(3.46) = / u Ev (w,()dfi n (w) = V C (E V ) . 

On the other hand, pointwise for each zq G E v \e, we have 

\imu Hvn (z ,0 = Urn (V c (H v , n ) - G(z ,(;H v , n )) = V -G(z ,(;E° v ) = V . 

n— >oo n— >oo 

Since E v is bounded away from £, there is a constant B\ > — oo such that uh ViU (z, C) > -Bi 
on E v , for all n. On the other hand, since uh Vi „{z, C) < ^(-ff„ jn ) for all z and the V^(iJ Ujn ) 
are decreasing with n, there is a i?2 < co such that ujj v n (z, C) < -B2 on -^j f° r all ra - By 
()3.46p and the Dominated Convergence Theorem, it follows that 

V C (E V ) = lim / u Hv Jz,C)dfx(z) = [ V dfx(z) = V . 

Hence V C (E°) = lim,™ V c (H v>n ) = V = V C (E V ). 

The remainder of the proof is identical to the part of the proof of Proposition 13.221 after 
formula ()3.38p . Using the Monotone Convergence Theorem, one shows that I^{j2) = V^(E V ). 
The uniqueness of the equilibrium distribution implies /2 = /i, and this in turn yields 
G(z, C; Eg) = G(z, C; E v ) for all z ^ (. □ 

10. Green's Matrices and the Inner Cantor Capacity 

Let notations and assumptions be as in £ )3l2i Thus, K is a global field and C/K is a 
curve. We are given a finite, galois-stable set of points X = {x\, . . . , x m } C C(K), and 
a if-rational adelic set E = rj„.Eu compatible with X: each E v C C V (C V ) is nonempty, 
stable under Aut c (C v /K v ), and bounded away from X, with E v being X-trivial for all but 
finitely many v. For each x^ G X we are given a uniformizing parameter g Xi {z) G K(C), 
with fi^O^O) = 0"(fe)OO for each a G Aut(K/ivT). 

In this section we introduce the inner Cantor capacity, extending the definitions and 
results from ( [51j . §5.3) to arbitrary K-rational sets E compatible with X. When each E v is 
algebraically capacitable (in particular, if each E v is compact or X-trivial) then the upper 
Green's matrix T(E, X) and the inner Cantor capacity 7(E, X) defined here coincide with 
the Green's matrix T(E, X) and the Cantor capacity 7(E, X) from ( |51j . §5.3). 

To define the inner Cantor capacity t~(E,X), it is necessary to first make a base change 
to L = K(X). For each place v of K, and each place w of L over v, fix a continuous 
isomorphism l w / v : C w — > C v , and put E w = i~,(E v ) C C W (C W ). Since E v is stable 
under Aut c (C v /K v ), the set E w is independent of the choice of i w / v . The Green's functions 
G(z,Xi\E w ) and Robin constants V Xi (E w ) are defined the same way as the corresponding 
objects over K, but using the normalized absolute values \x\ w and the normalized logarithms 
log w (z), which means that 

Kj[Xi,Xji ±L w j — C- w j v \j\Xi^ Xj, h/ v ) , V Xi y£Li w ) — S-ui/v * Xi \*^v) 
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where e w / v is the ramification index (for archimedean places, our convention is that e w / v 
1). PutE L = i\ w E w . 

For each place w of L, we first define the local upper Green's matrix by 

/ _V X1 (E W ) Gfa,x 2 ;E w ) ... G[x\,x m ;E w ) \ 

G{x 2 ,xi;E w ) V X2 (E W ) ... G(x 2 ,x m ;E w ) 



F(E W ,X) 



\ G(x m ,xi;E w ) G(x m ,x 2 ;E w ) ... V Xm (E w ) J 



For all but finitely many w, each g Xi {z) has good reduction at w and E w is X-trivial; for 
such w, T(E W ,X) is the zero matrix (see |51j . Proposition 5.1.2). 
The global upper Green's matrix over L is defined by 



(3.47) 



T(E L ,X) = ^2T(E w ,X)\og(q v 



By our remarks above, this is actually a finite sum. 

The local and global upper Green's matrices over K are then defined by 



T{E v ,X)\og{q v ) = _l_^r(^,3£)log( fe ) , 



T(E K ,X) 



w\v 

f f(E L ,X) 



so that 



[L:K\ 
T(E K ,X) = ^T(E v ,X)log(q v ) . 



The entries of T(&k, X) are finite if and only if each E v has positive innner capacity. Clearly 
F(Kk,X) and the T(E V ,X) are symmetric and non-negative off the diagonal; they are also 
-fT-symmetric in the sense of Definition 13. 1| as shown by the following lemma: 

Lemma 3.31. Let E, X, L/K, and the g Xi {z) be as above. For each a G Aut(L/K), 
each place w of L, and each i ^ j, 



(_r \Xi , Xj , Il/ U 

V Xi {E u 



y-r-.:){E a ( w )) ■ 



T(i)' 



Proof. This is essentially a tautology. 

We can view C(L) as embedded on the diagonal in (B W \ V C W (L W ). Each a G Ani(L/K) 
acts on L ®k K v through its action on L. Using the canonical isomorphism L ®k K v = 
(B W \ V L W , (which holds when char (If) = p > 0, as well as when char(if) = 0; see (|51|. 
p. 321)) this action can also be described by a collection of isomorphisms r a)W : L w — > L a r w y 

The action of a on X C C(L) is described globally by the permutation representa- 
tion crfa) = x a uy When this is combined with the semilocal description of its action on 
(& W \ V C W (L W ), after identifying the points in X with their images in C W (L W ) and C a ^ w y{L CJ ^ w y), 
we find that T a)W takes x { G C W (L W ) to x a ^ = a fa) € C a ( w )(L a ( w y). 



Extend each r CT)U , to a continuous isomorphism r a ^ w : C z 



J cr(w) • 



Under this iso- 



morphism E w C C W (C W ) is taken to E a t w ) since both are pullbacks of E v , which is sta- 
ble under Aut c (C v /K v ). Viewing T ffjW as an identification, we then have G(z,Xj,E w ) = 
G(T CTtW (z),x cr Qy,E a ^ w )) for all z G C W (C W ). Both assertions in the lemma now follow; 
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the second uses Proposition 13.271 and the fact that the local uniformizers g Xi (z) are K- 
symmetric. □ 

We can now define the inner Cantor capacity. Let the set of m-dimensional real proba- 
bility vectors be 

V m = V m (R) = {s £ R m : Y, ^ = 1, s, > for each i} , 

The global upper Robin constant V(Ek,%) is the value of T(Kk,X) as a matrix game: 

(3.48) V(M K ,X) = va\(T(E K ,X)) := max min *sf(E K ,X)r 

sev m rev m 

(3.49) = min max(r(Ex,£)s*k ■ 

sev m i 

The equality of (J3.48P and (|3.49p . along with many other similar expressions, follows from 
the Fundamental theorem of Game Theory (see |51| . p. 327). The inner Cantor capacity is 
then defined by 

l(E K ,X) = e~ V ^' X K 
Clearly 7~(E, X) > if and only if each E v has positive inner capacity. 

The inner Cantor capacity has properties like those of the classical Cantor capacity in 
( |51| ). All of these are formal consequences of properties of matrices and Green's functions, 
so the proofs given in ( |51| ) carry over without change. The most important properties are 
as follows: 

PROPOSITION 3.32. t~(E, X) > 1 iff T(E,X) is negative definite. 

Proof. See ( |51j , Proposition 5.1.8, p. 331). The quantity val(r) is a statistic of sym- 
metric, real-valued matrices such that val(r) < iff T is negative definite. □ 

Proposition 3.33. // 7(E, X) > 1, then there is a unique probability vector s" = 
*(si, . . . ,s m ) e V m (R) for which 

( 9 

T(E,X)s = : 

\ V 

has all of its entries equal. In this situation, V = V(E, X) < and s is K -symmetric, and 
'si > for each i = 1, . . . , m. 

Proof. The proof is the same as ( |51j . Theorem 5.1.6, p. 328), and goes back to (|16j). 
However, because this proposition plays a key role in the proof of the Fekete-Szego theorem, 
we give the argument here. 

For brevity, write T = T(E, jC). By Proposition 13.32] T is negative definite, so all of its 
eigenvalues are negative. Choose a > large enough that r + al is positive definite, where 
/ is the m x m identity matrix. Then each entry of T + al is non-negative, and < A.; < a 
for each eigenvalue Aj of T + al. It follows that the series 

-F- 1 = (aI-(T + aI)y' = a^(/-(^))^ 

= a 22{-a- 

fc=0 v 
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converges, so — T" 1 has only non-negative entries. 
Set 

By construction, each entry of S* is non-negative; if some entry were 0, it would mean that 
every entry in the corresponding row of — r _1 were 0, and hence T _1 • V = I would not be 
possible. Scale s" so as obtain a probability vector s". Then all the entries of s are positive, 
and we have 

(3.50) rs= : 

V v 

for some V. The minimax inequality (J3.48P defining val(r) then shows V = V(E, X) < 0. 

The uniqueness of s" and V satisfying (|3.50p are clear; since T(E, X) is /^-symmetric, it 
follows from the uniqueness that s must be if-symmetric as well. □ 

Define the set of rational probability vectors to be 

v m (Q) = r(i)no m . 



Unfortunately, s need not be rational. This causes major technical difficulties in the proof 
of the Fekete-Szego theorem. To overcome it, we show that in the number field case the 
"logarithmic leading coefficients" of the archimedean initial approximating functions can 
be "macroscopically independently varied" , which allows us to replace s~ with a suitable 
rational s closely approximating s. In the function field case, we show that if the sets E v 
satisfy appropriate hypotheses, then all entries in r(E,3£) are rational multiples of log(p), 
and in that case s belongs to V rn (Q). 

We conclude this section by noting some properties of the inner Cantor capacity. 

Proposition 3.34. 

(1) (Base Change): If M/K is any finite extension, then T(Km,X) = [M : K]T(Kk,X), 
V(E M ,X) = [M : K]V{E K ,X), and 

j(E M ,X) = 7(E^£) [A/: ^ • 

(2) (Pullback): Let 61,62/ K be curves, and let f : C\ — > C2 be a nonconstant rational 
map defined over K. If 'E is a K -rational adelic set on C2, compatible with X C C2(K), then 

j(f- 1 (E),r 1 (X)) = ^E,*) 1 ^/) . 

Proof. These follow from the corresponding properties of upper Green's functions. 
See the proofs of ( |51j . Theorems 5.1.13 and 5.1.14, p. 333). □ 

11. Newton Polygons of Nonarchimedean Power Series 

In this section we recall some some facts about Newton polygons of nonarchimedean 
power series needed for the proof of Theorem 16.31 

Given r > 0, write D(0,r) = {z £ C v : \z\ v < r} for the 'closed' disc of radius r in C„, 
and D(0, r)~ = {z £ C v : \z\ v < r} for the 'open' disc. 
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The Newton polygon of a power series f(Z) = Ylk=o c kZ k G Cy[[Z]] is the lower convex 
hull of the set of points {(k,oid v (ck))}, with a vertical side above the point corresponding 
to the first nonzero coefficient. If f(Z) is a polynomial of degree m, its Newton polygon is 
also considered to have a vertical side above (m,ord„(c m )). 

A power series of the form h(Z) = 1 + Yl't—i b kZ k G C„[[-Z]] will be called a unit power 
series for D(0,r) if h(Z) is a unit in the ring of power series converging on D(0,r). This 
holds if and only if \bk\ v < l/r k for each k > 1, in which case |/i(z)|„ = 1 for all z G -D(0, r), 
and the series h(Z)~ l = 1 + Y,T=i b 'k Zk with K z ) ' K z )~ l = 1 also satisfies |6' fe |„ < l/r fc 
for each A; > 1. If h{Z) G X„[[Z]], then /i(^)" 1 G iT„[[Z]]. 

Lemma 3.35. Suppose f(Z) = ^2k=o c k zk G C„[[.Z]] converges on a disc D(0,r), where 
r > belongs to the value group of C* . Then 

(A) f(Z) has finitely many zeros in D(0, r), and f(Z) can be factored as f(Z) = g r {Z) ■ 
h r (Z) where g r (Z) is a polynomial having the same roots (with multiplicities) as f(Z) in 
D(0,r), and where h r (Z) = l + X^fcLi&fc^* ^ s a unit power series for D(0,r). In particular, 
\bk\v < l/r k for all k > 1. If f(Z) G ^[[Z]] for some finite extension F w /K v , then 
g r (Z) G F W [Z] and h r (Z) G F W [[Z]\. 

(B) If f(Z) has m > roots in D(0,r) (counted with multiplicities), then (m,oid v (c m )) 
is a vertex of the Newton polygon of f(Z), and the part of the Newton polygon of f(Z) on 
and to the left of (m,oid v (c m )) coincides with the Newton polygon of g r (Z). 

Proof. This is well known; we sketch the proof. 

The fact that f(Z) has finitely many zeros in D(0, r), and the existence of the factoriza- 
tion f(Z) = g r (Z) ■ h r (Z), follow from the Weierstrass Preparation Theorem and a change 
of variables (see [11] . p. 201), or from Hensel's Lemma (as in [4], §2.5). The assertions about 
.F^-rationality hold because the Weierstrass Preparation Theorem and Hensel's Lemma are 
valid over any complete nonarchimedean field. 

To establish the relation between the Newton polygons of f(Z) and g r (Z), take j3 G C^ 
with \/3\ v = r. After replacing f(Z) by f(Z//3), which translates the Newton polygons of 
both f(Z) and g r (Z) upwards by the line y = xlog^(r), we can assume that r = 1. Suppose 
f(Z) has m roots in D(0, 1) and write g(Z) = gi(Z), h(Z) = h\(Z). 

Consider the factorization f(Z) = g(Z)h(Z). Write 

oo m 

f(Z) = ^c k Z k , g(Z) = Y,aiZ £ , 
i=o 1=0 

and expand 

oo oo 

h(Z) = l + J2bjZ j , Kzy x = l + J2 b j ZJ ■ 

3=1 3=1 

Here ord v (6j),ord u (6') > for all j > 1. By the Weierstrass Factorization theorem, \a m \ v = 
\c m \ v . After dividing through by a m , we can assume that g(Z) is monic and that oid v (ck) > 
for all k. 

Using that g(Z) = f(Z)h(Z)~ 1 , we see that if J is the smallest index for which cj ^ 0, 
then afc = Cfc = for k < J, while aj = cj. By hypothesis, ord„(a m ) = ord„(c m ) = 0. For 
each £ with J < £ < m, since ord„(6'-) > for all j > 1 and ord^(cfc) > for all k, 

(3.51) ord„(a^) = ord„(Q + c^ib[ + . . . + cob'g) 

> min(ord„(Q),ord„(Q_i),. . . ,ord„(c )) ■ 
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If (£, oid v (ci)) is a corner of the Newton polygon of f(Z), then necessarily ord v (ce) < 
orcLj(co), . . . , orcLj(Q_i) and it follows from (|3.5ip that orcLj(a^) = ord„(Q). Since ord^(cfc) > 
for all k, the Newton polygon of g(Z) lies on or below the initial part of the Newton poly- 
gon of f(Z). Applying the same arguments to f(Z) = g(Z)h(Z), we see that initial part of 
the Newton polygon of f(Z) lies on or below the Newton polygon of g(Z). □ 

For a polynomial, the absolute values of its roots and the slopes of the sides of its 
Newton polygon determine each other (see [4j, §2.5): if the Newton polygon has a side with 
slope M, whose projection on the horizontal axis has length S, then f(Z) has exactly S 
roots a for which log t ,(|a| t) ) = M. In this correspondence, the vertical ray above the vertex 
(k,oid v (ck)) corresponding to the first nonzero coefficient is deemed to have projection 
length k. 

The correspondence holds for power series as well. If the initial segment of the Newton 
polygon is a vertical ray above (k,oid v (ck)), that ray is deemed to have slope — oo and 
projection length k. If f(Z) is a polynomial, the vertical side above its rightmost vertex 
is deemed to have infinite projection length. There is also a special case when the radius 
of convergence r belongs to the value group of C* and f(Z) converges in D(0,r). In that 
situation the Newton polygon has a terminal ray of slope log l ,(r) which can have at most a 
finite number of vertices on it, and the last such vertex is deemed to be the right endpoint 
of the rightmost side of finite length: 

Proposition 3.36. Suppose f{Z) = Ylh=o Ck ^ ^ ^[[-^l] has radius of convergence 
r > 0. Then 

(A) The roots of f(Z) correspond to the sides of the Newton polygon of f(Z) of finite 
length in the same way as for a polynomial: for each finite length side with slope M and 
projection length S, f(Z) has exactly S roots olm,i, • • • , om,s {listed with multiplicity) for 

which log v (\a M ,i\v) = M - 

(B) If f(Z) € ^[[Z]], where F w /K v is a finite extension, then given a side of the 

Newton polygon with slope M and projection length S, the polynomial Y\i=i(^ ~ a M,i) 
belongs to F W [Z]. In particular, if S = 1, the unique associated root is rational over F w . 

(C) The Newton polygon of f(Z) is completely determined by the absolute value of the 
first nonzero coefficient of f{Z), the absolute values of the roots of f{Z), and the radius of 
convergence r. 

Proof. This too is well known. The domain of convergence of f(Z) is either D(0,r) 
or D(0,r)~ . Exhausting it by discs -D(0, n) where < r\ < r belongs to |C*|„, the roots 
of f(Z) are accounted for by the roots of the polynomials g ri (Z) in Lemma 13.351 By that 
Lemma and properties of Newton polygons of polynomials proved in ([4], §2.5), assertions 
(A) and (B) hold. 

For (C), note that the absolute value of the first nonzero coefficient determines the 
location of the first corner of the Newton polygon. The absolute values of the nonzero roots 
determine the lengths and slopes of the sides of the Newton polygon of finite length. If 
there are infinitely many roots, the Newton polygon is completely determined; if there are 
only finitely many roots, the Newton polygon has a terminal ray with slope log^(r). □ 

The following concept will play an important role in nonarchimedean constructions 
throughout the paper: 

Definition 3.37. Let K v be nonarchimedean. Let B(a,p) C C V (C V ) be an isometrically 
parametrizable ball and let D(b, r) C C„ be a disc. We will call a map / : B(a, p) — > D(b, r) 



96 3. PRELIMINARIES 

a scaled isometry if / is a 1 — 1 correspondence satisfying \f(z\) — f(z2)\ v = ( r /p)\\ z ii z 2\\v 
for all Zi,&2 G B(a,p). Given two discs D(a,p), D(b,r), or two balls B(a,p), B(b,r), we 
define scaled a isometry / : D(a, p) —> D(b, r) or / : B(a, p) — > B(b, r) in a similar way. 

We next give a criterion for a map defined by a power series to induce a scaled isometry. 

Proposition 3.38. Suppose f(Z) = Y^=Q c nZ N G C„[[Z]] converges on a disc D(0,r), 
with r > 0. If f has a single zero in D(0,r) (counted with multiplicity), then f induces a 
scaled isometry from D(0,r) onto D(0,R) where R = \c\\ v r. If there is a finite extension 
F w /K v in C v such that f(Z) G F„,[[Z]] ; then f maps F w n D(0, r) onto F w n D(0, R). 

If H(Z) = Yl^=o b n Z n is another power series which converges on D(0, r), and H has no 
zeros in D(0,r), then \H(z)\ v takes the constant value B = \bo\ for all z £ D(0,r), and f -H 
induces a scaled isometry from D(0, r) onto D(0, BR). If there is a finite extension F w /K v 
in C v such that f(Z),H(Z) £ F W [[Z]}, then f ■ H maps F w n D(0,r) onto F w n D(0,BR). 

Proof. Since / converges on D(0,r) and has a single zero there, the Newton polygon 
of f(Z) lies on or above the line y = (x — 1) log„(r) + ord„(ci), and the points (n, oid v (c n )) 
for n > 2 lie strictly above that line. Thus \cq\ v < |ci|^r and \c n \ v < (ci^/r™ -1 for n > 2. 

By the ultrametric inequality, for each a G D(0,r) we have \f(a)\ v < \c±\ v r. On the 
other hand, for each b G D(0, \c±\ v r) the Newton polygon of f(Z) — b has the same properties 
as that of f(Z), so there is a unique point a G D(0,r) such that /(a) = b. Thus / induces 
a 1 — 1 correspondence from D(0,r) onto D(0, \c\\ v r). In particular, \c\\ v = R/r. To see 
that / is a scaled isometry, note that for all z, w G D(0, r) 

-l 



\f(z) - f(w)\ v = \z -w\ v ■ |ci + ^ Cn (5Z 



z k w n x k I I 



n=2 k=0 

where the last step follows from the ultrametric inequality using \c n \ v < \c\\ v /r n ~ l . 

If f[Z) £ F W [[Z]] for some finite extension F w /K v , clearly / maps F w n D(0,r) into 
F w n JD(0, \ct\ v r). On the other hand, if b G F w n D(0, |ci|„r) then /(Z) - 6 G F W [[Z]] and 
so the unique solution to f(a) — 6 = belongs to F w n -D(0, r) by Proposition 13. 36r B). Thus 
/ maps F w r\D(0,r) onto F w n 23(0, |ci|„r). 

If H(Z) = Y^=Q^nZ n G C«[[Z]] is another power series which converges on D(0,r), 
but has no zeros there, then H(Z) = 6o • h(Z) where h(Z) is a unit power series. It follows 
that \H(z)\ v = |&o|u for all z G D(0,R), and |6 n |.u < B/r n for all n > 1. If we write 
f(Z)H(Z) = X^^Lo "-^"' then |oi|t, = |&oci + biCo\ v = BR/r since |6oCi|« = BR/r while 
|co&i|u < BR/r. We can now apply the previous discussion to / • H. □ 

12. Stirling Polynomials 

In this section we will consider u-adic Stirling polynomials, which play an important 
role in the construction of the nonarchimedean initial patching functions. They are also 
used in 'degree-raising' arguments in the global patching construction. 

Let F w /K v be a finite extension in C v . Let e w = e w / v be its ramification index and 
fw = fw/v hs residue degree, so e w f w = [F w : K v ]. 

Fix a prime element 7i\„ for O w , and let ord t „(x) be the valuation on C v for which 
OTd w (ir w ) = 1; thus ord^(x) = e^ord^x). Put q = q w = ql w , and write log w (x) for the 
logarithm to the base q w . 
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We first construct an explicit uniformly distributed sequence of points in O w . Let 
V'iu(O), • • • ,ipw(q — 1) be the Teichmiiller representatives for the cosets of O w /ir w O w = ¥ q , 
with ip w (0) = 0. Thus when char (if) = 0, the representatives are and the q — 1 st roots of 
unity in F w . When char(if) = p > 0, so F w = ¥ q ((7r w )), they are the the elements of ¥ q . 
This is needed for the global patching argument (see Lemma 111.81 and Proposition 111.91) . 

Extend {tp w (k)}o<k<q to a sequence {tp w (k)}o<k<oo as follows: for each k > q, write k 
in base q as 

N 

k = £*(*;)<?' 

i=0 

where N = \\og v (k)\ and < di(k) < q — 1 for each i, then put 

N 

Tpw(k) = 5^Vt»(di(*0K, G O w . 

i=0 

For each m, the sequence {VVj(^)}o<fc<<j m is a system of coset representatives for O w /7r™O w . 
Define a function val w (k) for integers A; > by letting val w (k) be the smallest i for 
which dj(fc) 7^ 0, if k > 0, and putting val lo (0) = oo. For each k it follows that 

(3.52) oid w (ip w (k)) = val w (k) . 
Similarly, for all k 7^ £, 

(3.53) ord w (i) w (k) - i> w (£)) = val w (\k - £\) . 

This is because if val w (\k — £\) = j, then the digits di(k) and di(£) coincide for i < j, while 
dj(k) / dj(£). It follows that for each n > 0, if < k, £ < n and k / £, then by (|335j) 

(3.54) ord w (ip w (k) - ip w (£)) < log w (n) , 
since val^flfc - £\) < log„,(|fc - £\) < \og w (n). 

Definition 3.39. The basic well-distributed sequence for O w is {ip w (k)}o<k<oo- The 
Stirling polynomial of degree n for O w is 

n-\ 

(3.55) S njW (z) = Y[{z - i/> w (k)) . 

fc=0 

The polynomials S H)W {z) were first studied by Polya ( |46| ). and were used by Cantor in 
( |16| ). The following proposition, which is similar to ( |53j . Lemma 8.7), summarizes their 
main properties: 

Proposition 3.40. Let F w /K v be a finite, separable extension in C„. Let S n)W {z) be 
the Stirling polynomial of degree n for O w , and let S' nw (z) be its derivative. Then 

(A) If < i,j < n and i ^ j then \ip v {i) — ipv(J)\v > V n - 

(B) For each k, < k < n, we have 

Tl Tl 

(3.56) —— _(21og„,(n) + 3) < ord„ (S' n>w (i; w (k))) < —— -. 

e w (qv - 1) e "> e w {qi w - 1) 

(C) Fix x £ C„. If < J < n is such that \x — ip w {J)\ v = minfc(|x — tp w (k)\ v ), then 

(3.57) oid v (S n , w (x)) < t \- oid v (x - ip w (J)) . 

e w (qt ~ 1) 

If x $l D(0,1), then oid v (S njW (x)) = nord„(a;). 
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Proof. Assertion (A) is a reformulation of (|3.54p . 

To prove assertion (B), it will be convenient to work over F w rather than K v . Fix 
< k < n, and note that by (|3,53p . if j ^ k, then ord w (ip w (k) — ip w (j)) = val w (\k — j\). 
This leads to a generalization of the well-known formula 

k 



J2°*mz) =ord p (k\) = J2 



m>l 



k 



k 



P 



1 p - 1 ^ ai 

y i>0 



where the a, are the base p digits of k. Writing di = dj(fc), and q = q w , for each m > 1 
there are exactly \k/q m \ integers 1 < £ < k with v&\ w (l) > m. Hence 

fe 



J>aW£) = ^ 



£=i 



m>l 



k 



(di + d 2 g + d 3 g 2 + •••) + (^2 + d 3 9 + •••) + 



di 



Vd 2 



2_i q S 

+ d 3 



1 



+ 



g-1 g-1 g-1 

d + diq + d 2 g 2 H d + di + d 2 -\ 



1 



1 



(3.58) 
Consequently 



k 






n-1 



n— fc— 1 



(3.59) ovd w (U(^ w (k) - ip w (£))) = ^val w (£)+ J^ val w (£) 






£=1 



H 



E*(fc) + Edi(»-*-i) + i 



In particular 

0< ]T dj(fc) + ^ di(n - A; -1) + 1 < 2(g w -l)(bg tt; (n) + l) + l 
and hence 

(3.60) ^_^_21og w (n)-3 < ovd w (S' n ^ w {k))) < — — - . 

Since ord w (a;) = e„,ord„(3;), this is equivalent to (|3.56p . 

For (C), fix x and let < J < n be an index for which |x — ip w (J)\ v is minimal. For 
each k ^ J, we claim that |x — V\o(&)|« > iV'tu(d') ~~ V'™ (&)!»;• Suppose to the contrary that 
\x — ip w (k)\ v < \ip w (J) — ip w (k)\ v . By the ultrametric inequality, 

\x-ip w (J)\ v = max(|x- ip w {k)\ v ,\tp w {J) - ip w (k)\ v ) 
= \tp w (J) -ip w (k)\ v > \x- ip w (k)\ v , 

contradicting our choice of J. Hence \x — ip w (k)\ v > \ip w {J) — ip w (k)\ v . 

It follows that oid v (Sn !W (x)) < ord 1 ,(x — ip w (J)) + oid v (S' nw (ip w (J))). Thus the first 
assertion in (C) is a consequence of (B). The second is trivial, since if x ^ D(0, 1) then 
\x — ip w {k)\v = \x\ v for all k. D 
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Corollary 3.41. Let F w be a finite, separable extension of K v in C v , and let S n)W {z) 
be the Stirling polynomial of degree n for O w . Given a radius R satisfying 

< R < g-"/^^™- 1 )) . n -V[F»--Kv] ^ 

put p k = R/\S' n>w (tp w (k))\ v fork = 0,...,n-l. 

Then S~^ w (D(0,R)) = |J£~ D(ip w (k), p k ) C D(0, 1), where the discs D(ip w (k),p k ) 
are pairwise disjoint. For each k, S HjW (z) induces an F w -rational scaled isometry from, 
D{ip w (k),p k ) onto D(0,R), so that S ntW (F w n D(i/j w (k), p k )) = F w t~) D(0,R) and 

(3.61) S-^(F w nD(0,R)) = \J (F w nD(ip w (k),p k )) . 

Moreover, if R G \F*\ V then p k G \F*\ V for each k. 

PROOF. Note that \og v (n~ l ^ Fw '- K ^) = —log v (n)/(e w f w ) = -\og w (n)/e w . By the defi- 
nition of p k , our assumption on R, and Proposition I3.40T A). for each k 

- logwGofc) = - log v (R) - oid v (S' nw (^ w (k))) 

1 / n , , sN In 1, 

(3-62) > — (-— - +log w (n)) — = — log w (n). 

&w Qw J- e w q w i e w 

On the other hand by (|3.54|) . for all £ ^ k 

1 1 

OTd v (ip w (k) -ip w (£)) = — oid w (ip w (k) - tp w {l)) < — log w (n) . 

e w e w 

Thus the discs D(tp w (k), p k ) are pairwise disjoint and contained in D(0, 1). 
Fix k and expand S n>w (x) about il> w (k) as 

JV 

S n ,w(z) = y^bijz - tp w (k)Y 
e=i 
where b\ = S' nw (ijj w (k)). The definition of p k shows that \b±\ v ■ p k = R. By Proposition 
13.381 S n>w (z) induces an i^-rational scaled isometry from D(ijj w (k),p k ) onto D(0, R), which 
takes F w n D(ip w {h),p k ) onto F w n D(0, R). 

Now let k vary. As noted above, the discs D(ip w (k), p k ) are pairwise disjoint. Since 
S n ,w(z) has degree n, for each x G -D(0, R) the solutions to S n;W (z) = x in Ufc=o D(ip w (k),p k ) 
account for all the solutions in C v . Hence 

n-l 

S-i w (D(0,R)) = \jD(^ w (k),Pk). 

Similar considerations show that 

n-l 
S^ w (F w nD(0,R)) = |J (F w nD(i(> w (k),p k )) . 

fe=o 
Finally, note that if R G \F£ \ v , then p k = R/\S' nw {ip w (k))\ v G \F* \ v for each k. D 



CHAPTER 4 



Reductions 



In this chapter we will formulate a simplified version of Theorem 10.31 which is the form 
of the theorem we will actually prove. After stating this theorem (Theorem 14. 2p . we will 
use it to deduce Theorem 10.31 Corollary 10.41 and the variants given in Chapter [TJ 

We begin with a definition. 

Definition 4.1. Let v be a place of K. A set E v c C V (C V ) will be called K v -simple if 
it is stable under Aut c (C v /K v ) and is a union of finitely many pairwise disjoint, nonempty 
compact sets E Vt \, . . . , E V: d such that: 

(A) if K v = C, then each E v j is simply connected, has a piecewise smooth boundary, 
and is the closure of its C„(C)-interior; 

(B) if K v = M., then each E v ^ is either 

(1) a closed segment of positive length contained in C V (R), or 

(2) is disjoint from C V (M), and is simply connected, has a piecewise smooth boundary, 
and is the closure of its C„(C)-interior; 

(C) if K v is nonarchimedean, then 

(1) there are finite separable extensions F m , . . . , F Wn of K v contained in C„, and pair- 
wise disjoint isometrically parametrizable balls B(a\,ri), . . . ,B(aD,rrj), such that E V £ = 
C v (F Wi ) n B (at, rt) lor £ = 1,...,D. 

(2) The collection of balls {B(ai,r±), . . . ,B(aD,ro)} is stable under Aut c (C v /K v ), 
and as a ranges over Aut c (C v /K v ), each ball B(ae,rg) has [F Wi : K v ] distinct conjugates. 
For each <r, if o(B(a£,re)) = B(a,j,rj), then a(F Wl ) = F Wj and a(E v ^) = E v j. 

If E v is -ftT^-simple, we will call a decomposition E v = (J"=i ^v I °f the type in Definition 
I4.1l a /^,-simple decomposition. If v is archimedean, a i^„-simple set has a unique ^-simple 
decomposition. If v is nonarchimedean, a ^-simple decomposition can always be refined 
to another i^-simple decomposition with smaller balls and more sets. 

Theorem 4.2 (FSZ with LRC for i^-simple sets). 

Let K be a global field, and let C/K be a smooth, geometrically integral, projective 
curve. Let X = {xi, . . . ,x m } C C(K) be a finite set of points stable under Aut(K / K) , and 
let E = Y\ v E v C Y\ v C V (C V ) be a K v -rational adelic set compatible with X. Let S C M.k be 
a finite set of places v G Mr containing all archimedean v. 

Assume that 7(E, X) > 1, and that 

(A) E v is K v -simple for each v G S, 

(B) E v is X-trivial for each v ^ S. 

Then there are infinitely many points a G C(K sep ) such that for each v G Mr, the 
Aut(K/K)- conjugates of a all belong to E v . 

We will now prove Theorems 10.31 11.21 H-31 11.41 H-5[ II. 6( 11.71 and Corollary 10. 4[ assuming 
Theorem 14.21 For the convenience of the reader, we restate each theorem before proving it. 
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Theorem 10.31 (FSZ with LRC, producing conjugate points in E). 

Let K be a global field, and let C/K be a smooth, geometrically integral, projective 
curve. Let X = {x\, . . . ,x m } C C(K) be a finite set of points stable under Aut(K / K) , and 
let E = Y\ v E v C Y\ v C V (C V ) be an adelic set compatible with X. Let S C M.k be a finite set 
of places v, containing all archimedean v, such that E v is X-trivial for each v £ S. 

Assume that 7(E, X) > 1. Assume also that E v has the following form, for each v G S: 

(A) If v is archimedean and K v = C, then E v is compact, and is a finite union of sets 
E v> i, each of which is the closure of its C V (C) -interior and has a piecewise smooth boundary; 

(B) If v is archimedean and K v = ~R, then E v is compact, stable under complex conju- 
gation, and is a finite union of sets E v t, where each E Vt g is either 

(1) the closure of its C V (C) -interior and has a piecewise smooth boundary, or 

(2) is a compact, connected subset ofC v (R); 

(C) If v is nonarchimedean, then E v is stable under Aut c (C v /K v ) and is a finite union 
of sets E Vt £, where each E V) t is either 

(1) an HL-domain or a ball B(ae,re), or 

(2) is compact and has the form C v (F We )DB(ae, re) for some finite separable extension 
F Wt /K v in C v , and some ball B(ae,re). 

Then there are infinitely many points a G C(K scp ) such that for each v G Mr, the 
Aut(K/K) -conjugates of a all belong to E v . 

Proof of Theorem 10.31 assuming Theorem 14.21 

The idea is to reduce Theorem 10.31 to the case where the E v = IJf=i Ev,£ are K v -simple, 
and in particular where the E v e are pairwise disjoint. 

Assume Theorem 14. 2\ and let E = Y\ v E v C [] B C B (C B ) be an adelic set compatible 
with X for which the hypotheses of Theorem 10.31 hold. Wc will construct a new adelic set 
E' = n<u-^u ^ ^ such that the hypotheses of Theorem 14.21 hold. Let S C M.k be a finite 
set of places containing all archimedean places and all nonarchimedean places where E v is 
not jC-trivial. 

By hypothesis, j(E,%) > 1. Let T range over all symmetric matrices in M m (R). By 
(|3.49p the value of T as a matrix game is a continuous function of its entries, so there is 
an e > such that for any T whose entries satisfy |T(E, 3£)y — Yij\ < e for all i,j, we 
have val(r) < 0. Choose numbers e v > for v G S such that ^2 V& $ £ v log(^) < e. In 
constructing the sets E' v for v G S, in order to assure that 7(E',X) > 1 it suffices to have 

, , J \G(xi,Xj;E' v ) - G(xi,Xj;E v )\ < e v for all i ^ j , 

[ ' \ \V Xi (E' v )-V Xi (E v )\ < e v for each i. 

For each v ^ S, put E' v = E v . Now suppose v G 5: 

Case 1. If K v = C, then C V (C) is a Riemann surface. Fix a triangulation T of C V (C). 
Without loss we can assume that each edge of the triangulation is a smooth arc. For each 
5 > 0, let 7^ be a refinement of T such that that each edge of Ts is a smooth arc and each 
triangle in Ts has diameter less than 8 under the spherical distance ||x,y||^. 

By assumption E v is the closure of its interior E®, and its boundary is a finite union 
of smooth arcs. In particular, each point of dE v is analytically accessible from E®. By 
Proposition 13. 30( this means that G(z,xf,E^) = G(z,Xi]E v ) for each £ ^ E v . 

For each 5 > 0, let X$ be the set of closed triangles in Ts which are contained in E®, 
and let E v § be the union of the triangles in X$. As 5 — > 0, the sets E v $ exhaust E®. Hence 
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there is some 5 = 5o such that 

\G(xi, Xj ; E VjSo ) - G(xi, Xj] E v )\ < e v /2 for all i^j , 
\V Xi (E VjSo ) - V Xi (E v )\ < e v /2 for each i . 

Let U' v C E v g ^ e t ne union of the interiors of the triangles in Xg . 

Each point of E Vt s is analytically accessible from U' v in the sense of Definition 13,291 
By exhausting the interior of each triangle in X$ by an increasing sequence of closed 
subtriangles and applying Proposition 13.301 again, we can find a compact set E' v C U' v which 
is a finite union of closed triangles, one contained in each connected component of U' v , such 

that 

\G(xi,Xj;E VjS ) - G(xi,Xj;E' v )\ < e v /2 for all i^j, 
\V Xi (E VtS )-V x .(E' v )\ < e v /2 for each i. 

Thus, E' v C E v , and E' v satisfies (|4.ip . Moreover E' v is compact and has finitely many 
connected components, each of which is simply connected, has a piecewise smooth boundary 
and is the closure of its interior. Thus it is C-simple. 

Case 2. If K v = R, again choose a triangulation 7~of C V (C). After making adjustments 
to T, if necessary, we can assume that T is stable under complex conjugation, that each 
edge of T is a smooth arc, and that C V (M) is contained in the union of the edges of T ■ For 
each 5 > 0, let T$ be a refinement of T with the properties in Case 1, such that each triangle 
in T$ has diameter less than 5 under the spherical distance ||x,y||„. 

By assumption, E v is stable under complex conjugation, and a finite union of connected 
sets E Vj i such that each E V £ is either the closure of its C„(C)-interior, or is contained in 
Cu(R). Without loss, we can assume that no E V) i is reduced to a point, since removing a 
finite set of points from E v does not change its capacity or Green's functions (Lemma l3.25p . 

Let E Vj c be the union of the sets E Vt £ which are closures of their C t ,(C)-interiors, and 
let E v ^ = E V \E V ^£. Then E Vj c stable under complex conjugation and is the closure of its 
C„(C)-interior, and E v> ^ is contained in C V (M). Since E Vt c is closed, no component of -E^r 
is reduced to a point. 

We now apply a modification of the argument from Case 1. Let E® c be the C V (C)- 
interior of E v> c, and let E®° c = E® C \C V (WL). Let E® R be the C„(R)-interior of E Vj ^, and put 
E\ = E®° c U E® R . Each point of E V) c is analytically accessible from E®° c and each point of 
E v ^ is analytically accessible from £^ R , so each point of E v is analytically accessible from 
E\. By Proposition I3.30( G(z,xf, E^) = G(z,xf,E v ) for each ( £ E v . 

For each 5 > 0, let E v $ be the union of the triangles in Ts contained in E®° c , together 
with the edges of Ts which are contained in E®^. Each E v ^ is compact and stable under 
complex conjugation. Furthermore, each compact subset of E\ is contained in some E Vi $, 
so there is a 5q > such that 

\G(xi,Xj;E VjSo ) - G(xi,Xj-,E v )\ < e v /2 foralH^j , 
\V Xi (E ViSo ) -V X .(E V ) | < e v /2 for each i . 

Let U' v be the union of the interiors of the triangles in Ts which are contained in E v $ , 
together the (real) interiors of the edges of Ts which are contained in E®^. Then U' v is 
stable under complex conjugation, and is the disjoint union of finitely many open triangles 
in C V {C) whose closures are disjoint from C V (M), together with finitely many open segments 
inC„(R). 
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Each point of E v § is analytically accessible from U' v . By exhausting the interior of each 
open triangle in U' v by an increasing sequence of closed subtriangles and each open segment 
by an increasing sequence of closed subintervals, and applying Proposition 13.301 again, we 
can find a compact set E' v C U v which is a finite disjoint union of closed triangles and closed 
subintervals of C V (R), one contained in each component of U v , such that 

\G(xi,Xj-,E Vt s) - G(xi,Xj-,E' v )\ < e v /2 foralH^j , 
\V Xi (E v>s ) - V X .(E' V )\ < e v /2 for each i . 

By choosing the closed subtriangles appropriately, we can also arrange that E' v is stable 
under complex conjugation. 

Thus, E' v is compact, M-simple, and contained in E v . By construction it satisfies ()4,ip . 

Case 3. Suppose K v is nonarchimedean. By assumption, E v is a finite union of 
RL-domains and compact sets of the form B(ae,re) f]C v (F Wg ), where each B(ag,ri) is iso- 
metrically parametrizable and each F Wt is a finite separable extension of K v contained in 
C„. Since a finite union of RL-domains is an RL-domain ( |51j . Theorem 4.2.15) we can 
assume that there is at most one RL domain in the decomposition. 

Our first goal is to reduce to the case where there are no RL-domains in the decom- 
position of E v . Suppose to the contrary that there is an RL-domain U v . Let E v be the 
union of the compact sets B{ai,r() DC v (F We ) in the decomposition of E v . Both U v and 

Ev are stable under Aut c (C v /K v ). In ( |51j . Theorem 4.3.11) it is shown that the union 
of an RL-domain and a compact set is algebraically capacitable. In fact, the proof of that 

(2) 

theorem shows there is a compact set E v C U v , which itself is a finite union of compact 
sets of the form B(a' £ , r^) nC^i 7 ^), with B(a' e , r' £ ) isometrically parametrizable and F' W JK V 
finite, such that 

f \G{xi, Xj;Ei 1] U Ei 2) - G{xi,Xj;E v )\ < e v /2 for all i^j, 
{ \V Xi (E v 1] U E v 2) - V Xi (E v )\ < e v /2 for each i . 

The centers of the balls B(a' e ,r' e ) can be required to belong to C v (Kl cv ), since Kl cp is 
dense in C„ , and the extensions F Wl can be required to be separable extensions of K v , since 
all that is needed for the proof of ( |51j . Theorem 4.3.11) is that the residue degree or the 

(2) 

ramification index of F W( /K V can be taken arbitrarily large. The set E v need not be stable 
under Aut c (C v /K v ), but by its form it has only finitely many conjugates, and each of these 

(2) 

is also contained in U v . By replacing E{, with the union of its conjugates, and using the 
monotonicity of the Green's functions (Lemma 13.21)) . we can arrange that E v U E\,' is 
stable under Aut c (C v /K v ). 

Thus we can assume that E v has no RL-domains in its decomposition. Write E v = 
\Ji=i B(a£,ri) nC v (F We ), and fix a number r G l-f^l^ with < r < min^r^). After 
replacing B(ai, ri)r\C v (F We ) by finitely many sets B(aij,r)(lC v (F We ) for each £, we can also 
assume that all the rg are equal to r, and that r belongs to the value group of K* . 

Our next goal is to arrange that balls B(ag,r) are disjoint. Consider the sets E Vt £ = 
B(ai, r)(lC v (F We ). Without loss, we can assume that none of the E v ^ is properly contained in 
another. However, it is possible that the same ball B(a,£, r) occurs with several different fields 
F We ; given such a ball, let t\ = t,li-,- • • At be the indices for which B{a^.,r) = B(ae,r). 
For each j > 2, the field F We n F Wi , is a proper subfield of F W( , and by a simple argument 
involving ET^-vector spaces, there is an element ug € F Wl which does not belong to any 
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F W[ n F W[ . Let 7^ tt v G F„ be such that |7r„|„ < 1. After replacing Ui by 1 + vr^it^ for 

sufficiently large iV, we can assume that U£ G O* . 
For each £, put 

Xe, = E V ,A ( [J E v j 

and let X = \J^Zi Xg- Note that X is stable under Aut c (C„/F„). 

We claim that each point of E v is analytically accessible from X in the sense of Definition 
13.291 Clearly each b G X is analytically accessible from X, since if b G A^ then there is a 
ball F(6, s) for which B(b, s) n C v (F TO/! ) C X^. Suppose that b G S„j n F„^ for some j / £. 
Then b G B(aj,r) nC v (F Wj ) nC v (F Wi ), so 6 G C„(F^. n F^). Let F fe be the field K v (b). By 
Theorem 13.91 there is an F^-rational isometric parametrization ft, : D(0,r) — > B(ai,r) with 
/b(0) = 6. Consider the image of D(0,r) n (O v \{0}) under the isometric parametrization 
fb(z) := fb(u£z): we have 

f b (D(0,r)n(O v \{0})) = f b (ut-(D(0,r)n(O v \{0}))) . 

Since /;, is ^-rational, for each complete field H with F b C H C C v , /{, induces a 1 — 1 
correspondence between points of -D(0, r)C\H and 25 (aj, r) C\C V (H). By our choice of u^, we 
have u £ • (O„\{0» C 0«A(ULi-*V)- It foUows that f b (D{0,r) n (0„\{O})) C X*. This 
establishes our claim. 

By Proposition I3.30| G(z, £; F„) = G(z, £; X) for each C, £ E v . Hence there is a compact 
set Y C X such that 

|G(xj,x.,-;Y) -G(xi,Xj-,E v )\ < e v /2 for alii ^ j , 
\V Xi (Y) - V Xi (E v )\ < e v /2 for each i . 

The set V thus constructed may not be stable under Aut c (C v /K v ), but it only has finitely 
many conjugates and each of them is contained in X. By replacing Y with the union of 
its conjugates, and using the monotonicity of Green's functions, we can assume Y is stable 
under Aut c (C v /K v ). 

For each £ = 1, . . . ,D V , put Yi = Y n B(ae,r) n C V (F W( ). Then Y^ is compact and 
Yi C Xj. Since the Ye are compact and pairwise disjoint, there is a number < R G |F/*|„ 
such that 

min min II 2, w\\ v > R. 

Cover Y with finitely many balls B(bj,R), j = 1, . . . , N, for points bj G Y". 

We can now construct E' v . For each j = 1, . . . , N, if bj G Ye, set F' = F^, and put 

AT 

f/, = U%i?)nc„(F;). 

Since Aut c (C v /K v ) preserves the spherical distance, and stabilizes both X and Y, it follows 
that E' v is stable under Aut c (C v /K v ), By construction it is F^-simple, contained in E v , and 
satisfies (pL"l) . D 

Corollarv l0.4l (Fekete-Szego with LRC for Incomplete Skolem Problems) Let K be a global 
field, and let A/K be a geometrically integral (possibly singular) affine curve, embedded in 
A for some N. Let z\, . . . ,zn be the coordinates on A ; given a place v of K and a point 
P G k N (C v ), write \\P\\ V = max(\zi(P)\ v , . . . , \z N (P)\ v ). 
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Fix a place vq of K, and let S C Mr\{vq} be a finite set of places containing all 
archimedean v ^ vq. For each v £ S, let a nonempty set E v C A V (C V ) satisfying condition 
(A), (B) or (C) of Theorem 10.31 be given, and put Eg = Y\ v€S E v . Assume that for each 
v G M K \(S U {vq}) there is a point P G A(C V ) with \\P\\ V < 1. Then there is a constant 
C = C(A,E,s,vq) such that there are infinitely many points a G A(K scp ) for which 

(1) for each v G 5, all the conjugates of a in A V (C V ) belong to E v ; 

(2) for each v G Mk\(SU{vq}), all the conjugates of a in A V (C V ) satisfy ||a(a)||„ < 1; 

(3) for v = vq, all the conjugates of a in *Aj, (C„ ) satisfy \\c{a)\\ Va < C . 

Proof of Corollary 10.41 using Theorem 10.31 

Let A be the projective closure of A, and let C/K be a desingularization of A. Then 
C is a smooth, geometrically integral, projective curve birational to A. Let tt : C — > A be 
the natural morphism; it is an isomorphism away from the finitely many preimages of the 
singular points. For each v G Mr, tt induces a map n v : C V (C V ) — > A(C V ). 

For each v G Mr, and each < R G R, put £?„(#) = {^ G ,A(C V ) : ||x||„ < R}. Let 
2) = A(K)\A(K) be the set of points at infinity for A, and put X = 7r _1 (2J). Then X is 
finite and stable under Aut(K /K ). For each v G -A/f_&;, define a set £"„ C C^(C^) as follows. If 
v G 5, put .E„ = 7r~ 1 (£ , 1) ). If d G A^k-\(<5U{t;o}), (so in particular v is nonarchimedean) , put 
E v = 7r~ 1 (S„(l)). By assumption B v (l) is nonempty, so E v is nonempty and open. Indeed, 
it is an RL-domain, since when we regard each coordinate function Zi(x) as an element of 
K V (C), it is the intersection of the finitely many RL-domains {x G C V (C V ) : |zj(x)|„ < 1} 
(see [51j . Theorem 4.2.15). For all but finitely many v, the curve C v and the functions Zi(x) 
have good reduction (mod v), and the points in X specialize to distinct points (mod v). 
For such v, E v is the X-trivial set. Finally, at the place vq, take a number R > and put 
E Vo = E VQ (R) = 7r~ (B Vo (R)). Clearly each E v is stable under Aut c (C v /K v ) and satisfies 
the conditions in Theorem 10.31 

Let 

E(R) = E V0 {R) x 11 E v . 

Then E(i?) is an adelic set compatible with X. We claim that for all sufficiently large R, 
we have 7(E(i?),X) > 1. Indeed, fix a spherical metric on C„ (C„ ), and let e > be small 
enough that the balls B Vo (xi,e) for Xi G X are pairwise disjoint. If R is big enough then 
Cv Q { ! £-vo)\E Vo (R) will be contained in \J X , eX B Vo (xi,e), and in that case the local Green's 
matrix T V0 (E V0 (R), X) will be diagonal. By letting R — > oo we can make the diagonal 
entries arbitrarily large and negative. If R is sufficiently large the matrix r(E(i?),X) will 
be negative definite. Taking C = R for such an R and pushing forward the points produced 
by Theorem 10.31 yields the Corollary. □ 

Theorem 11.21 (FSZ with LRC for Quasi-neighborhoods) Let K be a global field, and let 
C/K be a smooth, connected, projective curve. Let X = {x±, . . . ,x m } C C(K) be a finite 
set of points stable under Aut(K/K), and let E = IT^-Eu C n«^(^) ^ e an a-delic set 
compatible with X, such that each E v is stable under Aut c (C v /K v ). 

Suppose 7(E, X) > 1. Then for any K -rational separable quasi-neighborhood U of E, 
there are infinitely many points a G C(K sep ) such that for each v G Mr, the Aut(K/K)- 
conjugates of a all belong to U v . 

Proof of Theorem II. 21 using Theorem 10.31 
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The idea is to adjust the sets E v within their separable quasi-neighborhoods U v (see 
Definition II. ip , and reduce Theorem 11.21 to the case where the E v satisfy the conditions of 
Theorem 10.31 In particular, in the nonarchimedean case, we may need to pass from infinite 
algebraic extensions F W JK V to ones of finite degree. 

Assume Theorem 10.31 is true. Let E = JT E v be a ET-rational adelic set compatible 
with X, and let U = JT U v be a K-rational separable quasi-neighborhood of E, for which 
the hypotheses of Theorem 11.21 hold. We will construct a new adelic set E' = Y\ v E' v C U 
such that the hypotheses of Theorem 10.31 hold for E'. Let S C Mk be a finite set of places 
containing all archimedean places and all nonarchimedean places where E v is not X-trivial. 
For each v $ S, put E' v = E v . 

By hypothesis, t~(E,X) > 1. Let T range over all symmetric matrices in M m (M). By 
(|3.49p there is an e > such that for any T whose entries satisfy Ty < T(K,X)ij + e for all 
i,j, we have val(r) < 0. Choose numbers e v > for v E S such that X^eS £v ^°s(Qv) < e - 
In constructing the sets E' v for v G S, to assure that 7(E',X) > 1 it suffices to arrange that 

, s ( G(xi,Xj;E' v )_< G(xi,Xj;E v ) + e v for all « ^ j , 

1 ' J 1 V^(^) < F Xi (£„) + e„ for each i. 

We will now construct the sets E' v for v E S. 

Case 1. If A't, = C, then U v C C t ,(C) is open. By Proposition I3.26f 4). there is a 
compact set H v C E v such that 



(4.3) 



{ 



\G(xi,Xj;Hv) - G(xi,Xj] E v )\ < e v for all i / j 
\V X .(H)-V X .(E V )\ < e v for each i . 



For each a S i^, there is an r a > such that the closed ball B{a,r a ) is contained in U v . 
The corresponding open balls B(a,r a )~ cover .ff^. By compactness, finitely many of these 
balls, say B(ai,r ai )~, . . . ,B(a n ,r an )~ also cover H v . Let 

E' v = B( ai ,r ai )\J---UB(a n ,r a J C U v . 

Each B(ai,r ai ) is compact, has a smooth boundary, and is the closure of its interior, so 
E' v satisfies the conditions of Theorem 10.31 Since H v C E' v , the monotonicity of Green's 
functions (Lemma I3.21J) shows that 14.21 holds. 

Case 2. If K v = R, then the quasi-neighborhood U v of E v is the union of a set U v> $ 
open in C V (C) and a set U v> ± open in C^(R). Since U v is stable under complex conjugation, 
so is U Vt o. By Proposition 13.261 ^4). there is a compact set H v C ^ for which 

.... ( \G(xi,Xj;Hy)-G(xi,Xj;E v )\ < e v /2 for alii / j , 

{ ' ' \ \V Xi (H v )-V Xi (E v )\ < e v /2 for each i. 

We will construct the set E' v in two steps. First, put H v \ = H v \U Vt o; it is compact and 
contained in U v> i. Next, for each r > 0, put H v fi(r) ={i£ i? w : \\x, z\\ > r for all z G ^,i}' 
and let 



#„(r) = H Vj0 (r)UH v . 



Then H v $(r) is contained in U Vi o, and H V) o(r) and H v (r) are compact. 

The sets H v {r) increase as r — )• 0, and they form an exhaustion of H v . Choose a sequence 
r i > r 2 > • • • > with linim-j.oo r m = 0. By Proposition 13.221 if we take M sufficiently large 
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and put X v = H v (tm), then 



(4.5) 



\G(xi,Xj-,X v ) - G(xi,Xj-,H v )\ < e v /2 for alii / j 
\V Xi (X v ) - V Xi (Hv)\ < £v/2 for each i . 



For each a G -H^o^M )> there is an open ball B(a, r)~ whose closure B(a, r) is contained 
in U v fi. Finitely many of these balls, say B(a±,ri)~, . . . ,B(a mo ,r mQ )~ cover H Vt o(rM)- 
For each a £ T„i, there is an open interval I a C C„(R) containing x, whose closure I a is 
contained in U v \. Finitely many of these intervals, say 1^, . . . ,Ib m , cover H v \. Put 



mo mo 



E' v = (|J J B(a i) r i ))u(|J J B(aI,r i ))u(l 6l U...Ul 6mi ) . 

i=l i=l 

Then £^, is compact, stable under complex conjugation, and contained in U v . By construc- 
tion, it satisfies the conditions of Theorem 10.31 Hence (|4.4p and (J4.5J) . together with the 
monotonicity of Green's functions, show that (|4.2p holds. 

Case 3. If ET„ is nonarchimedean, then the quasi-neighborhood U v has the form 

(4.6) u v = u Vj0 u{u Vj xnc v (F Wl ))u---u(u VtD nc v (F WD )) 

where U Vj o, . . . , U v ,d are open in C V (C V ) and each F W( is a separable algebraic extension of 
K v (possibly of infinite degree) contained in C„. By hypothesis, U v is Aut c (C w /i ; f 1) )-stable 
and contains E v . 

In what follows, it will convenient to take F wo = C v , though we will be careful to make 
a distinction between F Wo and the F W( for £ > 1, which are separably algebraic over K v . 
Define a representation of U v to be a collection of pairs (U Vt e,F We ) such that (I4.6P holds. 
We allow the possibility that some of the U v> i n C v (F Wi ) may be empty. We will say that a 
set U Vt i or a field F Wi occurs, if it is a component of one of the pairs. 

There are many representation for U v . We begin by adjusting the given representation 
to make it easier to work with. First, for each finite separable extension F We /K v which 
occurs, there are finitely many intermediate fields K v C G u C F W( . Adjoin each of the pairs 
(U Vj £,G u ) to the representation. Second, a given field may occur in several pairs. Replace 
those pairs with a single pair whose first component is the union of the sets in the original 
pairs. In this way, we can assume that the F Wl are distinct, and that whenever a finite 
separable extension F We /K v occurs, so do all of its sub extensions. In addition, if two finite 
separable extensions F Wj C F Wl occur, then 

(4.7) u vj n c v (F Wj ) c u Vj£ n c v {F Wl ) . 

We will now construct a new representation {(W V j,F w .)}o<j<n with the same fields 
F Wj , but giving a different decomposition of U v . After reordering the pairs (U Vt e,F We ), we 
can assume that F We /K v is of infinite degree for t = 0, . . . , Dq and that F W( /K V is finite for 
£ = Dq + 1, . . . , D. After reordering them further, we can also assume that for each £, F We 
is maximal among the F w . with j > £ (under the partial order given by containment). 

For each j < Dq, let W v j be the union of all the isometrically parametrizable balls 
B(a,r) such that a E U v j(lF Wj and B(a,r) C U v j. Since isometrically parametrizable balls 
are cofinal in the neighborhoods of a given point, we have W v j (lC v (F Wj ) = U v j (lC v (F Wj ). 
For each j > Dq + 1, note that if k > j, then C v (F Wk ) is compact, hence closed in C V (C V ); 
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put 

(4-8) W vj = U Vii \(\JC v (F Wk j) . 

k>j 

This means that the sets W v j (lC v (F v j) corresponding to finite extensions F Wj /K v are 
pairwise disjoint. However, by the construction of the ordering, for each F Wk with K v C 
F Wk C F Wj we must have k > j. Hence by (|4.7p . we still have 

D 

(4.9) u v = [j {w VJ nc v (F W] )) . 

By Proposition I3.26T 4). there is a compact set H v C E v for which 

, . ( \G{xi,xf,Hv)-G(xi,Xj;E v )\ < e v /3 for alii / j , 

1 ' ' 1 l^^)-^,^,)! < e v /3 for each ». 

We aim to pass from H v (whose structure is completely unknown) to an Aut c (C^/i ; f t ,)-stable 
set E' v contained in U v r\C v (F w ) for some finite galois extension F w /K v , which satisfies (|4.2p 
and has the form required by Theorem 10.31 This will be done in four steps, first shrinking 
H v to a disjoint union of compact sets respecting the decomposition (|4.9p . then enlarging 
those sets by means of a finite covering with balls, then shrinking them again to get a set 
contained in C V {F W ) for a finite galois extension F w /K v , and finally taking the union of its 
conjugates to get an Aut c (C^/iir w )-stable set. 

For the first step, define T v _\ = H v . Put H Vt o = H v n W v $ and put T v $ = H v \W Vt o- 
Inductively, for k = 1, . . . , D, put H v f. = T v ^_i n W Vi k and T v j. = T v ^_i\W v ^- Then each 
T Vt k is compact, and T v ^_i = H v ^ U T v j.. Since H v C W w ,o U • • • U W Uin it follows that 

H v = H Vj q U H Vj i U • • • U H V) d . 

By construction the H v k are pairwise disjoint, but they are not in general compact. 

If Do + 1 < k < D, we claim that H Vtk C W^fc n C v (F Wk ). To see this, note that by 
definition H v>k C F„\(W V) o U ■ ■ ■ U W„,fc-i). From P~9j) it follows that 

H«,* c (J (w^nc„(i^.)) . 

However, also H Vjk C W,,^, and by (|4.8|) this means that iJ^jt n (^(F^) = for j = 
k + l,...,D. Hence H v>k C W„ ifc n C^F^J. 
For each r > and each k = 0, . . . , n, put 

Hv,k( r ) = ( z£ r i-,fe-i : lk,a||« > r for each a G T„ jfc } C F U)fe , 
and then put 

ff„(r) = (J fl„ )fc (r) . 

fc=0 

Since T V) k-i and T^fc are compact, each H Vt k{r) is compact, and H v {r) is compact. 

The sets H v (r) increase monotonically as r decreases. For each z € H v there are an 
index k such that G _£/"„ & and an r > such that \\z, o|L > r for all a £ T v k - Thus the 
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H v (r) form an exhaustion of H v . Choose a sequence r\ > ri > • • • > with lim m _ s>00 r m = 0. 
By Proposition 13.221 if we take M sufficiently large and put X v = H v (rM), then 

, s J |G r (»i,a;j;X„)-G(xi,a;j;-H„)| < e„/3 for alH / j , 

1 J \ |^(^) - V Xi (H v )\ < e v /3 for each i . 

Combining (|4.10j) and (j4.ll j) gives 

(a -to) / G(xi,Xj;X v )_< G(xi,Xj)E v )\ + 2e v /3 for alii ^ j , 

[ ' ' 1 V X .{X V ) < V Xi {E v ) + 2e v /3 for each i . 

For each k = 0, . . . , D put X^fc = H v ^{tm) C W„^. Then the X^ are compact and 
pairwise disjoint, and 

D 
X v = \^J X v>k . 

k=0 

By the continuity of the spherical distance, there is an R > such that for all k ^ £, and 
all x G X Vi k, y G X v j, we have ||x,y|| t , > R. 

For the second step, we will enlarge X v to a set Y v which is the union of finitely many 
isometrically parametrizable balls and compact sets, as follows. 

If x G X Vj q, then x G W Vt o, and by the definition of W v $ there is an isometrically 
parametrizable ball B(a,r) C JT^o which contains x. By Proposition 13. 2[ C v (Ky Cp ) is dense 
in C U (C„), so we can assume that a G C v (Ki? p ). Since X V) q is compact, finitely many such 
balls -B(ao,i, ?~o,i)i • ■ ■ , -B(oo,m ; r o,m ) cover X^o- Without loss, we can assume that ro/ < R 
and ro,£ G |-K^|u for each I; by construction each a / G C v (Ky ep ). 

If 1 < k < Z?o an d x G X„ 5 fc, then by the definition of W„,fc there is an isometrically 
parametrizable ball B(a,r), with a G W w fc nCu(-Fw fc ) and B(a,r) C f7«fc, such that x G 
B(a,r). By compactness, finitely many such balls B(a k> i,r k> i), . . . ,B(a k>mk ,r kt m k ) cover 
-^■ufc- Without loss, we can assume that r k n < R and r k £ G |-f^*|u fo r each k,£. By 
construction each a kj £ G C v (F Wk ). 

If .Do + 1 < k < D, and x G X v k , then x G -ff^fc an d by the discussion above we 
have x G W Vjk (~)C v (F Wk ). As W V) fe is open, there is an isometrically parametrizable ball 
centered at x for which B(x,r) C W v k . By the properties of an isometric parametrization, 
S(x, r)nC v (F Wk ) is open in C v (F Wk ). Since X^ is compact and contained in C v (F Wk ), there 
are finitely many of these balls, say B(a k>1 ,r k ,i), ■ ■ ■ , B(a k>mh ,r k>mk ) for which 

(4.13) X^ C (J^afc^rfc^nC^J^J) . 

e=i 

Again we can assume that r k £ < R and r k £ G |-f^^|u for each £; by construction each 
a k,e S C v (F Wk ). The right side of f|4. 13j) is contained in W v>k n C v (F Wk ), hence in U v . 
Put 



iy "ife u rn k 

Yv = (U (U- B (°*^ r M))) u ( U (U B ( a M. f M) nC «(^ 



fc=0 £=1 fc=D +l 

Here we have purposely omitted the intersection with C v (F Wk ) for the balls B(a k /, r k ,i) with 
A; < Z?o- This means that Y„ need not be contained in U v . However, Y v contains X v . By 
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the monotonicity of Green's functions, together with (|4.12p . this gives 

G(xi,Xj] Y v ) < G(xi, Xj] E v ) + 2e v /3 for all i 7^ j , 



(4 ' 14) I V Xi (Y v ) < V Xi (E v ) + 2e v /3 for each i . 

For the third step, we will cut Y v down to a set Z v contained in U v CiC v (F w ), where F w 
is a suitable finite galois extension of K v . By construction, Y v is the union of finitely many 
isometricaHy parametrizable balls whose radii belong to |-KT*|i,, and finitely many compact 
sets. By ( |51| . Theorems 4.2.16 and 4.3.11), it is algebraically capacitable. However, the 
proof of ( |51j . Theorem 4.3.11) gives more: the Green's function of Y v is the limit of Green's 
functions of compact sets contained in finite extensions of K v . An examination of the proof 
shows these sets can be chosen to lie in U v . 

Explicitly, this comes out as follows. Put F m = Kv° p , and put F Wk = F Wk for 1 < k < 
Dq. For each k = 0, . . . , Dq, choose an exhaustion of F Wk by an increasing sequence of finite 
separable extensions F Wkt j/K v : 

F Wk ,i C F Wh>2 C F Wh>3 C ••• C F Wk . 

Without loss, we can assume F Wk> ± is large enough that each of a k ,i, . . . ,a kjTnk belongs to 
Cv(F Wkt i). For each j = 1, 2, 3 • • • , put 

D m k D m k 

Z v,3 = (U {{jB(a kte ,r kte )nC v (F Wk j)))u( \J ( \J B{a k/ ,r k/ ) nC v (F Wk ] 

fc=0 i=\ k=D +l i=\ 

The sets Z v j play the same role as the sets Hj in ( [51j . p. 270), though they are constructed 
somewhat differently. In ( |51j . p. 269) the finite extensions F Wk j (denoted Lj there) were 
made to exhaust the algebraic closure K v , but all that is needed is the fact that for each 
k = 0, . . . , Dq, as j — )■ 00 either the ramification index e w i v ^^ or the residue degree f w / V:k ,j 

of F Wk j/K v grows arbitrarily large. This means that as j — > 00, 

1 1 

, ► 0. 

e w / v ,k,j q J v w/v ' k ' 3 - 1 

Hence the proof of ( |51j . Theorem 4.3.11) shows that if we take J large enough and put 
Z v = Z VtJ then 

. , ( \G(xi,Xj;Zv)-G(xi,Xj;Y v )\ < e v /3 for alii 7^ j , 

{ } 1 \V Xi (Z v )-V Xi (Y v )\ < e v /3 for each i. 

Furthermore, if F w is the galois closure of the composite of the fields F WOt j, . . . , F WD j and 
F WD , . . . , F Wn , then F w is a finite galois extension of K v and Z v C U v n C V (F W ). 

For the last step, let E' v be the union of the Gal(-F<„ //^-conjugates of Z v . Then E' v 
is compact. It is a finite union of sets of the kind in Theorem I0.31 C(2). Since U v is stable 
under Aut c (C v /K v ), E' v is contained in U v . From (14.14[) . (|4.15p . and the monotonicity of 
Green's functions, it follows that (|4.2p holds: that is, 

G(xi,Xj;E' v )_< G(xi, Xj;E v ) + e v for all i ^ j , 
V Xi (E' v ) < V Xi (E v ) + £ v for each i . 

This completes the proof. □ 
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Theorem 11.31 (Strong FSZ with LRC, producing points in E). Let K be a global field, and 
let C/K be a smooth, geometrically integral projective curve. Let X = {x\, . . . , x m } C C(K) 
be a finite set of points stable under Aut(K/K), and let E = ]T -Ey C JT^C^Cu) be an 
adelic set compatible with X, such that each E v is stable under Aut c (C v /K v ). Let S C M.r 
be a finite set of places v, containing all archimedean v, such that E v is X-trivial for each 

v^s. 

Assume that 7(E, X) > 1. Assume also that for each v E S, there is a (possibly empty) 
Aut c (C„ / K v ) -stable Borel subset e v C C V (C V ) of inner capacity such that 

(A) If v is archimedean and K v = C, then each point of c\(E v )\e v is analytically acces- 
sible from the C v (C) -interior of E v . 

(B) If v is archimedean and K v = R, then each point of c\(E v )\e v is 

(1) analytically accessible from the C V (C) -interior of E v , or 

(2) is an endpoint of an open segment contained in E v nC\,(R). 

(C) If v is nonarchimedean, then E v is the disjoint union of e v and finitely many sets 
E V) \, . . . , E v> d v , where each E v ^ is 

(1) open inC v (C v ), or 

(2) of the form U V) i C\C v (F Wl ), where U V) i is open in C V (C V ) and F Wl is a separable 
algebraic extension of K v contained in C„ (possibly of infinite degree). 

Then there are infinitely many points a £ C(K scp ) such that for each v £ M-K, the 
Aut(K J 'K)- conjugates of a all belong to E v . 

Proof of Theorem 11.31 using Theorem 11.21 

Assume Theorem [L2j and let E = Y\ v E v C [],,£„(£„) be an adelic set compatible with 
X for which the hypotheses of Theorem 11.31 hold. In this case, apart from a set of inner 
capacity 0, each E v is itself a separable quasi-neighborhood. 

We will construct new adelic sets E' = ]X K and u ' = U v U vi with E' C U' C E, such 
that the hypotheses of Theorem 11.21 hold for E' and U'. In fact, we will have E' = U' and 
7(E', X) = 7(E, X). Let 5 C Mk be a finite set of places containing all archimedean places 
and all nonarchimedean places where E v is not 3£-trivial. For each v €" S, put E' v = U' V = E v . 

For each archimedean v £ S such that K v = C, the set cl(E v ) is compact and there 
is a Borel subset e v C C V (C) of inner capacity such that each point of cl(E v )\e v is 
analytically accessible from the C„(C)-interior E® of E v . Put E' v = U' v = E®. Since U' v 
is open, it is a quasi-neighborhood of E' v . By Proposition 13.301 for each ( ^ £„ we have 
G(z,(;E' v ) = G(z,C;E v ). 

For each archimedean v € S such that K v = R, the set cl(E v ) is compact and there is a 
Borel subset e v C C V (C) of inner capacity such that each point of c\(E v )\e v is analytically 
accessible from the C„(C)-interior E% of E v or from the C„(R)-interior E\ of E v n C V (M). 
Put E' v = U' v := E® U E\. Since E v is stable under complex conjugation, so are E® and E' v . 
Again U' v is a quasi-neighborhood of E' v , and by Proposition 13.301 for each £ ^ E v we have 
G(z,C;E' v ) = G(z,C,E v ). 

For each nonarchimedean v S S, E v is the disjoint union of a Borel subset e v of inner 
capacity and sets E v i, . . . ,E v ^ n , each of which is either open in C V (C V ) or of the form 
U v> i Pi C v (F Wi ) for some separable algebraic extension F W JK V contained in C V (C V ). Put 
E' v = U' v = E v \ U • • • U E VtU . By assumption, e v is stable under Aut c (C v /K v ), hence so 
is E' v . By its construction, U' v is a quasi-neighborhood of E' v . Finally, by Lemma [3.25| 
removing a set of inner capacity from a set does not change its Green's functions, so for 
each C, £ E v we have G(z, (; E' v ) = G(z, £; E v ) D 
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Theorem 11.41 (FSZ with LRC and Ramification Side Conditions). Let K be a global field, 
and let C/K be a smooth, connected, projective curve. Let X = {x±, . . . ,x m } C C(K) be a 
finite, galois-stable set of points, and letK = Yl v E v C Y\ V C V (C V ) be an adelic set compatible 
with X, such that each E v is stable under Aut c (C v /K v ). 

Let 5, 5', S" C M.K be finite (possibly empty) sets of places of K which are pairwise 
disjoint, such that the places in S'US" are nonarchimedean. Assume thaty(M,,X) > 1, and 
that 

(A) for each v £ S, the set E v satisfies the conditions of Theorem \0.3\ or Theorem \1.3[ 

(B) for each v G S' , either E v is X-trivial, or E v is a finite union of closed isometrically 
parametrizable balls B(ai,r{) whose radii belong to the value group of K* and whose centers 
belong to an unramified extension of K v ; 

(C) for each v G S" , either E v is X-trivial and E v f]C v (K v ) is nonempty, or E v is a 
finite union of closed and/ or open isometrically parametrizable balls fi(oj,rj), B(aj,rj)~ 
with centers in C V (K V ). 

Then there are infinitely many points a G C(K scp ) such that 

(1) for each v G Mr, the Aut(K / K)- conjugates of a all belong to E v ; 

(2) for each v G S' , each place of K(a)/K above v is unramified over v; 

(3) for each v G S" , each place of K(a)/K above v is totally ramified over v. 

Proof of Theorem 11.41 using Theorem II. 31 For each v e S'US", the hypotheses 
in (B) and (C) will enable us to replace the given set E v by sets of the form C V (F W ) n E v 
for suitably chosen finite galois extensions F w /K v , which are unramified if v G 5" and are 
totally ramified if v G S" , in such a way that we still have 7(E, X) > 1. 

More precisely, we claim that we can choose the extensions F w /K v so that the new 
Green's matrix is arbitrarily near the old one. Since 7(E, X) > 1 if and only if T(E, X) is 
negative definite, the new Green's matrix will be negative definite if it is sufficiently close 
to the old one. Thus, the theorem reduces to Theorem 11.31 

The claim is a consequence of explicit formulas for the Robin constants and Green's func- 
tions of the sets in question, derived in ([51]. pp. 353-359) and stated in (|2.70j) of this work. 
Fix a nonarchimedean place v, and fix a spherical metric on C V (C V ). Let H v = B(a,r) C 
C V (C V ) be a closed isometrically parametrizable ball, and take £ G C v (C v )\B(a, r). By ( |51j . 
Theorem 4.3.15, p. 274) isometrically parametrizable balls are algebraically capacitable, and 
by the proof of ( |51j . Theorem 4.4.4) their Green's functions and upper Green's functions 
coincide. Fix a normalization for the canonical distance [z,u;]^. Then there is an R > 
such that B(a,r) = {z G C V (C V ) : [z,a]^ < R}, and in terms of this R (see [51] . p. 357) we 
have 

(4.16) V ( (H V ) -log v (R), 

if z G H v , 



G(Z ' C;i7,;) \log v ([z,a] ( /R) i£z$B(a,r). 

It will be useful to define ujj v [z, £) = V^(H V ) — G(z, £; H v ), so 

(4 17) u„ (z = i ~ log ^ R) tiz^H v , 

Furthermore, if F w /K v is a finite extension with ramification index e and residue degree /, 
if q v is the order of the residue field of K v , and if a G C V (F W ) and r belongs to the value 
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group of F* , then for the set C V (F W ) n H v we have (see [51j . p. 358) 
(4.18) V c (C v (F w )nH v ) = -log v (R) + 



e(ql ~ 1) ' 

M1Q . , . / -log„(i?) + --f- ifzeC^)^, 

(4.19) «c4F„)nH„(^,C) = < r 1 eW"" 1 ) 

More generally, if if„ = U^ 1 i?(oj,rj) is a finite union of closed, pairwise disjoint iso- 
metrically parametrizable balls, write H v ^ = B(a,i,ri); then V^{H V ) and G{z,C,;H v ) can be 
determined by solving the following system of equations for V, s±, . . . , sjy (see [51j . p. 359): 

M , m / 1 = OF + Sl + S 2 + • • • + S N , 

1 ' ' I = y-^WH.^Oj.C) for j = l,...,iV 

By (|51j. Proposition 4.2.7) the solution is unique, and has si, . . . , sjv > 0; in terms of it, 

AT 

G(z,(;H v ) = V-Y,SiUH v>i (z,()- 

1=1 

Similarly, if F w /K v is a finite extension with ramification index e and residue degree /, 
and if the ai belong to C V (F W ) and the n belong to the value group of F* , then we can 
determine V^(C V (F W ) n H v ) and G(z, C',C V (F W ) n -ff„) by solving for T4,, si )tu , . . . , sjv> in the 
following system of equations: 

, . 21 s f 1 = OK, + s 1)W + s 2 ,w H h sat iU , , 

1 = V w - Y^Li Si,wUc v (F w )nH Vtl (a,,0 for j = 1, . . . , N 

By the existence and uniqueness of the equilibrium measure for C v (F w )(lH v (|51j. Theorem 
3.1.12), again the solution is unique, with s\ jW , . . . , sn,w > 0; and 

V c (C v (F w )nH v ) = v w , 

AT 

G(z,C;C„(.F™)ni7„) = V w -^Si, w u Cv ( Fw)r]Hvi (zX) ■ 

i=l 

Comparing the systems (|4.20p and (|4.2ip . as F w passes through a sequence of exten- 

£ 

sions for which l/(e(qi — 1)) — > 0, then the Vq(C v (F w ) n H v ) converge to Vq(H v ) and 
the G(z,C;C v (F w ) n ily) converge (uniformly) to G(z,(; H v ). 

We now apply this to the sets E v for « E S" U 5" in the theorem. 

First suppose E v = [j i=1 B(a{, ri) is a finite union of closed isometrically parametrizable 
balls. Without loss, we can assume the B{ai,r{) are pairwise disjoint. 

If v E S', there is a finite unramified extension F' w /K v with ax, ... , a^ G C V {F' W ), and the 
ri belong to the value group of K* . Letting F w pass through all finite unramified extensions 
of K v containing F' w , for all Xi ^ Xj £ X we can make V Xi (C v (F w ) D E v ) arbitrarily near 
V Xi (E v ), and we can make the G(xi,Xj]C v (F w ) n E v ) arbitrarily near the G(xi,Xj-,E v ). 

Similarly if v G S", then oi, . . . , ajy G C V (K V ). Letting F w /K v pass through a sequence 
of finite, galois, totally ramified extensions for which e w / v —> oo (for example, cyclotomic 
p-extensions, where p is the residue characteristic of K v ), we obtain the same conclusion 
as before. If v G 5" and E v = (Uj=i ^( a «; r i)) U (Ui=jv+i -^( a j; r j)~)> then by exhausting 
the open balls with closed balls B(aj,r'-) and taking a limit as the r' — > rj, we are reduced 
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to the previous case. Note that any compact H v C E v is contained in a set of the form 
(^iLiB(ai,ri)) U (U-J N+1 B(aj,r'-)). Since the upper Green's function G(z,w;E v ) is by 

definition the (pointwise) limit of the upper Green's functions G(z,w; H v ) for compact 
H v C E v , and upper Green's functions are monotonic under containment, G(z, w; E v ) is the 
limit of the Green's functions for the unions of closed balls discussed above, and hence also 
of the Green's functions G(z,w;C v (F w ) n E v ) as F w passes through finite, galois, totally 
ramified extensions of K v . 

Next, consider the case where E v is 3E-trivial. The ^-triviality implies that C v has good 
reduction at v and the points of X specialize to distinct points (mod v). Furthermore, if 
||a:,y||u is the spherical metric associated to the given embedding of C„, then the canonical 
distance (up to scaling by a constant) is given by [x, y]( = \\x,y\\ v /(\\x,(\\ v \\y,(\\ v ) (see [51] . 
p. 91). Relative to this normalization of the canonical distance, j^(E v ) = 1 for each £ ^ E v . 

First suppose v G S' . Let k v be the residue field of the ring of integers of K v , and let 
k v be its algebraic closure. Then k v is the residue field of K™ r , the maximal unramified 
algebraic extension of K v . Write C v for the reduction of C v (mod v). By Hensel's lemma, 
each point oiC v (k v ) lifts to a point in C v (K r "'). Put r = l/q v G \K£\ V . Then for arbitrarily 
large N we can find galois-stable sets of the form H V (N) = \J i=1 B(ai, r) C E v , where each 
Oj G C v (K™ r ) and distinct a% specialize to distinct points (mod v). For each ( ^ E v , and 
each ball B(ai,r), we have B(a,i,r) = {z £ C V (C V ) : [z,a]^ < l/q v }, so by (|4.1T[) 

/ >\ _ / 1 ttze B(ai,r), 

In particular, UB( ai ,r)( a jX) = for each j ^ i. Inserting this in (I4,20p . we find that 
V C {H V (N)) = l/N, and that if z £ E v then v G(z, (; H V (N)) = G(z, (; E v ) + 1/N. Thus by 
replacing E v with H V (N) for a sufficiently large N, we are reduced to a previous case. 

If v G S" , then by hypothesis C V (K V )C\E V is nonempty; fix a G C V (K V )C\E V . Consider the 
open ball B{a, 1) _ C E v . Exhausting it by closed balls B(a,r), and noting that B(a,r) = 
{z G C V (C V ) : [z,a]{ < r} for each ( (£ E v , it follows by (|il6]l that J c (B(a, 1) _ ) = 1. By 
([ST]. Lemma 4.4.7), G(z, (;B(a, 1)~) = G(z,(;E v ) for all z,( $ E v . Thus, by replacing 
E v with B(a, 1)~, again we are reduced to a case considered before. □ 

Theorem 11.51 (Fekete/Fekete-Szego with LRC for Algebraically Capacitable Sets). 
Let K be a global field and let C/K be a smooth, connected, projective curve. Let X = 
{x±, . . . , x m } C C(K) be a finite, galois-stable set of points, and let E = Y\ v E v C Y\ v C V (C V ) 
be an adelic set compatible with X. 

Assume that each E v is algebraically capacitable and stable under Aut c (C v /K v ). Then 

(A) If all the eigenvalues of T(K, X) are non-positive (that is, T(K,X) is either neg- 
ative definite or negative semi- definite), let U = FJ U v be a separable K -rational quasi- 
neighborhood of E such that there is at least one place Vo where E VQ is compact and the 
quasi-neighborhood U Vo properly contains E Vo . If vq is archimedean, assume also that U Vo 
meets each component of C Vo (C)\E VQ containing a point of X. Then there are infinitely 
many points a G C(K scp ) such that all the conjugates of a belong to U. 

(B) If some eigenvalue o/T(E, X) is positive (that is, r(E, X) is either indefinite, nonzero 
and positive semi- definite, or positive definite), there is an adelic neighborhood U o/E such 
that only finitely many points a G C(K) have all their conjugates in U. 
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Proof of Theorem 11.51 using Theorem 11.21 Since each E v is algebraically capac- 
itable, we have t~(E,X) = 7(E, X). Recall that a symmetric matrix V G Mfc(M) with 
non-negative off-diagonal entries is called irreducible ( |51j . p. 328) if the graph on the set 
{1, . . . , k}, for which there is an edge between i and j iff Tij > 0, is connected. By ( |51| . 
Lemma 5.1.7, p. 328) if T is irreducible, then val(r) is positive, 0, or negative, according as 
the largest eigenvalue of T is positive, 0, or negative. 

By re-ordering the elements of X if necessary, we can bring r(E, X) to block-diagonal 
form diag(ri, . . . ,T r ), where each Tj is irreducible. Note that T(E,X) is negative definite if 
and only if each Tj is negative definite, and is negative semi-definite if and only if each Tj 
is negative definite or negative semi-definite. 

If r(E, X) is negative definite, then 7(E,X) > 1, and the result follows from Theorem 
11.21 If each Tj is negative semi-definite, then by enlarging the set E within its quasi- 
neighbor hood U VQ (keeping E VQ stable under Aut c (C„ / K VQ ) , we can decrease all the diagonal 
entries of T(E, X), while either decreasing or leaving unchanged each off-diagonal entry. This 
makes T(E,X) negative definite, and we can again apply Theorem 11.21 

If some Ti has a positive eigenvalue, let X' be the subset of X consisting of all X£ £ X 
corresponding to blocks which have positive eigenvalues. Enlarge each E v which is X-trivial 
to a set E' v which is X'-trivial, and let E' be corresponding adelic set. Since the action of 
Aut (K/K) on X permutes the xg and hence the blocks Tj, the sets X' and E' are galois 
stable. By (|51j, Lemma 5.1.7 and Theorem 5.1.6, p. 328), val(r(E', X')) > and hence 
7(E',X') < 1. The result now follows from Fekete's theorem applied to E' and X' ( |51| . 
Theorem 6.3.1, p. 414). □ 

We now prepare for the proofs of Theorems 11.61 and 11.71 In the following, we assume 
familiarity with Berkovich analytic spaces (see |10j ) and Thuillier's potential theory on 
Berkovich curves ( |64j ). For nonarchimedean places v , Thuillier established the compati- 
bility of capacities for sets in C% n , defined by him in ( |64| ). with capacities for sets in C V (C V ), 
as defined by Rumely in ( j51j ) and used in this work (see ( |64j . Appendix 5.1)). However, 
he did not explicitly state the compatibility of Green's functions. Before proving Theorems 
11.61 and II. 7\ we establish this. 

Recall that for each compact, nonpolar subset E„ C C an and each £ G Q n \E 1) , Thuillier 
( j64j . Theoreme 3.6.15) has constructed a Green's function g( t E v ( z ) which is non-negative, 
vanishes on E„ except possibly on a set of capacity 0, is subharmonic in C an , harmonic in 
C an \(E„ U {(}), and satisfies the distributional equation dd c g^E v — M ~~ <^C wnere ^ is a 
probability measure supported on K. We write G(z, (; E t ,) an for g( ) E v (z), regarding it as a 
function of two variables. 

By abuse of language, we write C^ n for the topological space underlying the ringed space 
Q n . Following Thuillier, let I(C% n ) := Q n \C v (C v ) be the set of non-classical points of Q n . 
Our first proposition shows that Berkovich Green's functions have properties analogous to 
those of classical Green's functions. 

Proposition 4.3. Let K be a global field, and letC/K be a smooth, connected, projective 
curve. Let v be a nonarchimedean place of K , and let C an be the Berkovich analytification 
of C v Xk v Spec(C„). Let E„ C C^ n be a proper compact, nonpolar subset of ' C% n '. Then 

(A) For each C 6 C V (C V )\E V , if we fix a uniformizer g^(z) at (,, then the Robin constant 

V ( (B v r = lim G(z,(;-E v )™ + log(\g c (z)\ v ) 
z->c 
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is well defined and finite. 

(B) For all x, y G C% n \E v with x^y, 

G(x,y;B v r = G(y, x; E„) an . 

(C) Let E^i C E W] 2 6e nonpolar, proper compact subsets of C% n . Then for each y G 
C an \E t , i2 , for all x G C an u>i£/i x ^ y we have 

G(x,y;B vA r > G(x,y;E„, 2 ) an . 

77ms ako /ioWs when y G I(C an )\E 1 , j 2 and x = y. For each Q G C V (C V )\E V ^, 

n(E,,i) an > ^(E„, 2 ) an • 

(D) Let Ki 5 K 2 5 • • • 5 K n • • • D E v be a descending sequence of compact sets with 
D^Li K n = E„. T/ien /or a// x,y £ C an \E„ such that x ^ y, or such that x = y G I(C an ), 

(4.22) lim G(x,n;K n ) an = G(x,y;E„) an , 

and for each ( G C 1 ,(C t; )\E 1 ,, 

(4.23) lim V c (K n ) an = y c (E,) an . 

n— >oo 

(F) Ze£ Ki C K 2 C ■ • ■ C K n • • • C E„ &e an ascending sequence of compact sets with 
U^Li K n = E„. Then for all x, y G C an \E„ suc/i i/iai x ^ y, or such that x = y G I(C an ), 

(4.24) lim G(x,y;K n r = G(x,y;E v )™ , 

n— >oo 

and for each ( G C V (C V )\E V , 

(4.25) lim F c (K n ) an = F c (E,) an . 

n— >-oo 

(F) For eac/i <r G Aut c (C v /K v ), and all x,y G C" n \E t , u>i£/i x ^ y, 
G(a(x),a(y);a(E v )r = G(x,y;E v ) an , 
and for each £ G C V (C V )\E V , if the uniformizer g a (c)( z ) ^ s taken to be cr(g^)(z), then 

V a{0 (a(E v )r« = V c (E v r ■ 

Proof. We first prove (A). When ( G C V (C V )\E V , the existence and finiteness of 
the limit defining V^(E v ) an follows from the construction of gt t E v - see the proof of ( j64j . 
Theoreme 3.6.15), noting that if V is the Berkovich closure of a suitably small isometrically 
parametrizable ball F(£,r) and y is its unique boundary point, the restriction of log(|s^|„) 
to V satisfies dd c \og(\g^\ v ) = 5^ — 5 y and thus coincides, up to an additive constant, with 
the function g^ t y(z) from ( |64| . Lemma 3.4.14). 

We next establish the diagonal case in (D) and (E). Let {K n } n >i be a sequence of 
compact sets such that Ki C K 2 C • • • C K n ••■CE„ and IJ^Li -^n = E«, or Ki D K 2 D 
• • • D K n ■ ■ ■ D E v and f\T=i K « = E„. 

First suppose x = y G I(C an )\E„, and put f2 = C an \{y}. For each compact nonpolar 
K C fi, let C(K, fi) be the capacity defined in ( |64| . §3.6). The construction in ([64], 
Theoreme 3.6.15) shows that g y ^, v {y) = C(E v ,Q)~ l and g yj K„(y) = C(K n ,£l) _1 for all n. 
Bv( [64| . Proposition 3.6.8, parts (ii) and (iv)), we have 

(4.26) C(E v ,n) = lim C(K n ,Q) , 
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so (14T22D and |[P3|1 hold when x = y G 7(0™ ). 

A word is in order concerning the proof of ( |64j . Proposition 3.6.8). For an arbitrary 
subset A C Cl, Thuillier defines 

C*{A,n) = sup C(K,0) , 

compact K C A 

then shows that C*(-,£l) is a Choquet capacity on subsets of CI. Recall that this means 
C*(-,0) is an increasing set function, valued in R>o with C(fl,4>) = 0, such that 

(1) For each increasing sequence Ai C A2 C ■ ■ ■ of arbitrary sets in f2, if A = UnLi ^-n 
thenC*(n,A) =]im n ^ 00 C*(n,A n ). 

(2) For each decreasing sequence of open sets Ui D U2 2 • • • in Cl, if A = (Xv=i ^ n 
thenC*(n,A) = lun n ^ 00 C*{n,U n ). 

In ( |64] . Proposition 3.6.8(h)) Thuillier shows that for a compact subset K C fl, one has 
C(K, Q) = C*(K, 0), and he deduces (J4.26P for descending sequences of compact sets from 
this. His proof uses that K = f]^Li U n for a decreasing sequence of strict open affinoids 
Ui 15 U2 3"OK (see the first line on ( |64j . p. 112)). For a compact set on a Berkovich 
curve over an arbitrary complete valued field k this is not does not always hold (for example, 
if k has an uncountable residue field, take K to consist of a single type II point) but it does 
hold when k = C v . This is because C v has a countable dense set, hence so do C V (C V ) and 
C^ n . Consequently if K C C^ n is compact, then C an \K has countably many components. 
By ([64], Proposition 2.2.3), each component can be exhausted by an increasing sequence of 
strict closed affinoids. Using a diagonalization argument, one sees that K is the intersection 
of a decreasing sequence of strict open affinoids. 

Next suppose £ G C(C V )\E V . Let t be a tangent vector at (, and let Cap^^K) = \\t\\j^ 
be the function defined in ([64], Corollary 3.6.19). By ( [64] . Theoreme 3.6.20), Cap yt (K) 
induces a Choquet capacity on subsets of C% n \{y}. Thus if Ki C K2 C • • • C K n •■•CE, 
and U^°=i K^E^orK^K^.-OKn-.OE^ and f|^° =1 K n = E„, then 

(4.27) lim Cap„ t (K n ) = C a p yt (B v ) . 

Now fix a uniformizing parameter g^{z), and choose t so that (t,g^) = 1. By the discussion 
on ( [64] . p. 175), for each nonpolar compact K C C an \E v , 

V c (Kr = -log(Cap, it (K)). 

This yields (|4T23D and (OB) . 

We next prove a special case of (D). Suppose Ki 5 K2 2 ••• 2 K n • • • 5 E„ is a 
descending sequence of compact sets with HnLi Kn = E^, and that in addition <9K n C 
7(C an ) for each n. Fix x,y £ C an \E v with x ^ y. After omitting finitely many K n from the 
sequence, we can assume that x,y ^ Ki. 

If x and y belong to distinct components of C an \E v , they belong to distinct components 
of C an \K n for all n, so G(x,y;~K n ) an = G(x,y;~E v ) = for all n, and the result is trivial. 
Assume they belong to the same component U of C an \E v . For all sufficiently large n, they 
belong to the same component U n of C an \K n , and without loss we can assume they belong 
to U n for all n. For each n, put 

(4.28) h n (z) = G(z,y;B v r-G(z,y;K n r , 

taking h n (y) = lim z _>j, G(z, y; E v )™ - G(z, y; K n ) an = V y (B v ) an - V y (K n )™ if y G C„(C 
Then h n (z) is harmonic on [/„ in the sense of ( |64j . §2.3). Note that dU n C <9K n , C 7(C 



am 



4. REDUCTIONS 119 

By ([64], Propositions 3.1.19 and 3.1.20), G(z,y;K n ) is continuous at each point of dU n 
and vanishes on dU n , so for each p E dU n 

lim inf h n (z) > . 

zGU n 

Hence the maximum principle for harmonic functions ( |64| . Proposition 3.1.1) shows that 
h n (z) > for all z E U n , and in particular for all z E U\. Similarly, we see that h\(z) > 
h 2 (z) > ••• > for all z£ U ± . 

To conclude the argument, we apply Harnack's Principle (]64j, Proposition 3.1.2) to the 
functions h n (z) on U\. By the diagonal case of (D) shown above, we have lim n _ >00 h n {y) = 0. 
It follows from Harnack's Principle that the h n (z) converge uniformly to on compact 
subsets of Ui , and consequently 

(4.29) lim G(x,y;K n r = G(x,y;E„) an . 

n— >oo 

We can now prove (B), the symmetry of G(x,y; E t) ). Fix x,y E C an \E„ with x / 
y. If x and y belong to distinct components of C an \E„ then trivially G(rc,y;E„) an = 
= G(y,x; E„) an , so we can assume they belong to the same component U. Put E^ = 
C an \17. The characterization of Green's functions in ( |64| . Theoreme 3.6.15) shows that 
G(z,y;E^) an = G(z,y;E v )* n for all z E U; in particular G(x,y;E^) an = G{x, y; E„) an . 

By ([64], Proposition 2.2.23), there is an exhaustion of U by an increasing sequence 
of strict open amnoids domains V\ C V2 C ■ ■ ■ C U with dV n E V n+ \ for each n; without 
loss, we can assume that x,y E V±. By the definition of an affinoid, dV n C 7(C an ) for 
each n. Let gY n (z) be the Green's function of the domain V n defined in (]64j, Proposition 
3.3.7(h)). Then gY n (z) is smooth, vanishes on dV n , and satisfies the distributional equation 
dd c gY n = [iY n — 5 y where /jY n is a probability measure supported on dV n . Put K n = C^ n \V n . 
Again by the characterization of Green's functions in ( |64j . Theoreme 3.6.15), for all z E V n 
we have G(z, y; K n ) an = g^ n {z). 

Here Ki D K2 D ■ ■ ■ D E[f is a descending sequence of compact sets with H^Li K n = 
E„ , and <9K n = dV n C 7(C an ) for each n. By the special case of (E) shown above, we have 

(4.30) lim G(x,y;K n r = G(x,y;E^) an = G(x,y; E,) an . 

A similar formula holds with x and ?/ interchanged. By ([64], Corollary 3.3.9(i)), for each n 
we have g£ n {y) = g^ n {x). Combining these facts shows that G(x,y;~E v ) an = G(y,x;~E v ) an . 

Part (C), the monotonicity of G(x,y,E„) an , follows by a related argument. Let E„ 1 C 
E„ : 2 be nonpolar, proper compact sets of C an . Fix x,y E C an with x 7^ y and y E C an \E„ : 2i 
and let U be the component of C an \E„2 containing y. 

First suppose x 6 17. Putting E^ 2 = Cj^XE^a, let Kj 3 K 2 3 ••• D E^ 2 be a 
descending sequence of compact sets with f]^Li ^n = ^v2 an d 5K n = <9V„ E 7(C an ) for 
each n. By (|4.30p we have 

lim G(x,y;K n ) an = G(x,y; E„, 2 ) an . 

n— >oo 

On the other hand, the same argument that gave (I4.28H shows that 

G(x,y;B vA ) > G(x,y;K n ) an 
for each n. Thus G(x,y;E^!) an > G(x,y;E^ 2 ) an - 
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Now suppose x ^ U. By the characterization of Green's functions in ( |64j . Theoreme 
3.6.15) we have G(z, y; Ej,) an = G(z, y; dU) an for all z. First assume x $ dU. Then x and y 
belong to distinct components of C% D \dU, and trivially G(x,y;E^i) an > = G(x,y;dU) = 
G(x, y; F, v> <2) an . Last, assume x G dU. Since G(z, y; E v> \) and G(z, y; E v $) are subharmonic, 
necessarily they are upper semi-continuous (see |64| . Definition 3.1.5). By what has been 
shown above, 

G(x,y;B Vt2 ) > KmG(z,y;E V)2 ) > HmG(z,i/;E t)) i) = G(x,y;~E Vtl ) . 

zeu zeu 

This establishes the desired inequality in all cases. 

Finally, consider the Robin constants. If £ G C an \E Vt 2, it follows that 

V c (B vA r = limG(x,C;E„, 1 ) an + log(\g c (z) \ v ) 

> limG(x,C;E„, 2 r + log(| 5c (z)|,) = y c (E,, 2 ) an . 

We can now prove (D) in full generality. Since we have already established the diagonal 
case, we only consider the non-diagonal case. Let {K n } n >i be a sequence of compact sets 
with KiDK 2 D--OK„--OE t such that f^Li K n = E„, and fix x, y G C an \E„ with 
x 7^ y. For all sufficiently large n we have x, y $. K n , so after omitting finitely many K n we 
can assume without loss that x, y ^ Ki. 

Let U be the component of C an \E„ containing y. If x ^ [/, then x and y belong to 
distinct components of K n for all n, so G(x, y; K n ) = = G(x, y; E„) for all n, and (|4.22p is 
trivial. Suppose x £ U. After omitting finitely many K n , we can assume that x and y belong 
to the same component U\ of C, an \Ki. For each n, put h n {z) = G(z,y;E v ) — G(z,y;~K n ), 
taking h n (y) = V y (K n ) — V y (E v ) if y G C V (C V ). Then h n (z) is harmonic in U±, and by part 
(C), it is non-negative. By the diagonal case of (D) shown above, we have linij^oo h n (y) = 0. 
Hence Harnack's Principle ( |64j . Proposition 3.1.2) gives that as n — > oo, then h n {z) — > 
uniformly on compact subsets of U\. In particular 

lim G(x,y;K n r = G(x,y;E v ) an . 

n— ^oo 

The nondiagonal case of (E) follows by a similar argument, but uses the topology of 
C an in a stronger way. Let {K n } n >i be a sequence of compact sets with Ki C K 2 C • • • C 
K n • • • C E.„ such that \J™ =1 K n = ~E V , and fix x, y £ C an \E„ with x^y. 

Let T X)V be the union of all paths connecting x and y in C an . Recall that there is a finite 
subgraph S of C an , called its skeleton, such that there is retraction r : C an — > S (see (|64|. 
Theoreme 2.210)). Each component of C an \S is a tree. It follows that T X)V is a graph with 
finitely many edges. 

If x and y belong to distinct components of C an \E„, they belong to distinct components 
of T Xt y\E v . Since T X)V has finite connectivity, there is a finite subset P C E.„ n V xy which 
disconnects x from y. For all sufficiently large n we have P C K n , and for such n it follows 
that G(x,y;K n ) = = G(x,y;E v ), so (|4.24p is trivial. 

Suppose x and y belong to the same component U of C an \E„. For each n, put h n (z) = 
G(z,y;K n ) - G(z,y;B v ), taking h n (y) = V y (E v ) - V y (K n ) if y G C V (C V ). Then ^(z) is 
harmonic in U, and by part (C), it is non-negative. By the diagonal case of (E) shown 
above, we have linin^oo h n (y) = 0. Hence Harnack's Principle gives that as n — > oo, then 
h n (z) — > uniformly on compact subsets of U, and again we conclude that 

lim G(x,y;K n r = G(x,y;E v ) an . 
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Part (F), the functoriality of G(x,y;B v ) an and V^(Ej,) an under Aut c (C v /K v ), is imme- 
diate from the definition of the action of a G Aut c (C v /K v ) on C an through its action on C v , 
and the characterization of g y E v (z) hi ( |64j . Theoreme 3.6.15). D 

The following proposition establishes the compatibility of our Green's functions and 
Berkovich Green's functions. Note that in ([64], Theoreme 5.1.2), Thuillier has already 
established the compatibility of our capacities with his. Throughout ( [64] ) Thuillier uses 
the natural logarithm log(x), while in v-adic constructions we use the logarithm log t ,(x) to 
the base q v in order to have log^(|z|„) G Q for z G C* . This gives rise to a factor of log(q v ) 
in comparing our Green's functions and his. 

Proposition 4.4 (Compatibility of Green's Functions). Let K be a global field, and let 
C/K be a smooth, connected, projective curve. Let v be a nonarchimedean place of K, and 
let C an be the Berkovich analytification of C v Xr v Spec(C„). 

Suppose E v C C V (C V ) is an algebraically capacitable set with positive capacity, and E v 
is its closure in C an . Then E v is a proper compact, nonpolar subset of C an , and for all 
z,( G C V (C V )\E V , 

G(z,C,V v T n = G(z,CE v )log(q v ) , V ( (E v r = V c (E v )log(q v ) . 



Proof. We begin by considering two special cases: compact sets and PL^-domains. 

First, let E v C C V (C V ) be a compact set with positive capacity. Since E v is compact and 
the restriction of the topology on C an to C V (C V ) is the usual f-adic topology, E v coincides 
with its Berkovich closure E„. Fix a point £ G C V (C V )\E V and a uniformizing parameter 
g^(z), and let [z, w]^ be the canonical distance normalized so that lim z _!.^[z, w]^ ■ \g^(z)\ v = 1 
for each w^( (see §3l5h . By definition, our Robin constant is 



Vc(Ev) = inf / / -\og v {[x,y]$)dv{x)dv{y) 

and our capacity is 

ld E v) = Qv 4 
Let /j,£ be the equilibrium distribution of E v with respect to £: the unique probability mea- 
sure on E v which minimizes the energy integral I^(v) = inf y jf — log„([a;, y\A dv{x)du{y) 
(see §3l8p . Then the potential function 



ue v ( z X) = / -]og v ([z,w]^)dft i (w) 

satisfies Ue v (z, £) < Vq{E v ) for all z G C V (C V )\{(}, takes the value V^(E V ) on E v \e v where 
e v is an F-sigma set of inner capacity 0, and has ue v (z, () < Vq{E v ) for all z G C V (C V )\E V . 
In (J3.35P we have defined 



G(z,(;E v ) = V ( (z) - u Ev (zX) = V C (E V ) + J \og v ([z,w]c) d ^H ■ 

In ([64], Theoreme 5.1.5), Thuillier shows there is a unique extension of the canonical 
distance to a function on (C an \{£}) x (C an \{C}), which we will denote [z, w]^ n . The function 
[z,w;]A n is continuous, symmetric, and satisfies dd c log([z,w]f 1 ) = 5 W — 5^ for each w ^ Q. 
Noting that log(cc) = \og v {x)\og{q v ), define 

<%{z) = V c (E v )log(q v )+jlog([z, W ]^)d H (w) 



G(z,C;E v ) = | dog 1 
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for z G C an \{£}. By arguments like those in ([64], Proposition 3.4.16), gf^(z) is subharmonic 
on Q n \{(}, harmonic on Q n \(E v U {(}), and satisfies dd c g^ = ^ - 5^. Clearly g^Az) = 
G(z, £; E v ) log(q v ) for z G C V (C V )\{(}. In particular, it vanishes on E„ = E v except possibly 
on the set e v . By ( |64| . Theoreme 3.6.11 and Theoreme 5.1.2), the set e v is polar. The 
characterization of Green's functions in ( [64] . Theoreme 3.6.15), shows that G(z, £; E„) an = 
9t,E v (z) = g%(z). Thus for all z G C V (C V )\{(}, 

G(z,C;E u ) an = G(z,(;E v )\og(q v ) . 
It follows that V ( (E v ) an = V c {E v )log(q v ). 

Next, let E v C C V (C V ) be a PL^-domain in the sense of ( |51j . Definition 4.2.6): there is a 
nonconstant f(z) G C V (C) having poles only at (, such that E v = {z G C V (C V ) : \f(z)\ v < 1}. 
Given a function f{z) defining E v as a PL^-domain, 

^(/)log„(|/(z)|„) ifzGC„(C)\^ , 
if z eE v , 

where log„(x) is the logarithm to the base q v ; by ( |51) . Proposition 4.4.1), G{z,Q;E v ) is 
independent of the choice of /. The closure of E v in C^ n is E„ = {z £ Cjf 1 : |/(-z)|u < 1} 
and by the discussion on ([64], p. 175) 

G(z,C,E.) _ | Q « ifz G E, , 

where log(x) = ln(x). It follows that for all z G C„(C„)\{C} 

(4.31) G(z,C;E,) an = G(zX;E v )log(q v ) . 
and that 

(4.32) F c ( E -r = F c (E„)log(g„), 

We can now deal with the general case. Let E v C C V (C V ) be an algebraically capacitable 
set with positive capacity, and let E„ be its closure in C an . Note that E v is closed in C V (C V ) 
by ( |51j . Proposition 4.3.15). Since the topology on C an restricts to v-adic topology on 
C V (C V ), this implies that E^ (lC v (C v ) = E v . In particular, E„ is a proper subset of C^ n . 
It is clearly compact, and it is nonpolar since E v contains compact subsets of C V (C V ) with 
positive capacity. 

Fix C G C V (C V )\E V . By ([51], Definition 4.3.2) we have 

inf V C (K) = V C (E V ) , sup V C (U) = V C (E V ) . 

compact K C E v PL c -domains U D E v 

Since the union of finitely compact sets is compact, and the intersection of finitely many 
PL^-domains is a PL^-domain (see ( [51j . Corollary 4.2.13)), there are an ascending sequence 
of compact sets K\ C Ki C • • • C E v with 

(4.33) lim V c {K n ) = V C (E V ) , 

n—s>oo 

and a descending sequence of PL^-domains U\ D U2 2 • • • 2 E v with 

(4.34) lim V c (U n ) = V C (E V ) . 

n— >oo 

By ([51]. Lemma 4.4.7 and Definition 4.4.12), for each z G C V (C V )\(E V U {C}) we have 

(4.35) lim G(z, C; K n ) = G(z, C; E v ) , lim G(z, C; U n ) = G(z, C; E v ) . 
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By the compatibility of Green's functions for compact sets and PL^-domains shown 
above, if K n and U n are the closures of K n and U n in C an respectively, then for all z G 
C 1 ,(C^)\{C} and all n, 

(4.36) G(z, C; K n ) an = G(z, C; K n ) log(^) , G(z, C; U n ) an = G(z, (; U„) log( g „) . 

Clearly 

Ki C K 2 C • • • C E„ C • • • C U 2 C Ui , 
so by the monotonicity of Green's functions proved in Proposition l4.3f C). for all z G C an \{C} 
G(z,C;K!) an > G(z,C;K 2 ) an > ■■■ 

(4.37) > G(z,C;V v T n >••• > G(z,C;U 2 ) an > G(z,C;Uir. 
Combining (Q5|) . (Q6|) and (JOT]) shows that for each z G C W (C„)\(^ U {C}) we have 

G(z,C;E„) an = G(z,C;^)logfe). 

In a similar way, from (|4.33p . (|4.34p . the compatibility of Robin constants for compact sets 
and PL^ domains, and the monotonicity of Robin constants proved in Proposition I4.3f C) . 
we see that 

y c (E„) an = v^iogGfo)- 

D 

We can now prove Theorems 11.61 and 11.71 
Theorem 11.61 (Berkovich FSZ with LRC, producing points in E) 

Let K be a global field, and let C/K be a smooth, geometrically integral, projective 
curve. Let X = {x±,...,x m } C C(K) be a finite set of points stable under Aut(K/K), 
and let E = Y\ v ~E V C Y\ v C an be a K -rational Berkovich adelic set compatible with X. Let 
S C Mr be a finite set of places v, containing all archimedean v, such that ~E V is X-trivial 
for each v ^ S. 

Assume that 7(E, X) > 1. Assume also that E v has the following form, for each v G S: 

(A) If v is archimedean and K v = C, then E„ is compact, and is a finite union of sets 
E Vt e, each of which is the closure of its C V (C) -interior and has a piecewise smooth boundary; 

(B) If v is archimedean and K v = R, then E^ is compact, stable under complex conju- 
gation, and is a finite union of sets E v ^, where each E v ^ is either 

(1) the closure of its C V (C) -interior and has a piecewise smooth boundary, or 

(2) is a compact, connected subset ofC v (M); 

(C) If v is nonarchimedean, then E v is compact, stable under Aut c (C v /K v ), and is a 
finite union of sets E Vi £, where each E Vt £ is either 

(1) a strict closed Berkovich affinoid, or 

(2) is a compact subset of C V (C) and has the form C v (F We ) n B(ag, 77) for some finite 
separable extension F We /K v in C v , and some ball B(ag,ri). 

Then there are infinitely many points a G C(K scp ) such that for each v G Mk> the 
Aut(K/K)- conjugates of a all belong to E„. 

Proof of Theorem 11.61 using Theorem 10.31 For each v G Mr, put E° = E„ n 
C V (C V ). By the hypotheses of Theorem 11.61 E® is algebraically capacitible and satisfies the 
hypotheses of Theorem 10.31 Those hypotheses in turn show that the Berkovich closure of 
E® is Ej,, so by Proposition 14.41 for all Xi ^ Xj G X we have 

G(x u x 3 ;E° v ) = G( Xi ,x r ,E v r , V Xi {E° v ) = ^(E„) an . 
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Put E° = Jl^^S- Then E° is a if -rational adelic set compatible with X and has 
j(FP,X) > 1. By Theorem 11.61 there are infinitely many points a G C(K scp ) such that for 
each v G M.R-, the Aut(K/K )-conjugates of a all belong to E v , hence E„. D 

Theorem 11.71 (Berkovich Fekete/FSZ with LRC for Quasi- neighborhoods). Let K be a 
global field, and let C/K be a smooth, connected, projective curve. Let X = {x±, . . . , x m } C 
C(K) be a finite set of points stable under Aut(K / K) , and letF, = Y\ v E„ C n«^-« n ^ e a com- 
pact Berkovich adelic set compatible with X, such that each E„ is stable under Aut c (C v /K v ). 

(A) If j(K, X) an < 1, there is a K -rational Berkovich neighborhood U = Y\ v JJ V of E 
such that there are only finitely many points of C(K) whose Aut(K/K)- conjugates are all 
contained in JJ V , for each »gMj-. 

(B) 7/7(E,X) an > 1, then for any K -rational separable Berkovich quasi-neighborhood 
U of E, there are infinitely many points a G C(K scp ) such that for each v G Mk, the 
Aut(K j ' K}- conjugates of a all belong to U„. 

Proof of Theorem 11.71 using Theorem 11.21 

We first prove (A). Suppose 7(E, £) an < 1. We begin by enlarging E = Y[ v E v to a set 
E = Y[ v Ft, with 7(F, X) < 1, such that F„ is a strict closed afhnoid for each nonarchimedean 
v. Let e > be small enough that if T G M n (R) is a symmetric n x n matrix whose entries 
differ from those of T(E, X) an by at most e, then val(r) > 1. Fix a nonempty finite set of 
places S of K containing all archimedean places and all nonarchimedean places where ~E V is 
not X-trivial, and choose a set of numbers {e v } v ^s with e v > for each v and J2 v &s £v = e - 

If v is archimedean, put F„ = E^; likewise if v ^ S, so E„ is X-trivial, put F v = E„. 
Suppose v & S is nonarchimedean. By hypothesis E„ is compact, nonpolar, and stable under 
Aut c (C v /K v ). As noted in the proof of Proposition 14.31 the fact that C„ has a countable 
dense set means there is a descending sequence of strict closed affinoids Ki D K2 D " ' 2 E 8 
with f|™ =1 K n = E„. By Proposition !4,3f D). if n is large enough, then for all Xi,Xj G X 
with i / j we have 

and for each xi G X 

i^(E,r-y x ,(K n n < s v . 

Fix such an n. Since K v is dense in C v , the strict closed afhnoid K„ can be defined by 
equations in K v and has only finitely many distinct conjugates under Aut c (C v /K v ). Put 

F„ = f| a(K n ) . 

o-eAut c (c„/x„) 

Since the intersection of finitely many strict closed affinoids is again a strict closed affinoid, 
F„ is a strict closed affinoid with E„ C F„ C K„. By construction it is stable under 
Aut c (C v /K v ). The monotonicity of Green's functions in Proposition 14.31( C) shows that 

\vj[Xi,Xj , j?j v ) K-i\Xi, Xj , J; V J I <C S v , 

and for each xi G X 

\V Xi (E v ) an -V Xi (F v f n \ < e v . 

We now reduce to the classical case. For each v, put F® = F v n C V (C V ). Thus, if v G S 
is archimedean, then F® = F v ; if v G S is nonarchimedean, then F® is an RL-domain 
whose closure in C an is F„, and if v ^ S then F® is X-trivial and again its closure in C an 



\&[Xi, Xj] E.y) — G(xj, Xj] K n ) j < e v 
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is Ft,. In particular, each F® is algebraically capacitable and stable under Aut c (C v /K v ). 
Set F° = f\ v F°. By Proposition 031 the Green's matrices r(F°, X) and T(F, X) an coincide. 
Our choice of e and the e v shows that the entries of r(F , X) differ from those of T(F, X) an 
by at most s. Hence val(F°,X) > 1, and 7(F°,X) < 1. 

By ( |51j . Theorem 6.2.1), there is a function f(z) £ K(C) with poles supported on X, 
such that for each v £ S 

F° C {ze C V (C V ) : \f(z)\ v < 1} , 

and for each v ^ S 

F° C {z G C(C) : \f{z)\ v < 1} . 

For each v £ S, put U„ = {z £ C an : \f(z)\ v < 1}, and for each v <£ S, let XJ V =F V Q {z £ 
C an : |/(z)|^ < 1} be the X-trivial set. Then U = [] W U M is a ET-rational Berkovich adelic 
neighborhood of E. 

We claim that there are only finitely many points of C(K) whose Aut(-fC/iT)-conjugates 
belong to U„ for each v. Indeed, if a is such a point, then \N K i a \/ K (f(a))\ v < 1 for each 
v E 5, and \N K ^ a y K (f(a))\ v < 1 for all v, so 

Yl\N K(a)/K (f(a))\ v < 1. 

V 

By the Product Formula, we must have f(a) = 0. Since / has only finitely many zeros, the 
conclusion follows. 

We now turn to the proof of (B). We are given a compact Berkovich adelic set E = Y\ v Fj„ 
with 7(E, j£) an > 1 and a if -rational separable Berkovich quasi-neighborhood U = J"J U,_, 
of E. In this case, we will reduce the result to Theorem 11.21 by first shinking E, then 
enlarging it within U, and finally cutting back to classical points, obtaining a classical set 
F° = riy-^u C Yl v C v (C v ) with a ET-rational separable quasi-neighborhood U® = Y\ v U® C 
n v C v (C w ) satisfying the conditions of Theorem 11.21 

Since 7(E,X) an > 1, we have val(r(E,X) an ) < 1. Let e > be small enough that if 
r G M n (R) is a symmetric rex n matrix whose entries differ from those of T(E,X) an by at 
most e, then val(r) < 1. Again fix a nonempty finite set of places S of K containing all 
archimedean places and all nonarchimedean places where E„ is not X-trivial, and choose a 
set of numbers {e v } v ^s with e v > for each v and X^es £v = e ' 

If v is archimedean, put F® = E„, and let U® = U„; if v (£ S, so E„ is X-trivial, 
put F° = Uy = Ei v n C V (C V ), so F® and U® are the classical X-trivial sets. For each 
nonarchimedean v £ S, the separable Berkovich quasi-neighborhood U t , of E„ can be 
written as 

u„ = u„, u (f4,i n c v (F wA )) u • • • u (u V)N n n(F W)N )) , 

where U„ : o C C an is a Berkovich open set, U V) i, . . . , U V) n C C v (C v ) are classical open sets, 
and F w> i, . . . ,F w> n are separable algebraic extensions of K v . By hypothesis, U„ is stable 
under Aut c (C v /K v ), which means that U t>i o is stable under Aut c (C v /K v ) as well. Put 

Yv = E^\U„ : o C C V (C V ) . 

Since Y v is compact as a subset of C an , it is compact as a subset of C V (C V ). 

For re = 1, 2, 3, choose a finite open cover of Y v by balls B(x\, l/n)~, . . . , B(xk n , l/re) _ 
and let B(xi, 1/re) - , . . . ,B(x/c n , 1/re) - be the corresponding Berkovich open sets. Put 

K n = (E„\(B(xi,l/n)-U...UB(x fcn ,l/n)-)uy„ . 
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(If Y v is empty, take K n = E„ for each n.) Then Ki C K2 C • • • C K n • • • C E„ is an 
ascending sequence of compact sets with Ur^=i ^n = Ej,, so by Proposition I4.3I TE) there is 
an n such that for all Xi ^ Xj G X with i / j we have 

(4.38) |G(z i ,x^E w ) m -G(s < ,z i ;K n ) aa | < e v , \V Xi (E v )* n - K t (K n ) an | < e w . 
Fix such an n and put 

X^ = K n \(EA(B(xi,l/n)-U...UB(x fcn ,l/n)-)^ 

Then ~K V is compact, X„ C \J v fl, and K n = X„ U Y v . 

Since strict closed afnnoids are cofinal in the closed neighborhoods of a compact Berkovich 
set, which in turn are cofinal in the open neighborhoods of the set, there is a strict closed 
Berkovich affinoid A„ with X„ C A v C U^o- As noted above, each strict closed Berkovich 
affinoid has finitely many conjugates under Aut c (C v /K v ). Since the union of finitely many 
strict closed Berkovich affinoids is either a strict closed Berkovich affinoid or is all of C an 
(see [64], Corollaire 2.1.17), after replacing A„ with the union of its conjugates (which are 
contained in U^o), we can assume that A^ is stable under Aut c (C v /K v ). The intersection 
A v = A v n C V (C V ) is a /^-rational closed affinoid in the sense of rigid analysis. Since each 
rigid analytic strict closed affinoid is an RL-domain (see ( |26j . Satz 2.2) and ( |51| . Corol- 
lary 4.2.14), or Corollary IC . 51 of Appendix ICl below) . there is a function f(z) G C V (C V ) such 
that 

A v = {zG C V (C V ) : \f(z)\ v < 1} , A v = {zG C™ : \f(z)\ v < 1} . 

Since K v is dense in C„, we can assume that f(z) G K V (C V ), and after replacing it with its 
norm to K v , that f(z) G K V (C). Put F„ = A„ U X v . Then F„ C U„. Since K n C F v , the 
monotonicity of Green's functions in Proposition 14.3( C) shows that for all Xi 7^ Xj G X we 
have 

(4.39) G( Xi ,x f ,K n )™ > G(x h x r ,F v )™ , V Xi (K n )™ > V Xi (F v )™ . 
Finally, put 

f° = A v ux v = F v nc v (c v ) , u° = u„nc„(C„) . 

Then F® and U® are stable under Aut c (C v /K v ), and F® C U®. Furthermore U® = (U^o H 
C v (Cv)) U {U v ,i H C v (F Wi i)j U • • • U (U v> n H C v (F W: n)) so U® is a if -rational separable quasi- 
neighbor hood of Fy. Since F® is the union of an RL-domain and a compact set, its closure 
in C an is F v . By ( |51| . Theorem 4.3.11) it is algebraically capacitable. By Proposition 14.41 
for all Xi 7^ Xj G X we have 

(4.40) G( Xi ,x r ,F°) = G( Xi ,x r ,F v r , V Xi (F°) = V Xi (F v ) an . 

Globalizing, take F° = Y\ V F° and U° = T[ v U%. Then F° is a if -rational adelic set in 
Y\ v C V (C V ), and U° is a if -rational separable quasi-neighborhood of F°. Since 7(F, X) an > 1, 
by p~3"8j) . (14391) and (j4~40j) we have 7(F°,X) > 1 as well. By Theorem E21 there are 
infinitely many points a G C(K sep ) whose Aut(K /K )-conjugates belong to U® (hence \J V ) 
for each v. D 



CHAPTER 5 

Initial Approximating Functions: Archimedean Case 

Throughout this section v will be an archimedean place of K, so K is a number field 
and K v = 1 or K v = C Thus C V (C) is a connected, compact Riemann surface. In 
this section we will construct the archimedean initial approximating functions needed for 
the proof of Theorem 14.21 When K v = R, the construction uses results about oscillating 
pseudopolynomials proved in Appendix [Bl 

In Theorem 14.21 we are given a compact, if„-simple set E v C C V (C), of positive inner 
capacity, which is disjoint from X. If K v = C, so E v is C-simple, this means that E v is a 
finite union of pairwise disjoint compact sets E V j, each of which 

(1) is simply connected, has a piecewise smooth boundary, and is the closure of its 
interior. 

If K v = R, so E v is R-simple, then E v is stable under complex conjugation and is a finite 
union of pairwise disjoint compact sets E v i, where each E v i either 

(1) is a closed subinterval of C„(R) with positive length; or 

(2) is disjoint from C„(R) and is simply connected, has a piecewise smooth boundary, 
and is the closure of its interior. 

Since E v is compact we can use the usual Green's functions and Robin constant G(z, Xi]E v ) 
and V Xi (E v ), instead of the upper ones G(z,Xi;E v ) and V Xi (E v ). 

If K v = C, let E® be the interior of E v ; if K v ^ R, let E® be the the union of the C„(C)- 
interiors of the components E v j disjoint from C V (M), together with the C V (U.) -interiors of 
the components E v> i contained in C„(R). We call E® the "quasi- interior" of E v . 

Fix e v > 0. In constructing the approximating functions, we first c replace E v with a 
-RT„-simple set E v C E® such that for each Xi ^ Xj E X 

\V Xi {E v )-V Xi (E v )\ < e v , \G{x i ,x j ]E v )-G{x i ,x j ;E v )\ < e v . 

Substituting E v for E v gives us "freedom of movement" in the constructions below. Next, 
let U v C C„(C) be an open set such that U v n E v = E®. After shrinking U v if necessary, we 
can assume it is bounded away from X, and that its connected components are in one to 
one correspondence with those of E v . If K v = R, we can assume it is stable under complex 
conjugation as well. 

Let s = (s\, . . . ,s m ) be a ^-symmetric probability vector with rational coefficients. 
By a iiVrational (X, s)-function, we mean a function f(z) G K V (C V ), whose poles are 
supported on X, such that if iVj is the order of the pole of / at Xi and N = deg(/), then 
i(iVi,...,iV m ) = s. 

The initial approximating functions f v (z) will be ^-rational (X, s)-functions having 
several properties: 

First, J? log v (\ f v (z)\ v ) will closely approximate Y^JILi s iG{z,Xi] E v ) outside U v . 
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Second, f v (z) will have all its zeros in E®, and satisfy {z £ C V (C) : \f v (z)\ v < 1} C U v . 
If K v = R, we also require that f v (z) have a property like that of Chebyshev polynomials, 
oscillating between large positive and negative values on E® n C v (M) . This means that when 
f(z) is perturbed slightly, its zeros continue to belong to E®. 

Third, for global aspects of the proof of the Fekete-Szego theorem, we need to be 
able to independently vary the logarithmic leading coefficients — independent variability of 
archimedean of f v (z) at the points in X. We define the logarithmic leading coefficient of 
f v (z) at Xi to be 

A Xi (f v ,s) = fim (— log v (\f v (z)\ v ) + Silog v (\g Xi (z)\i 

Similarly, we define 

(m 
( ^ s j G ( z , Xj;E v )) + Si log^ds^ 0)|„) 

= SiV Xi (E v ) + ^2 SjG(xi,Xj; E v ) . 

We will require that for pre-specified numbers j3\, . . . , /3 m belonging to an interval [— S v , 8 V ] 
depending only on E v and U v , 

A x .(f v ,s) = A Xi (E v ,s) + Pi . 

Here the /3{ must be ^-symmetric, but otherwise can be chosen arbitrarily. This "indepen- 
dent variability of the logarithmic leading coefficients" is needed to deal with the problem 
that the probability vector s for which r(E, X)s has equal entries (constructed in §3ll0p . 
may not have rational entries. 

1. The Approximation Theorems 

There are two cases to consider in constructing the initial approximating functions: 
when K v = C, and when K v = M. The case when K v = C follows from results 



Theorem 5.1. Suppose K v = C. Let E v C C V (C) be a C-simple set which is disjoint 
from X and has positive capacity, and let U v = E® be the C V (C) -interior of E v . Fix e v > 0. 

Then there is a compact set E v C U v composed of a finite union of analytic arcs, with 
C V (C)\E V connnected, which has the following properties: 

(A) For each xi £ X 

(5.1) \V Xi {E v )-V Xi {E v )\ < e v , 
and for all Xi ,Xj £ X with xi ^ Xj , 

(5.2) \(j\Xi, Xj] E v ) — &{Xi, Xj] E v )\ < e v . 

(B) There is a 5 V > such that for any probability vector s = t (s\, . . . , s m ) with rational 
entries, and any (3 = *(/3i, . . . ,/3 m ) G [— 5 V , 5 v ] m , there is an integer N v > 1 such that for 
each positive integer N divisible by N v , there exists an (X,s) -function f v (z) G K V (C V ) of 
degree N, satisfying 

(1) for each xi £ X, 

(5.3) KAM = A Xi {E v ,s) + [3i . 
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(2) {z £ C V (C) : \f v ( z )\v < 1} is contained in E®; in particular, all the zeros of f v (z) 
belong to E®. 

Proof. We first construct the set E v . Since E v is the closure of its interior, and its 
boundary is a finite union of smooth arcs, each point of E v is analytically accessible from 
E®. Hence Proposition 13.301 shows that G(z, xf,E®) = G(z,Xi,E v ) for each Xj. By the 
monotonicity of Green's functions, there is a compact set E* C E® such that for all xi / Xj 

(5.4) \V Xi (E*)-V Xi (E v )\ < e v /2, \G(x l ,x j ;E* v ) - G(xi, Xj ;E v )\ < e v /2 . 

The remainder of the construction is a combination of results from |51| . By ( |51| . Propo- 
sition 3.3.2) there is a compact set E v C U v which is a finite union of analytic arcs, with 
C V (C)\E V connected, such that for each Xj. 

(5.5) \V Xi (E v )-V Xi {E*)\ < e v /2, \G{x ilXj -E v ) - G( Xi ,x r ,E*)\ < e v /2 . 

The set E v is obtained by first covering E* with a finite collection of closed discs contained 
in U v , then taking the union of the boundaries of those discs, and finally cutting short 
intervals out of each boundary arc to obtain a set such that C V (C)\E V connected. From 
(f5T4"|) and ([53]) we obtain flED and (J53J) . 

The existence of a number 5 V > 0, and for each rational probability vector s and each 
(3 £ (— 5 v ,5 v ) m , the existence of an integer N v > 1 and an (3£, s)-function f v ${z) £ K V (C V ) 
of degree N v , with the properties in the theorem, is proved in ( [51] . Theorem 3.3.7). After 
shrinking 5 V , one can replace the conditions |/3j| < 5 V in (|51|. Theorem 3.3.7) with |/3j| < 5 V . 
We remark that the independent variability of the logarithmic leading coefficients is based 
on a convexity argument using that — log([z, w]^ is is everywhere harmonic in z, apart from 
logarithmic singularities when z = w or z = Q (see [51] . Lemma 3.3.9). 

Note that properties (Bl) and (B2) are preserved when f v ${z) is raised to a power. 
Given an arbitrary multiple N = kN v we can obtain the approximating function of degree 
N by putting f v (z) = f vfi (z) k . □ 

When K v = M., the approximation theorem we need is as follows. Note that if f(z) £ 
R(Cu), then / is real valued on C V (M). Given a number M > 0, we say that / oscillates k 
times between ±M on an interval I C C V (M) if it varies k times from — M to M, or from M 
to —M, on /. In particular, it has at least k zeros in /. Conversely, if it has exactly k zeros 
in / and oscillates k times between ±M, then each of those zeros is simple. 

Theorem 5.2. Suppose K v = R. Let E v be a compact M-simple set which is disjoint 
from X and has positive capacity, and let E® be the quasi-interior of E v . Fix a C v (C)-open 
set U v such that U V C\E V = E®, and which is stable under complex conjugation and bounded 
away from X. Take e v > 0. 

Then there is a W-simple compact set E v C E® such that C V (C)\E V is connnected, which 
has the following properties: 

(A) For each x% £ X 

(5.6) \V x .(E v )-V Xi (E v )\ < e v , 
and for all Xi , Xj £ X with Xi / Xj , 

(5.7) \G(xi,Xj;E v ) -G(xi,Xj-,E v )\ < e v . 
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(B) Given < 1Z V < 1, there is a S v > (depending on E v , U v , e v , and 1Z V ) such that 
for each K v - symmetric probability vector s = t (s\, . . . , s m ) with rational entries, and for 
each K v -symmetric (3 = *(/3i, • • • , /3 m ) £ [Svi $v] m '> there is an integer N v > 1 such that for 
each positive integer N divisible by N v , there is an (X, s) -function f v (z) G K V (C V ) of degree 
N which satisfies 

(1) For each Xi £ X, 

(5.8) A x .(f v ,s) = A Xi (E v ,s) + Pi . 

(2) {z e C(C) : \f v (z)\ < 1} C U v . 

(3) All the zeros of f v (z) belong to E®, and if E v j is a component of E v contained in 
C V (M) and f v (z) has N{ zeros in E v ^, then f v (z) oscillates N.i times between ±7*^ on E v; i. 

The proof of Theorem l5.2l will occupy the rest of this chapter. For notational convenience 
we identify K v with M, and write log 1) (x) = log(x). 

2. Outline of the Proof of Theorem 15.21 



In this section we sketch the ideas behind the proof of Theorem 15 .21 In £|5l3l we establish 
an independence lemma, and in E J5I4I we give the details of the proof. 

If the M-simple set E v = \Jj? = iE v i has no components in C„(R), Theorem 15.21 follows 
from results in ( |51j ). For the remainder of the discussion below, assume that some E V i 
is contained in C V (R). By standard potential-theoretic arguments, we can construct a K v - 
simple compact set E* C E% such that for each Xi ^ Xj 

\V X .{E*) - V Xi {E v )\ < e v , \G(xi,Xj;E*) - G{xi,Xj;E v )\ < s v . 

In doing so, we can arrange that each of the intervals making up E* nC v (M) is "short", in 
a sense to be made precise later. 

To assist in constructing (j£, s)-functions with prescribed logarithmic leading coefficients, 
we next adjoin a finite number of short intervals to E*, which can be 'wiggled' inside E®. 
We will show that there are finitely many points t\, . . . , td C (E® C\C V (M))\E* and a number 
h > 0, such that if E v i = [tg — h,tg + h] for £ = l,...,d (the intervals are defined using 
local coordinates at the points ty) then the set 

d 

E v := E* v U(\jE v/ ) 
e=i 

meets the needs of the theorem, in particular satisfying \V Xi (E v ) — V Xi (E v )\ < e v for each 
Xi, and \G(xi,Xj] E v ) — G(xi,Xj]E v )\ < e v for each x, / Xj. The points t\, . . . ,td must be 
in "general position" , in a sense to be described in £ J5l3t and h must be small enough that 
the intervals E v ^ are contained in (E® CiC v (M.))\£ and are disjoint from E* and each other. 

We next construct the functions f v (z). The first part of the construction is purely 
potential-theoretic, and is carried out in Appendices Rl and IB1 

Let each [z,w] Xi be normalized so \im z -> Xi [z,w] Xi ■ \g Xi (z)\ v = 1. As in (I3.28p . given a 
probability vector s£ V m ', we define the (X,s)- canonical distance to be 

in 

[^w]x,s = Y[([z,w] Xi ) Si . 
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There is a potential theory for the (X, s)-canonical distance similar to the one for the usual 
canonical distance (see Section!] of Appendix |A~|): 

Let H v C C V (C)\X be any compact set with positive capacity. For each probability 
measure v supported on H v , define the (X, s)-energy by 

IxA 1 ') = // -^og([z,w]x,i) dv(z)dv(w) 



and the (X, s)-Robin constant by 

(5.9) V X)g (H v ) = inf/^» . 

V 

By Theorem IA.21 there is a unique probability measure \ix g which achieves the infimum 
in (|5.9p ; it will be called the (X, s) -equilibrium measure of H v . By the same theorem, the 
(X, s)-potential function 

ux,s( z ) = / -log([z,w]x,g)dvx,s( w ) 



satisfies ux : g( z ) — Vx,s{Hv) for all z, with ux,g( z ) = Vx,s{Hv) on Hv- 

By Proposition IA.51 the (X, s)-Green's function Gx,g{ z ''Hv) '■= Vx t g(Hv) — ux,g( z ) can 
be decomposed as 

in 
(5.10) G x ,g(z;H v ) = ^2 Si G{z, Xi ;H v ) 

and the (X, s)-equilibrium measure of H v is given by 



in 
VX,s = ^2 Sj 



t=i 



where fj, Xi is the equilibrium measure of H v with respect to x%. 

Recall that an (X, s)-function f(z) £ K V (C V ) of degree N is a function with polar divisor 
YliLi Nsi(xi). If the zeros of f(z) are ati, ■ ■ ■ , ajv (listed with multiplicities), then an easy 
symmetrization argument shows there is a constant C such that 

N 

(5.H) \f(z)\ v = C-l[[z,a k ]x,g 

fe=i 

for all z £ C„(C)\X: let £i, . . . , £jv be the points x\, . . . , x m listed according to their multi- 
plicities in div(/). For each permutation tt of {1, . . . , N}, by (J3.25P there is a constant such 
that |/(z)|« = C(n) • Ylk=ii z ^ a k]s,^i k )- Taking the product over all ir, and then extracting 
(N\) th roots, gives (f57TT]l . 

This motivates the definition of an (X, s) -pseudopolynomial (usually we will just say 
pseudopolynomial). Given a constant C and points a±, . . . , a^ G C„(C)\X, the associated 
pseudopolynomial is the non-negative real valued function 

v 



P(z) = P s (z) = C-\[[z,a k ]x„ 



fc=i 
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We write N = deg(P). We call the «& the roots of P, we call div(P) := J2iLi( a i) 



Y^i=i Nsi(xi) the divisor of P, and we call 

1 N 

v {z) = V P {z) := -TJ^2^a k ( Z ) 



fc=l 

the probability measure associated to P. Note that P&(z) makes sense even when the a\~ are 
not the zeros of an (X, s)-function f(z), but it agrees with |/(.z)|„ (up to a multiplicative 
constant) when such a function exists. Furthermore, P^{z) varies continuously with its 
roots. This allows us to investigate absolute values of (X, s)-functions with prescribed 
zeros, without worrying about principality of the divisors. 

For each Xi G X, we define the logarithmic leading coefficient of P{z) at X{ to be 

(5.12) A Xi (P,s) = lim ±-log(P(z)) + Si \og(\g Xi (z)\ v ) . 

We now apply this to the ]R-simple set H v = E v . A detailed study of pseudopolynomials 
is carried out in Appendix [Bj There it is shown that if the components of E v contained 
in C v (R) are sufficiently short (the precise meaning of "short" is given in Definition IB. 151 
in terms of the canonical distance functions [2,10]^ relative to the x^ G X), then by 
potential-theoretic methods one can show the existence of pseudopolynomials which behave 
like absolute values of classical Chebyshev polynomials, and have large oscillations on E v . 

Let D > d be the number of components of E v , and label those in E* as E v ^+i, • • • , E v £>, 
so that E v = [J i=1 E v ^. For each £ = 1,...,D, put <j£ = Hx,s{^v,i)i an d P u t & = 
(o"i, . . . , <td). The following is a specialization of Theorem IB. 181 of Appendix |Bj formu- 
lated using the notation of this section. We write ~z for the complex conjugate of z. 

Theorem 5.3. Suppose K v = R. Assume that X is stable under complex conjugation, 
and that E v C C V (C)\X is K v -simple, with components E v \,...,E v d. Assume also that 
each component E V £ contained in C„(R) is a "short interval" relative to X in the sense of 
Definition I-B.151 

Fix a K v -symmetric probability vector s G V m . For each £ = 1,...,D put o^ = 
fj,%g(E Vt e) and let a = (cri, . . . ,o~d)- Given a K v -symmetric vector n G N write N = 
Nfi = ^2iri£. Then there are a collection of (X, s) -pseudopolynomials 

{Qn{z)} H&N D , 

and numbers < R^t < 1, with the following properties: 

(A) For each n, Q^ satisfies ||Qn||g = 1; with Qa(z) = Qh(~z) for all z G C V (C). The 
roots of Qfi all belong to E v , with ni roots in each E V £. For each E v g which is a short 
interval the roots of Q^ in E v j are distinct, and Q^ varies ni times from R* to to R^ 
on E v>i . 

(B) Let {fik}k£N be a sequence with TVfj, — > 00 and nk/^H k ~~ *■ <?• Then Hindoo Rf lk = 1, 
and the discrete measures w$j, associated to the Qfi k converge weakly to the equilibrium 
distribution fix,S of E v . For each neighborhood U v of E v , the functions j^log(Qfi k (z)) 

converge uniformly to G%g(z,E v ) on C V (C V )\(U V Ul), and for each x\ G X, 

lim A Xi (Q Hk ,s) = A x .(E v ,s) . 

k— >oo 
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Theorem 15 .31 is the potential-theoretic input to the construction. We will call the (X, s)- 
pseudopolynomials Qh{z) given by Theorem 15.31 special pseudopolynomials for E v . 

However, we want to construct (X, s)-functions, not just pseudopolynomials, with large 
oscillations on E v . The second part of the construction addresses this. 

Let TZ V be as in Theorem I5.2I Applying Theorem 15.3} for an appropriate n we obtain a 
pseudopolynomial Q(z) = Qa(z) which varies rig times from 1Z^ to to 1Z^ on each real 
component E v> e of E v . If div(Q) := X^fc=i( a fc) ~~ ^2,T=i Nsi{xi) were principal, then since 
it is ^-symmetric there would be an (X, s)-function f(z) G M(C„) with \f(z)\ = Q(z) for 
all z. Moreover, by Theorem 15.31 the roots of Q(z) in C„(R) are simple, so each time Q(z) 
varies from TZ^ to to TZ^ on a real component of E v , the function f(z) oscillates from 
K* to -TZ* , or from -H*? to K* . 

Of course, it is unreasonable to expect Q{z) to have a principal divisor. We must assume 
from the start that s = (s±, . . . , s m ) G Q m and that JVs£ Z m , but still div(Q) will generally 
not be principal. 

Our plan is to modify Q(z) by scaling it and "sliding some of its roots along C„(R)" to 
make div(Q) principal. In this process, some of the roots may move outside E v , but they 
will remain inside E®. 

In the decomposition E v = E* U (U/=i ^v,e)i write E V £ = [t^ — h,t( + h] in suitable local 
coordinates. Suppose we are given a number r > small enough that [tj> — h — r, ti + h + r] 
is contained in U v and in the coordinate patch of E V £, for each £ = 1, ... ,d. Suppose we 
are also given real numbers e±, . . . ,£d with each \ee\ < r. Then for each z G E Vt i, it makes 
sense to speak of the point z + ei in terms of the given local coordinates. Let £o be another 
small real number, and put e= (eq, . . . ,Ed)- If Q(z) = C ■ Y\. k =i\Zi a k]x,s, define 



(5.13) Q%z) = exp(E ) N -C- JJ [*,<**]*,*. J] J] [z, a k + e e ] x>g . 

Using the continuity of [z, wjz^g, one can choose r so that if each Ee is permitted to vary 
over the interval [— r, r], then Q e {z) oscillates N times from TZ\] to to 1Z^ on U v . (In the 
construction, r will be chosen before h, and h will be much smaller than r.) 

We claim that for sufficiently large N, one can choose e in such a way that div(Q e ) 
becomes principal. If C v has genus g = 0, there is nothing to prove. If g > 0, consider 
how div(Q) changes when Q is replaced by Q e . Let Jac(C„) = T)iv°(C v )/P(C v ) be the 
Jacobian of C v , where Div°(C„) is the set of (C-rational) divisors of degree 0, and P(C V ) 
is the subgroup of principal divisors. Fixing a base point po G C V (M), there is a natural 
embedding ip : C V (C) — > Jac(C„)(C), ip(p) = cl((p) — (po)). Since C v is defined over R, 
the space of holomorphic differentials H l (C v ,C) has a basis consisting of real differentials 
ui,...,ujg G H l (C v ,M). If C C C 9 is the corresponding period lattice, and we identify 
Jac(C„)(C) with CP/C, then 



rp rp 

(pip) = (/ uii,..., uj g ) (mod C) . 

Jvr, Jvr, 
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The embedding ip induces a canonical surjective map 

9 

$ : C v (Cy ->• Jac(C)(C) , $((pi, . . . ,p g )) = E p(ft) . 

t=i 

This factors through the 5-fold symmetric product Sym' 5 ^(C t) ) as 

$ : C(C) fl -»• Sym^(C) -> Jac(C„)(C) 

where the first map is finite of degree 5!, and the second is a birational morphism. Hence the 
image <1>(C„(R) 9 ) contains a ^-dimensional open subset of Jac(C v )(R). On the other hand, 
Jac(C u )(R) is a compact real Lie subgroup of Jac(C„)(C) of dimension at most g. Hence, 
Jac(C.„)(R) must have dimension exactly g, and the identity component of Jac(Cy)(R) must 
be isomorphic to a real torus M 9 /Cq for some lattice Cq C C{\MP, under our identification 
Jac(Cy)(C) — C 9 /£. The component group of Jac(C„)(R) is an elementary abelian 2-group, 
and if Ns€ 2 ■ N m , one can arrange that div(Q) belongs to the identity component. 

Note that since po and the w$ are real, the integrals J p uji(z)dz are real- valued on the 
component of C V (M.) containing pq. 

Now consider what happens when the roots «& £ E V £ = [ti — h,tg + h] are translated 
by En. In terms of the local coordinate at tp, we can write uj\ = h\(z) dz, . . . ,u g = h g (z) dz. 
The resulting change in ip(div(Q)) is 



(5.14) E E (/ "!>■■■> ^)(mod£) 
t=i* k eE v / ak Jak 

" rt e +£ e rti+£e 

-22 N<7 e-U hi(z)dz,..., h g (z) dz) (mod C) 

g—i Jti Jtf 

d 

* E Na e e t ■ (hi(t e ), ..., h g (t e )) (mod C) . 

e=i 

However, it is more useful to consider the normalized lift tp : R d+1 — > R 9 , 

1 d ra k +£i l-OLk+Et 

(5.15) lp(g) := -E E (/ h 1 (z)dz,...J h g {z)dz) 

p—i ,_p J<*k J Oi k 

d 

- E a ^' (M^)>--->m^)) ' 

£=1 

for which 

(5.16) <^(div(Q E ~)) - p(div(Q)) = 7V£(e) (mod £ ) • 

We will show that for sufficiently large N, as e varies over the ball -6(0, r) = {x € R rf+1 : 
\x\ < r }) the image <p(B(Q, r)) contains a fixed neighborhood of the origin in R 9 . Hence the 
non- normalized change N(p{e) varies over a region containing a fundamental domain for £q, 
and £ can be chosen so div(Q e ) is principal. 
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We also need to consider the change in the logarithmic leading coefficients produced by 
passing from Q(z) to Q e (z). Because lim z ^ Xi [z, w] Xi \g Xi (z)\ v = 1 for each Xi, 

A Xi {Q,s) = lim ( — log(Q(z)) + Silog(|gi(z)|) 

m / N \ 

(5-17) = V X ^E V ) + J2^ (Z)Tflog([^.«fc]*i) • 

j=i \fc=i / 

For each 1 < £ < d, consider the contribution of the roots a^ G E V £ = \pi — h, tg + h] to 
(|5.17|) . Recall that o^ = /j, Xt g(E v> e). If N is sufficiently large, Q(z) has approximately A^ct^ 
roots in E v ^. If /i is sufficiently small, the a& belonging to E 1 ^ can be viewed as being 
essentially equal to ti, and will contribute approximately 

m 

^2sjlog([xi,t e } Xj )a e 
i=i 

to (|5.17p . If these roots are translated by ££, and the contributions from all E V £ are summed, 
along with the change due to scaling by exp(eo) Ar , we see that 

d m 



(5.18) A Xt (Q?,s)-A Xi (Q,s) * eo + ^J^Sj ^-log([x u t e ] X] )j 






■ CF^i ■ 



In the next section we will show that t\,. . . ,td can be chosen so that the quantities 
(|5.15p and (15.180 are independent. Given this, a topological argument shows that there 
exist e for which div(Q e ) is principal and such that the logarithmic leading coefficients 
A Xi (Q £ , s) corresponding to distinct orbits Xi can be specified arbitrarily, provided they are 
sufficently close to the A X£ (E V , s). It will also be seen that the construction can be carried 
out uniformly for all s. 

3. Independence 

Let C v /M. and X be as in E j5l21 If m\ points in X are real, and 2m,2 points are in complex 
conjugate pairs, let Xi, . . . , 3t mi + m2 denote the corresponding orbits. 

Fix a ^-symmetric, rational probability vector s, and consider formula (|5.18|) giving 
A Xi (Q £ , s) — A Xi (Q, s). Our first goal is to express the differential 

(5.19) -log([ Xi ,t} Xj )dt 

in terms of meromorphic differentials on the Riemann surface C V (C). 

For each Xi ^ Xj, there is a multi- valued holomorphic function Qij(z) on C v (C)\{xi,Xj} 
whose real part coincides with log([xj, z] x ), and which has pure imaginary periods over 
all cycles of C V (C) and loops around Xi, Xj. (See |58| . or |51j . pp. 64-65). In a given 
coordinate patch, f)jj(z) is only defined up to a pure imaginary constant; however the 
differential d$lij(z) = Gij(z)dz is a globally well-defined differential of the third kind on 
C V (C), which is holomorphic except for simple poles with residue +1 at X{ and residue —1 
at x j . 
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Letting ~z be the complex conjugate of z, and writing r for the permutation of {1, ... , m} 
such that Xi = x T u\, one sees that for a suitable normalization of £l T u\ T ij\(z), 



n r(i),r(J)( Z ) = n i,j( Z ) ■ 

With this normalization, for each t £ C v ( 



\og([xi,t] Xj ) = - (n itj (t) + n T{i)iT(j) (t)) . 

Assuming t is the real part of the local coordinate function z, this means that at a point 

te £ C v ( 



d i n i 

— log([Xj,tJ a 



r {Gi,j(te) + G T(i),r(j)(te)) 



Note that if Xi is complex, and Xj = x T u\, then [xj, t] x . is constant for t £ C V (M). This is 
because [xj, 2] a, . • [xj, z] Xi is constant on C V (C): its logarithm is harmonic everywhere except 
possibly at Xj, x.,-; but the singularities at those points cancel so it is harmonic everywhere. 
On the other hand, applying r to [xi,t] x ., we have [xj,^. = [xj,t] x .. Combining these 
shows [xi,t] x . is constant. Thus the terms with j = r(i) (those for which Xj and Xj belong 
to the same orbit X a ) can be omitted from (|5.18p . 

Given an orbit X a , fix Xi £ X a and define the differential 

(5.20) Hg >a (z) dz= ^ s k - - {G iyk (z) dz + G T(i)>T ^(z) dz) . 

The same differential is obtained if Xj is replaced by t(xj). Clearly Hg a {z) dz is holomorphic 
except at the points in X. If X a = {xj} is real then Hg ta (z) dz has a simple pole with residue 
1 — Sj at Xj; if X a = {xi, x T {j\] is complex, it has simple poles with residue | — S{ at x, and 
x r uy In both cases it has a simple pole with residue — s k at each x k ^ X a . Writing the 
Hs,ai z ) are i* 1 appropriate local coordinates, then for x, £ X a , formula (|5.18|) becomes 

d 

(5.21) K Xi (Q r , I) - A x , (Q, a) S* e + X] #*;«&) ■ ^ ■ 

e=i 

We now ask about linear relations between the meromorphic differentials Hg a (z) dz and 
the holomorphic differentials u)j = hj(z) dz. Put J = g + mi + 7Tt2 — 1, where g is the genus 
ofC. 

Proposition 5.4. For eac/i probability vector s £ P m , i/ie meromorphic differentials 

H S) i(z)dz , ... , Hg^ mi+ni2 (z) dz 

and the holomorphic differentials u)\ = h\(z) dz, ... ,u g = h g (z) dz span a vector space of 
dimension J = g + mi + m^ — 1. If the orbits X\, . . . , X mi are real and X mi +i, ■ ■ ■ , X m , 1+rn2 
are complex, and if Xj zs a representative for Xi, i = 1, . . . , mi + mi, then every linear 
relation among the Hgi(z)dz and the ujj = hj(z)dz is a consequence of the relation 

mi mi+m,2 

(5.22) Y^s i H? ji (z)dz+ V 2siH g ^(z)dz = 0. 

i=l i=mi+l 
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Proof. Note that J = iff g = and X consists of a single point. In that case mi = 1, 
77i2 = 0, and Hgi(z)dz = 0, so (|5.22p holds trivially. Suppose J > 0, and let 



mi+m.2 



(5.23) 



y CiHg^(z) dz + y^djhj(z) dz = 



i=l 



be an arbitrary relation. Considering the residues at the poles x±,... ,x mi+m2 and writing 
t c= (ci, . . . , c mi+m2 ) we see that 



/ 1 



si 



'■nil 



Smi+1 



\ s mi+iri2 



Si 



°mi 



'mi+m2 



-si 



'mi 



-si 



'■nil 



\ 



Smi+1 



'mi+m.j 



Smi+1 



• C 



'mi 



+r?i2 / 



Put C = ci + . . . + c mi+m2 . The equations above imply Cj = SjC if Xj is real, and c% = 2s{C 
if Xj is complex. Conversely, for any C, we obtain a solution by taking a = SjC when Xj is 
real and Cj = 2sjC when Xj is complex, since ^I=i s * + Y^t^mT+i 2s» = 1. 

Now consider the differential X^I=i ™ 2 c iHg^(z) dz. It is meromorphic with pure imag- 
inary periods and at worst simple poles at the points in X. We have just seen that it 
has residue at each Xi, so it is everywhere holomorphic. However, the only holomorphic 
differential with pure imaginary periods is the differential, so 

mi+m2 

J~] CiHg ti (z)dz = . 
j=i 

Inserting this in (15. 23p . we see that ^fci^j^j = 0- Since the ujj are linearly independent, 
the dj must be 0. (If g = 0, there are no holomorphic differentials, and the result is 
vacuously true.) This yields the Proposition. □ 

Corollary 5.5. For any open subinterval I C C„(R)\X, there exist points t±, . . . ,tj £ I 
such that the matrix 



( 1 ffy,i(*i) 



Qs{h,- ■■ ,tj) 



Hg,i{tj) \ 



1 H 



s,mi+m,2 V'l 

hi{h) 



H 



(tj) 



V hg(t 



g\ b i, 



s>i+m 2 

hi(tj) 



kgitj) J 



(5.24) 

is nonsingular. 

Proof. After relabeling the Xi if necessary, we can assume that Si > 0. No nontrivial 

relation of the form 

mi+m 2 g 

y CiHg^(z)dz + y djhj(z)dz = 

i=2 j=l 
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can hold identically on I; otherwise, it would hold identically on C V (C), contrary to Propo- 
sition [531 Hence we can find tx,...,tj G / such that submatrix of (|5.24p consisting of the 
last J rows and columns is nonsingular. But then, row reducing (|5.24p by using the relation 
(|5,22p and replacing the first row with the corresponding linear combination of the first 
77ii + W2 rows, that row becomes (1,0,..., 0). Hence Gg(ti, . . . , tj) is nonsingular. □ 



4. Proof of Theorem 

In this section we will prove Theorem 15.21 By assumption K v = R. We are given a 
-JC„-simple set E v which is bounded away from X and has positive inner capacity, together 
with numbers e v > and < TZ V < 1, and an open set U v C C V (C) such that E v n U v = E%. 
After shrinking U v we can assume it is bounded away from X, and is stable under complex 
conjugation. Note that for each component E v ^ of E v which not contained in C V (M), the 
interior E® „ is one of the connected components of U v . 

The proof has several steps. We use the notation from £15121 E J5I31 



Step 0. If E v has no components contained in C V (M), then Theorem 15.21 follows by the 
same argument as Theorem 15. 1| using the assertions in ( [51] , Proposition 3.3.2) and ( |51| . 
Theorem 3.3.7) that deal with the case where K v = R, with E v and X stable under complex 
conjugation, and /3 and s being ^-symmetric. 

For the remainder of the proof, we will assume that at least one of the components of 
E v is a closed interval in C v 



Step 1. We first construct a i^-simple set E* C E®, whose capacity is close to that of E v , 
such that each real interval in E* is "short" in the sense of Definition IB. 151 

Since each point of E v is analytically accessible from E®, by Proposition 13.301 we have 
G(z,Xi]E v ) = G(z,Xi,E®) for each x» G X. Hence there is a compact subset E** C E®, 
such that for each x% ,Xj £ X with x% ^ Xj , 

(5.25) \V Xi (E**)-V Xi (E v )\ < e v /2 for each i , 
\G(xi,Xj;E**)-G(xi,Xj-,E v )\ < e v /2 for alH ^ j. 

Without loss we can assume that E** is X^-simple (and in particular, stable under complex 
conjugation). Indeed, since E v is -fC^-simple, its quasi- interior E® has an exhaustion by K v - 
simple sets. 

To construct E*, we will need a lemma. Fix a spherical metric \\z, w\\ v on C V (C). For 
p G C V (C) and 5 > 0, write B(p,5)~ = {z £ C V (C) : \\z,p\\ v < 5} . For p G C„(R), let 
I p (S) = {z G C V (R) : \\z,p\\ v < 5} and let I p (S) = {z G C V (R) : \\z,p\\ v < 5}. 

Lemma 5.6. Given a compact set H C C V {C)\X and a number 5 > 0, let H(S) be 
obtained from H in any of the following ways: 

(A) H{5) = {x G C„(R) : \\x,z\\ v < h for some z G H}; 

(B) For some Pl , . . . ,p M G H, H(5) = H\ (Ufcli B(Pk,S)' 

(C) For some P i,...,p M £ C V (R)\X, H(S) = H\J ([jiLjpM 
Then for each X{ G X, 

(5.26) KmV Xi (H(5))=V Xi (H) 

5->0 
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and for each x% 7^ Xj E X, 



(5.27) lira G{xi, Xj ;H{5)) = G(xi, Xj ;H(5)) . 

PROOF. This follows from ([51] , Corollary 3.1.16, p. 149, Proposition 3.1.17, p. 149, and 
Lemma 3.2.6, p. 158). □ 

We next show that we can assume that each component of E** contained in C v (K) is a 
"short" interval. Let C(E V ,X) be the number gotten by taking H = E v in formula (jB.lOlj) . 
and put 



B = B(E V ,X) = wm(l/C(E v ,X),l/y/2C(E v ,X)) . 

Then any closed subinterval of E** n C V (R), with length at most B under \\z, w\\ v , is 
"short" in the sense of Definition IB. 151 Choose pi, ■ ■ ■ ,Pm E E** C\ C v (M) such that 
(E** n C v (R))\{pi, . . . ,pm} is composed of segments of length at most B. Lemma IBTdT B) 
then shows that by deleting small open balls about the pk, we can find a ^-simple compact 
set E* C E** such that each real interval in E* is "short", and 

(5.28) \V Xi (E*)-V Xj (E v )\ < e v for each i , 
\G(xi, xj; E*) - G(xi, Xj;E v )\ < e v for all i^j. 

This set E* meets our needs. 

Step 2. The choice of t±, . . . , t^. 

As in 3SE1 put J = 9 + TUi + vn-i — 1. Then J > 0, with J = if and only if g = and 
X = {xi}. In that situation every divisor of degree is principal, and the variation in the 
logarithmic leading coefficient at x\ is accomplished by scaling alone (e.g. via eo in (|5.48[) 
below). If J = 0, take d = and ignore all constructions related to points te in the rest of 
the proof. 

Assume now that J > 1. Fix a closed interval I C (E®nC v (^))\E* with positive length. 
This interval will play an important role in the construction below; the points ti, and the 
intervals we construct below, will belong to it. 

Fix a local coordinate function zona neighborhood of /, in such a way that z is real- 
valued on /. Write the differentials Hg^(z) dz and uij(z) = hj(z) dz from §5131 in terms of z. 
Translations of points, z 1— > z + e, will also be understood relative to this coordinate. 

Let V™ C V m denote the set of K v -symmetric real probability vectors. If sq E V™ and 
p > 0, let B(sq, p) C W m denote the open Euclidean ball about so with radius p. 

For a given so E V™, Corollary 15.51 shows we can find points t±,...,tj in the interior 
of I such that the matrix Qg (t) defined there is nonsingular. Fixing t = (t±, . . . ,tj), the 
function Wf(s) := det(Qg)(i) is continuous for s E V™, so there is a p = p(sq) > such 
that det(Gg)(t) is nonsingular for all s E V™ f) B(sq,p). Moreover, |det(£7|{t)| is uniformly 
bounded away from if we restrict to s E V™f]B(sb,p/2). Since V™ is compact, we can 
cover it with a finite number of balls B(sq,p(so)/2). Let T = {t\, . . . ,td} be the union of 
the sets {t±, . . . , tj} associated to these sq. 

The set E v will have the form 

d 

(5.29) E* v (h) := E*\J(\J[t t -h,t e + h]) 

e=i 
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for a suitably small h which we will construct below, where the intervals [ti — h,t£ + h] 
(defined in terms of the local coordinate function z) are contained in the interior of / and 
are pairwise disjoint. 

However, before proceeding further, we note two facts concerning T: 

First, given a square matrix Q with real entries, denote its 1? operator norm by 

ll^ll = max \Qx\ . 
|2|=i 

By the construction of T, there is a constant B\ such that for each s G V™, we can find 
J points in T such that the corresponding matrix Qg(i) from Corollary 15.51 is nonsingular, 
and 

(5.30) Il£f(i) -1 || < #1 • 

Second, for all sufficiently small h, there are a priori bounds on the relative mass which 
the (X, s)-equilibrium distribution of E*(h) gives to each segment ei(h) := [ti — h,ti + h]. 
This is a consequence of potential-theoretic results in Appendix A|2j as follows. 

If I = [a, b], fix a number r$ > small enough that 5ro is less than the minimum of the 
distances \tj~— 1(\ for tk ^ ti £ T, and such that 2tq is less than the minimum of the distances 
to the endpoints, \ti — a\, \tg — b\, for each ti G T- Thus the intervals e^(2ro) C U v are 
bounded away from each other, and are contained in the interior of / so they are bounded 
away from E*. We will also require that ro be small enough that each e^(2ro) is "short" in 
the sense of Definition IB.151 permitting the construction of oscillating pseudopolynomials. 

Consider E*{2ro): it is ^-simple (so in particular C„(C)\.E*(2ro) is connected), and 
each of the segments e^{2ro) is a component of E*(2ro). Put 

(5.31) B2 = min min min G(z, x»; E*(2rQ)\ee(2ro)) . 

l<i<m l<£<d z£e t (2r ) 

Then B2 > 0, and by the monotonicity of Green's functions, for each < h < 2ro each X{ 
and each £, we have G(z,xf,E*(h)\ee(h)) > B^ on ee(h). 

By Proposition IA.51 V%g(E%) is a continuous function of s, so there is a finite upper 
bound -B3 for the values V%g(E*) as s ranges over the compact set V™. Trivially 

VxAKW) < V x 4E* v (h)\e e (h)) < V Xjg (E*) < B 3 

for all h, £, and s. 

By Lemma lA.81 there is a constant A > such that for all Xi 6l, all £ = 1, . . . , d, and 
all sufficiently small h > 0, 

-log(h)-A < V x .(e e (h)) < -log(h) + A. 

In particular for all sufficiently small h, and all X{ G X, 

V Xi (e e (h)) > V Xi (E* v ) > V Xi {El{h)\e,{h)) , 

validating the hypothesis of Lemma IA.7I 

For a given s£ V™, let Hx,s,h ^ e ^ ne (^> s)-equilibrium distribution of E*(h). Then by 
Lemma lA. 6j there is a constant C such that for each sufficiently small h, 

( <u\\ <r VxAE* v (h))+C B 3 + C 



Vx,M(h)) + C - -log(h)-A + C 
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Likewise, by Lemma I A. 71 for sufficiently small h, 
fJ>X,s,h(ee(h)) > 



> 



2(V X) g(E*(h)\e e (h)) + C)(V Xt3 {et(h)) + C + 2B 2 ) 
(B 2 ? 



2(B 3 + C){- \og{h) + A + C + 2B 2 ) 

Put 

K w\ R 3d-(B 3 + C) 2 
(5.32) B, = ^ . 

Then there is an /io > such that for each s G V™, each £ = 1, . . . , d, and each < h < ho, 

( ,oo^ Vx,s,h(U d k=1 e k (h)) 

{5.66) < B 4 . 

Hx,sM e e( h >) 

The parameter h will be chosen in Step 4 below. Given < h < ho, we will put 
E v = E*(h) = Ui=i Ev,e, where E V) i = [t e - h,t e + h] for £ = l,...,d and E Vjd+1 , ... , E VjD 
are the components of E*. We can apply Theorem 15.31 to E*(h), constructing (X,s)- 
pseudopolynomials Q(z) with large oscillations on the real components of E*(h). 

Step 3. The choice of r. 

In later stages of the construction, we will need to move some of the roots of the 
pseudopolynomials Q(z), in order to make their divisors principal and vary their logarithmic 
leading coefficients. We now define a number r which governs how far we can move the 
roots. 

Let < 1Z V < 1 be the oscillation bound required in the Theorem. Fix a number 1Z V 
with 1Z V < TZ V < 1, and put Ai = \og{TZ v ) — \og(JZ v ). Recall that U v is the open set for 
which E® = E v n U v . Consider the set E* U /, which is contained in U v . The Green's 
functions G(z,Xi;E* U /) are continuous, and are positive in the complement of E* U /. 
Since dU v is compact and disjoint from E* U /, there is a A2 > such that for each Xi £ X, 
and z $l E* U /, we have G(z, Xi\ E* U /) > A2. For each Xi G X, recall that there is a C°° 
function rji(z,w) such that log([z,w] Xe ) = log(|z — w\) + r]i(z,w) onlxl. 

Let r be a number in the range 

(5.34) < r < r , 

(so in particular, the intervals e^(r) are pairwise disjoint, contained in /, and are "short" in 
the sense of Definition IL3.15[) , which satisfies 

(5.35) r < min(Ai,A 2 )/3 , 

and which is small enough that for each X{ E X, the following six conditions hold: 
(1) for each tg G 7", and each w G E*, 



max log([z,w] Xi ) - min log([z,w] Xi ) 

z£e e (r) z£e e (r) 



(5.36) 

(2) for each t^ G 7", each t k 7^ ti G 7", and each w G e k (2r 



< Ax/2 ; 



(5.37) 



max log([z,w] Xi ) - min log([z,w] 

z£e e (r) zee e (r) 



< Ax/2 ; 
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(3) for each ti G T, 



(5.38) 



max r]i(z,w) — min r]i(z,w] 

z,wdei{2r) z,w£ei(2r) 



< Ax/2 ; 



(4) for each Xi / Xj G X, and for each tg G T and each z G e^(2r), 



(5.39) (log([x i ,2:] :rj )-log([xi,^] a;j ))-( z -^)- -37 log([xi,t] Xj ) 



t=t, 



< 



(5) for each ujj = /ij(z) cte, and for each ti G T and each z G e^(2r), 



(5.40) 



|/jj(2)-/lj(^)| < 



24,B 1 B 4 VJTT ' 



24£ 1J B 4V / JTl 



(6) for all z G (9C/^ and all wi,W2 £ E* U I with ||u;i, t^2 1 1 1> < r, 
(5.41) \log([z,w 1 ] Xi )-log([z,w 2 } Xi )\ < A 2 /3. 



Conditions (1), (2), and (3) hold for all sufficiently small r by the continuity of the 
functions log([z,w] Xi ) and rji(z,w). Condition (4) holds for all sufficiently small r since the 
functions log([xj, t\ x . ) are C°° on the intervals ei{2ro). Condition (5) holds for all sufficiently 
small r by the continuity of the hj(z). Condition (6) holds for all sufficiently small r since 
the functions log([z,w] Xi ) are uniformly continuous for (z,w) G dU x (E* U /). 

Fix such an r. By our assumptions on E* and r, for each < h < r we can apply 
Theorem 15.31 to the set E*(h), constructing (X, s)-pseudopolynomials Q{z). Recall if s G 
VT, then G x 4z,E* v (h)) = TZi^G(z, Xl ;E* v {h)). 

Proposition 5.7. Let r be as above. Given < h < r, put E v = E*(h) = E* U 
Ui=ifo ~ h,tp + h\. Let e = (eo)£ii • • • ^d) G M d+1 be such that \e(\ < r for each £, and put 
E v (s) = E* U lj£=i[^ + ££ — h,ti + ei + h]. Write E Vi i, . . . , E v ^ lor the components of E v , 
where E v ^ = [tg — h,m£ + h] for I = 1, . . . , d, and E v ^+i, • • • , E v> d are the components of 
E*. Write E Vi \{e), . . . ,E v ,d{e) for the corresponding components of E v (e). 

Fix s G V™. Given n= (rn,...,n D ) G N D , let Q{z) = Q H {z) = C ■ ]J^ =1 [z, a k ]x,s 
be an (X, s)-pseudopolynomial with n£ roots in E v £, for £ = 1,...,D. Suppose that Q(z) 



>N 



oscillates n£ times from 1Z to to 7Z\j on each component E v £ of E v contained in C v ( 



Oil 



d that \jj log(Q(z)) — G% y g(z, E v )\ < r for each z G dU v . Put 



(5.42) Q £ (z) := e N£ °-C- ]J [z,a k }^l[ II [*><** + £ l]x,i 

XiSE* 1=1 a k £e e (r) 



Then Q £ (z) has ri£ roots in each E v ^{e), Q £ (z) oscillates ri£ times from 1Z to to 1Z 
each component E v £{e) contained in C v (Jl), and {z G C V (C) : Q £ {z) < 1} C U v . 



,N 



on 



Proof. By its construction, Q £ {z) has n£ roots in E v ^(e), for each £ = 1, . . . ,D. Note 
that since \ei\ < r < ro, if a k G [te — h,te + h], then a k + ££ G [t£ — 2ro, tt + 2ro]. We first 
show that Q £ (z) oscillates n£ times from 1Z to to 1Z\] on each real component E v ^(e). 
There are two cases to consider. 
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First suppose that 1 < £ < d, so that E v ^ = [ti — h,t£ + h] and E v ^{e) = [te + e^ — 
h, ti + si + h]. Let zq G [t^ — h,tg + h] be a point where Q(zo) = 7^- By (J5.37P and f|5.38|) . 

llog(Q £ >o + ££))-^log(Q(zo)) 



. m 

+ 77^ S ^Si|log([z + Q,afc + £jk)-log([zo,afc] 

i=l a fc e[%-/i,t,-+/i] i=l 

+ Ji ^ ^2 s i\^ z o + £ ^ a k + e e) -Vi(zo,a k )\ 

a k £[t e -h,t e +h] i=l 
^ m 

< r + — ■ N ■ ^ Sj • r = 2r < Aj . 



i=l 

Since ^log(Q(^o)) = log(7?. v ) and log(7t„) — Ai = log(7£„), it follows that -^ log(<3 e (.zo + 
££)) > log(7^y). If Q(^) takes the values 7*^, 0, 1Z^ at successive points zq, a k , and 2J of 
\pi — h,te + h], then Q e (z) takes values > 7*^, 0, > 1Z^ at the points zq + e^, a^ + eg, and 

Zq + £i in [t^ + £-£ — h, t£ + £■£ + h] . 

Next suppose £ > d + 1, so E v i(e) = E v % is a component of E* contained in C V (U). Let 
zq G J3„^ be a point where Q(zo) = ~R-v • By (I5.36p . 

llog(Q £ >o))-^log(Q( 20 ))| 



- l e °l + ]vX] X] X3 Si l ^gt^o,"^]^,) — log([^ , "fc + e^] a 

1=1 a k £e£(h) i=l 



_. m 

+ N' N '^2 Si ' r = 2r < Al ' 



< r N 

i=\ 

By the same argument as before, we conclude that -^ log(Q e (2:o)) > log(7?„). Hence if Q(z) 
takes the values 7?.^, 0, TZ^ at successive points zq, a k , z' in -E„,£, then Q e (z) takes values 
> TZy, 0, > 7£^ at those points. 

Finally, we show that {z G C V (C) : Q e {z) < 1} C [/„. The function -^ log(<5 e (z)) is 
harmonic on C^(C)\(^(e) U X). For each x% G 3£, if Si > then lim^-^ -^ log(Q e (2:)) = oo, 
while if Si = then -h log(Q £ (z)) has a removable singularity at x%. Hence if we show 
that jflog(Q e (z)) > on dU v , the maximum principle for harmonic functions will give 
^log^O)) > outside U v . 

Let zq be a point of dU v . Since E v = E*(h) C E* U I, the monotonicity of Green's 
functions shows that G(zo,xf,E v ) > G(zo,Xi;E* U I) > A2, and consequently 

m 

Gx,s(zo,Ev) = S ^s i G(zQ,x i ]E v ) > A 2 . 
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Since \G x ,g(z , E v )-j r log(Q(z ))\ < r and r < A 2 /3, it follows that -^ log(Q(z )) > 2A 2 /3. 
On the other hand, by (|5.4ip 

±log(QZ( Z0 ))-±log(Q(z ))\ 



1=1 a k £e e (h) i=l 
-. m 

< r + — -N -^Si-r = 2r < 2A 2 /3 . 



«=i 



Hence ilog(Q £ >o))>0. 

Since j? log(Q e (z)) > on 8U V , the maximum principle for harmonic functions (applied 
to -^log(Q £ >)) on C V (C)\(U V U £)) shows that ^log(Q e ») > for all z <£ U v . Thus 
{z G C(C) : Q £ >) < 1} C U v . U 

Step 4. The choice of h and the construction of E v . 

We will now choose the number h, and hence determine the set E v in the Theorem. Let 
< h < r be small enough that the following three conditions are satisfied: 

(1) for the set E*(h) =E*u( [f j=l e e (hj) , 

( r 4 on J \V Xi (E*(h)) - V Xi (E* v )\ < e v /3 for each i , 

{ °-^ } \ G(xi, Xj ;E* v (h)) -G{x uXi \E*)\ < e«/3 for all % + j . 

(2) for all i ^ j, all tg £ T, all ei with \e(\ < r, and all z£ [ti — h, t£ + h], 



(5.44) |log([x i ,2r + e^ a:i )-log([xi,^ + £^^.)| < — — — -;=== ■ 

(3) h < ho, so the mass bounds (|5.33p are valid. 

Condition (1) holds for all small h by Lemma I5.61 C. Condition (2) holds for all small h 
by the continuity of the log([xi,t] x .). And, condition (3) clearly holds for all small h. 

Fix h satisfying (1), (2) and (3), and write E v # = ei(h) = [fy — h,ti + h], for £ = 1, . . . ,d. 
Put 

d 

(5.45) E v = E* U ( (J [tt -h,t t + h]) . 

t=\ 

Then E v C E®, and E 1 ^ is ^-simple; in particular C V (C)\E V is connected. By (|5.25|) . (|5.28|1 
and (|535jl . 

/ 54g N f |K t (^) - Ki(^)| < e« for each i, 

X G(xi, Xj;E v ) - G(xi,Xj-,E v )\ < e v for all i / j. 

as required by Theorem 15.21 Moreover all the intervals making up E v are "short" in the 
sense of Definition IB. 151 and Proposition 15.71 applies to E v . 

Step 5. The total change map. 
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We now begin to address problem of constructing rational functions with large oscilla- 
tions and specified logarithmic leading coefficients. 

Fix s£ 'P^flQ" 1 - Consider a special (X, s)-pseudopolynomial for E v , 

N 

(5.47) Q(z) = Q n (z) = C-l[[z,a k ]x,g f 

fc=i 

as constructed in Theorem 15.31 In particular ||Q(^)||s = 1, and for each £ = 1, . . . ,D, if 

n = (m, . . . , no) then Q(z) has ri£ roots in E v j. Recalling that J = g + mi + m<i — 1, fix a 
set of J points in T such that the matrix Qg{t) in Corollary 15.51 is nonsingular and satisfies 

||£r(i) _1 || < B 1 , 

as in (|5.3U|) ; the construction of T shows that this can be done. Without loss, suppose 
these points are t\, . . . , tj, and put E®° = E V \([J £=1 E v ^). We will move the roots of Q(z), 
constructing a pseudopolynomial Q e (z) as in ()5.42[) ; however, instead of moving the roots in 
all the intervals E v j, £ = 1, . . . , d we will only move the ones in E v> i, . . . , E v> j. Equivalently, 
take eg = for £ = J + 1, . . . , d in Proposition 15.71 Let e = (eo,£i, • • • , sj) £ K J+1 be such 
that \e(\ < r for each £ = 0, . . . , J, and consider 

J 

(5.48) Q e >) = exp(e ) N -C- J] [*,«*]*,;?• II II [*.a* + e*k?- 

a k £E°° 1=1 a h e[tt-h,ti+h] 

Let Xi, . . . , X mi+rri2 be the orbits in X under complex conjugation, as in §5131 If x» G X a , 
then passing from Q(z) to Q £ (z) produces the following change in the logarithmic leading 
coefficient at xf. 

Xi(e) := A Xi (Q £ ",s)-A Xi (Q,s) 

J -. m 

= e o + ^2 ^2 N ^ s k (\og([xi,a k + ei] Xj )-\og{[xi,a k ] Xj )) . 

£=1 a k £[t e -h,t e +h] i=l 

Xj *fL%.a 

This is immediate if X a = {xj}; if X a = {xj, xA consists of two points, it follows from the 
fact that [x^i]^ is constant on C„(R), as shown in §5131 

Recalling that Q(z) has ni roots in E V £, for each a = 1, . . . , mi + mi fix a point Xj £ X a 
and put 

J 

£=1 
J m 



-J in / j \ 



3*j ^t .t a 
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Then L a {e) is a linear map which approximates Aj(e), and 

\\i(e) - L a (e)\ 

.. J m f 

"yE E ^2 SjUlogdxi^k + eil^-logdxi^i + ee}:, 

1=1 a k G[t e -h,t e +h] j=l ^ 



N 

i[U-h,tt+h] 

X jdfJta 



+ \hg([xi,a k ] Xj ) -log([xi,t e ] Xj )\ 



\-\Q.og([xi,tt-\-e £ ] Xj ) -Iog([xi,tt] Xj )) - ( —log([xi,t} Xj ) 



By (|5,39p and (|5.44p , the magnitude of each term in absolute values on the right side is at 
most r/{2ABiB i y/J + \). Hence 

(5.49) \Xm-L a {s)\< n - 1 + --- +nj 3r 



N 2<iB 1 B A yfTTl ' 

Next, consider the "normalized divisor change" map tp{e) (see (|5.15j) ) induced by passing 
from Q(z) to Q £ (z). If g = 0, every divisor of degree is principal, and there are no nonzero 
holomorphic differentials; in that case ignore all constructions related to the Uj = hj(z)dz 
in the rest of the proof. 

If g > 1, for each j = 1, . . . ,g, the j th coordinate of (p(e) is 

J 



£i( £ 1 = E E n I hj(z)dz 



- =1 a k e[tt-h,t(+h] ' ak 

By the Mean Value Theorem for integrals, for each a k there is an a* k € [afc,afc + £<] such 
that J^ k 6e hj(z)dz = hj{a* k ) ■ £#. Consequently, if 

J 

m 



fj(z) '■= ^hjitd'—et 



i=i 



is the linear approximation to (pj{e) at the origin, then 

J 1 

Wi®-m\ < E E ^i^-(«fc)-M*/)iN 

1=1 a k £[t e -h,t e +h] 

From (|5.40p and the fact that \e{\ < r for each £, it follows that 

ni + . . . + nj r 



(5.50) |&® -/;(£)! < 



iv 24S154VJT1 ' 



Let S J+1 (0, r) = {(eo,...,ej) G ]R J+1 : |e] < r}. Assuming xi, . . . ,x mi+m2 form a 
set of representatives for the orbits X±, . . . ,X mi+m2 , we define the "total change map" 



F Q . B J+1 (0, 
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- 1 for Q{z) by 

/ Ax (el \ 
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(5.51) 



F Q {e) 



^mi+m2 V e J 



\ <P 9 {?) J 



and note that its linear approximation 



?Q 



F${e) 



^rai+ni2 \ £ ) 






can be decomposed as 

(5.52) F®(e) = g g (t)-M-e 

where J\f is the ( J + 1) x ( J + 1) diagonal matrix J\f = diag(l, n\/N, . . . , nj/N) and Gg(i) 
is as in Corollary 15.51 

By dEMD, flS3UD, flSSID and (1532]) . if 

(5.53) d{e) = F Q{e)-FQ(e) 

for e £ B ,7+1 (0,r), then each coordinate function di(e) of d(e) satisfies 

J 



(5.54) 



l^(e)| < 



rS 



Hi 

N 



8BiB 4: \/J+ ^ 

Next consider the renormalized map J-® : B +1 (0,r) — )• lr +1 given by 

(5.55) F Q (e) = M^Gs^-F^ie) , 
and the corresponding difference function 

(5.56) D(e) = F Q (e)-e = A/* -1 ^*) -1 • d(e) . 

By construction, the operator norm ||^s(£) _1 || is bounded by B\, and clearly 

mini<<< j ne/N 
It follows from ([535]) and ([533]) that for each ee B J+1 (0,r) 

T 
1 



\D{i)\ < 



(5.57) 



mmi<e< j ne/N 

r 1 ELint/N 



• Si • VJ + i • 



SBiB A y/J+ 



£=i 



8 5 4 mini<^< j Ji^/iV 
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We now cite a topological fact related to the Brouwer Fixed Point TheoremLi 

PROPOSITION 5.8. Fix < rj < 1 and suppose g : B J+1 (0,r) — > R J+1 is a continuous 
map such that for each x in dB +1 (0,r) ; 

\g{x) — x\ < rj ■ r . 

ThenB J+1 (0,(l-r/)r) C g(B J+1 (0,r)). 

Proof. If J = the result follows easily from the Intermediate Value theorem, so we 
can assume J > 1. Suppose there were some xq G B(0, (1 — rj)r) which did not belong 
to g(B (0, r)). Then we could define a continuous map go : -B (0,r) — > dB (0, r), 
such that go(x) is the point where the ray from xo through g(x) meets dB J+l (0,r). For 
each x G dB J+1 (0, r), \g(x) — x\ < rjr while by hypothesis \xq — x\ > rjr. Hence there 
would be a homotopy from <?olaBJ+i(o,r) to the identity, such that for each t G [0,1] and 
each x G dB +1 (0,r), gt(x) is the point where the ray from xq through tg(x) + (1 — 
t)x meets dB J+1 (0, r). Thus g$ : B J+1 (0,r) — > dB J+1 (0,r) would be a continuous map 
whose restriction to dB J+1 (0,r) was homotopic to the identity. Now let i : dB J+1 (0, r) — > 
B J+1 (0, r) be the inclusion, and consider the induced map (go°i)* = (go)* °i* on homology: 

Hj(dB J+1 (0,r)) -±> Hj(B J+l (0,r)) H* Hj(dB J+1 (0, r)) . 

RereHj(B J+1 (0,r)) = 0so(# )*°z* is the map. On the other hand Hj(dB J+1 (0,r)) ^Z 
and gooi is homotopic to the identity, so (<?o°^)* is the identity map. This is a contradiction, 
sox £g(B J+l (0,r)). □ 

Let a be the vector of weights of the components of E v under ji^ s- For any special 
pseudopolynomial Qa(z) for E v with N = X]nj sufficiently large, and with n/N close 
enough to a that \ni/N — ^x,s(E Vy e)\ < ^x,s{^v,i) for £ = 1, . . . , J we will have 

(5.58) SiW* < m^*M^£> _ M,. 

mm i<«< J n e/ N 1/2 • mini<^<j HxA E v,i) 

If (|5.58p holds, then in (|5.57j) we will have |-D(e)| < r/2. Applying Proposition ESI to T®(e) 
with 77 = 1/2, it follows that 

(5.59) B J+1 (0,r/2) C -F Q (B J+1 (0,r)) . 

Step 6. The choice of S v . 

Recalling that /jjj = YITLi s «Mi where //j is the equilibrium distribution of E v with 
respect to »$, put 

(5.60) S5 = min min fj,i(E v i) > . 

l<i<m l<^<d 

Then for any s G V™, and any £ = 1, . . . ,d, 

(5.61) W(i^) > £5 . 
Henceforth we will assume ft and N are such that 

(5.62) min n t /N > B 5 /2 . 
v ; i<e<d ' - ' 



The author thanks Ted Shifrin for helpful discussions concerning this argument. 
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In the light of (|5.59p , (|5.55p , (|5.62p and the construction of Af and Gg(t) , for any such n, if 
Q(z) = Qft as in Theorem 15.31 then 

(5.63) B ^W? = ^• jB( °' r/2) C F Q (B J+ \0,r)) . 

This radius ^g 5 - is uniform for all s € V™. 

Let the number 5 V > in Theorem 15.21 be such that 

(m 1 +m 2 \ „ 

J] [-2^,2^]) xB s (0,^ C 5(0,^), 

where J5»(0, (5„) = {y G R 9 : |y| < <5„}. Then if (15351) and (15T62J) hold, 
(5.65) [-26 v ,2S v ] mi+ma xB g (0,6 v ) C F Q (fi J+1 (0,r)) . 



Step 7. Achieving principality and varying the logarithmic leading coefficients. 

As in £ 15121 let Jac(C„) be the Jacobian of C v , and let u>±, . . . , uj g be a basis for the space of 
real holomorphic differentials of C v . Then Jac(C v )(C) = C 9 /£ where C is the period lattice 
corresponding to oj\, . . . ,co g . Let tp : C V (C) — > Jac(C v )(C) be the canonical map associated 
to a base point po £ Ct, (R) , 

rv rp 

(5.66) ip(p) = ( wi,...,/ w ff ) (mod £) . 

Jp ■'Po 

and let $ : C„(C) 9 — >• Jac(C„)(C) be the corresponding summatory map. 

Since Jac(C„) is nonsingular and defined over R, and its origin is rational over R, the 
implicit function theorem shows that Jac(C„)(R) is a (/-dimensional real manifold. Since 
Jac(C v ) is defined over R, Jac(C„)(R) is a compact Lie subgroup of Jac(C„)(C). Thus its 
identity component must be isomorphic to a real torus M 9 /Cq, where Cq = Cf^\M 9 is a 
^-dimensional sublattice of C. 

Let Jac(C„)(R)o be the identity component of Jac(C„)(R). 

We claim that for each p £ C V (M), the point 2(p(p) belongs to Jac(C 1 ,)(R)o- To see this, 
suppose that in ()5.66p . z = ip(j>) € C 9 / ' C is obtained by integrating over some path 7 from 
Po to p. Applying complex conjugation to (|5.66p . we see that since po, p and the Wj are fixed 
but 7 is taken to its conjugate path, z (mod C) is changed to ~z (mod C). Hence, lifting z 
to C 5 , it must be that 

(5.67) z = z-£ 

for some £ £ C. We can find a basis £1, ■ ■ ■ ,?2g for C such that £±, . . . , l g is a basis for Co- 
Writing 



(5.68) z = 2, a i^i + /__, bi£ g +i where a,, fej 6 R , 

i=l i=l 

(5.69) ^ = '^2c i £ i + y^ di^ g +t where Cj,dj G Z , 



i=l i=l 
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it follows that 

9 9 

(5.70) z = J2 a i £ i + Y, bii 9+*- 

4=1 8=1 

But l g+ i G C for each i, and since i g +i + ^ 9 +i € M 9 , for each i 

9 

(5.71) £ g+i = -£ g+i + J2 M ikik 

fc=i 

for certain integers M^. Inserting f)5.68|) (|5.T1|) in (|5.67p . we see that 26j = di G 7L for each 
i = 1, . . . ,g. Thus, 2z G £ + M 9 , which shows that 2ip{p) G Jac(C 1 ,)(M)o- 

Fix s£ T 7 ™ n Q m , and consider a special (X, s)-pseudopolynomial 

AT 



Q(z) = Qn(z) = Cft- Y]_[z,a k ]x,. 



fc=l 

with roots in E v . Clearly roots belonging to the same segment in E v map to the same 
connected component of Jac(C„)(M) under ip. Hence if we arrange that each coordinate ni 
of n is even, then ^i=i ¥>( a fc) will belong to Jac(C t ,)(R)o. Likewise if N = Y^ n e is such that 
Ns G 2Z m , then (p(Y^=i ^ s i( x i)) £ Jac(C„)(]R)o. If 5 is the least common denominator of 
the Si, both of these conditions can be assured by requiring that 

(5.72) n e = (mod 25) for all £ . 

Suppose n/N is close enough to a that (|5.58p and (|5.62p hold. Then 

B9(0,S V ) C lp(B J+1 (0,r)) . 

If in addition N is sufficiently large, then N ■ B 9 (0,5 V ) will contain a fundamental domain 
for W/C . 

Since ^(div(Q^) - ^(div(Q)) = N • £(e), it follows that if (^581) . (^621) . and (I5T721 
are satisfied and N is sufficiently large, then e G i? >7+1 (0, r) can be chosen so that Q £ (z) is 



principal. Furthermore, by (15.65P this can be done in such a way that for any i^-symmetric 

(3' = ((3' 1 ,...,f3' m )G[-25 v ,25 v r, 

(5.73) A Xi (Q* s) = A Xi (Q, s) + ft for % = 1, . . . , m . 



Step 8. The choice of the number N v , and conclusion of the proof. 

Let TZ V be as in Proposition 15.71 let r be the number constructed in Step 3, and let 5 V 
be the number constructed in Step 7. Fix s = (s\, . . . , s m ) G V™ n Q m , and let 5 be the 
least common denominator of the Sj . 

Take a sequence of ^-symmetric vectors n^ = (njfe,i, . . . , ra^x)) G N 13 satisfying the 
following three properties: 

(1) for each k and £, n^/ = (mod 25) ; 

(2) for each k, ^2 £ n\.£ = k ■ 25 ; 

(3) as k — > oo, writing Nj. = X^ n M> we have n^/Nk — > a. 
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Applying Theorem l5.3l to {fik}keN, we obtain a sequence of (X, s)-pseudopolynomials Qa k (z), 
whose roots belong to E v , with Qn k ( z ) = Qn k (z) f° r an z an d k, such that for all sufficiently 
large k, 

(4) |i log(Q Hh (z)) - Gx t§ (z, E v )\ < r for all z G C 1) (C)\(C7, U X) ; 

(5) \A Xi (Qfi k ,s) - A Xi (E v , s)\ < 6 V for eachjCj G Xj 

(6) Qfi k bas re fe,£ roots in each component E v g of E v , and on each component 
contained in C V (M), Q^ k {z) varies nt,g times from lZ^ k to to lZ^ k . 

Likewise, for all sufficiently large k, the set Nk-B 9 (0, 5 V ) contains a fundamental domain for 
M 9 /£oi an d (|5.58|) and (|5.62|) hold. Let ko be the least number such that these conditions 
hold for all k > ko, and put N v = Nj- = ko • 2S. 

Let N > be a multiple of N v , say N = t ■ N v for some integer t > 1. Put k = t ■ ko, 
let n = %, and write Q(z) = Qft k {z). Since iV is a multiple of S, the divisor div(Q) = 
^2k=i a k ~ Y^iLx Nsi{xi) is integral. Since div(Q) is i^-symmetric and Nsi is even for each 
i, the class of div(Q) in Jac(C„)(C) belongs to Jac(C„)(R)o- Let a ^-symmetric vector 
(3 = (p 1 ,...,p m ) GR m with each |ft| < 5 V be given. Putting # = Pi+A Xi (E v ,s)-A Xi (Q, s), 
we see that \j3[\ < 25 v for each i, and that ft = (/3[, . . . , f3' m ) is ^-symmetric. By (J5.73P we 
can choose e G i?^ +1 (0, r) so that div(Q £ ) is principal and 

A^ (Q E ~, s) = A Xi (Q, s) + ft = A Xi (E v , s) + ft 

for each i. 

By Proposition [5]71 if E v g 1S a component of E v , then Q e has ng roots in the correspond- 
ing component E Vj g(e) of E v (e). Furthermore, if E Vt g is contained in C V (M), then E Vt g(e) is 
contained in C V (R), and Q £ (z) varies ng times from IZ^ to to 1Z^ on E v ^g(e). 

Since div(Q e ) is principal and stable under complex conjugation, there is a rational 
function f v (z) G R(C„) with |/„(2)| = Q e (z) for all z. Thus A Xi (f v , s) = A Xi (E v , s) + ft for 
each Xi G X. Clearly /u(z) is real for all z G C V (M), and div(/„) = div(Q e ). Since E v (e) is 
contained in E®, all the roots of /„ belong to E®. By Proposition 15. 7| 

{ 2 GC,(C):|/ e (^)| <1} C U v . 

Let -E^,i, • • • > Ev,k be the components of the i^-simple set E v . For each E Vt i, put 

Ni = ^2 ng = Y^ n i ■ 

Then f v has Ni roots in E V i, counted with multiplicities. If E V j is a component of E v 
contained in C„(R), then by construction |/«(z)| = Q £ {z) varies Ni times from TZ^ to to 
IZv on E Vi i. Each of those oscillations accounts for at least one root of f v (z). Since f v 
has exactly Ni roots in E v i, those roots must be simple. Since the only places f v (z) can 
change sign on E V j are at the roots, each time |/u(-z)| varies from TZ^ to to 7£„ on E v ^, 
the function f v (z) varies from 7Z^ to —7Z^, or from —TZ^ to IZ^ . Thus, the roots of /„ in 
E v % are simple and f v (z) oscillates iV, times between ±72.„ on E v ^. D 



CHAPTER 6 



Initial Approximating Functions: Nonarchimedean Case 

In this section we will construct the nonarchimedean initial approximating functions 
needed for Theorem 14.21 Because of the ultrametric inequality, the nonarchimedean theory 
has a different flavor from the archimedean theory: the constructions are more rigid, but 
at the same time more explicit. 

As in Q3\2\ let K be a global field, let C/K be a smooth, connected, projective curve, 
and let X = {xi, . . . ,x m } C C(K) be a finite, ET-symmetric set of points. Put L = K(X), 
and let {g Xl (z), . . . , g Xm (z)} a system of uniformizing parameters, chosen in such a way that 
g Xi (z) e K{xi){C) for each xt, with g Xa(i) (z) = °{gxi){z) for each a £ Aut(K/K). 

Let v be a nonarchimedean place of K. In the statement of Theorem 14.21 we are given 
a ^-symmetric set E v C C V (C V ) which is bounded away from X and has positive capacity, 
and a finite set of places S of K. If v ^ S, then E v is X-trivial; if v G S, then E v is 
X w -simple (Definition 14. ip . This means that E v is compact, and there is a decomposition 
E v = U^=i Ev£ with pairwise disjoint, nonempty compact sets E v g such that 

(1) There are finite separable extensions F Wl , . . . , F WD of K v contained in C v , and pair- 
wise disjoint isometrically parametrizable balls B(a±, r±), . . . , B(a n , ro), for which 
E v/ = C v (F Wt ) n B(a e , n) for t = 1, . . . , D; 

(2) The set of balls {B(ax,r\), . . . ,B(an,ri))} is stable under Aut c (C v /K v ), and as a 
ranges over Aut c (C^/iir^), each ball B(ai,rg) has [F W( : K v ] distinct conjugates. 
For each a, if a(B(aj,Tj)) = B(a k ,r k ), then a(F Wj ) = F Wk and cr(E v j) = E Vjk . 

Both X-trivial sets and compact sets are algebraically capacitable (see |51| . Theorems 
4.3.13, 4.3.15), so G(z,xf, E v ) = G(z,xf, E v ) &ndV Xt (E v ) = V Xi {E v ) for each xf, throughout 
this section we will write G(z,Xi]E v ) and V Xi {E v ) for the Green's functions and Robin 
constants. 

Let s = (si, . . . , s m ) S V m be a isT„-symmetric probability vector. As in the archimedean 
case, the logarithmic leading coefficient of the Green's function of E v at xi is defined to be 

m 

A Xi (E v ,s) = lim ( y2sjG(z,Xj;E v ) + Silog v (\g Xi (z)\ v )j 
(6.1) = SjV Xi (E v ) + y~]sjG(xi,Xj;E v ) . 

Likewise, if s € T >m (Q) and f v (z) £ K V (C) is an (X, s)-function of degree N, the logarithmic 
leading coefficient of f v (z) at Xi is 

(6-2) k Xi (f v ,s)= lim ( — log„(|/„(z)|„) + Si \og v {\g Xi {z)\ v 



15.3 
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Note that \C*\ V = q^ is dense in M>o but is not equal to it. This means we cannot 
continuously vary the logarithmic leading coefficients A Xi (f v , s) as in the archimedean case; 
this is one source of rigidity in the construction. 

If E v is X-trivial, then it is an RL-domain, and the initial local approximating function 
will be an [X, s)-function f v (z) £ K v (z) which defines E v as an RL-domain: 

E v = {ze C V (C V ) : \f v (z)\ v < 1} . 

In this situation, YJiLi s iG{z,Xi;E v ) = -^ log v (\f(z)\ v ) for all z <£ E v , and A Xi (f v ,s) = 
A Xi (E v , s) for each xi G X. 

If E v is ^-simple, the initial local approximating function will be an (X, s)-function 
f v (z) 6 K v (z) whose zeros are distinct and belong to E v , and are well-distributed relative 
to the (X, s)-equilibrium measure /j,% : g of a if^-simple set E v C E v constructed below (see 
Appendix lAl regarding fix.g). We will show that for any f3 v > in Q, there exist functions 
having these properties and satisfying 

A Xi (f v ,s) = A x .(E v ,s) + /3 V 

for all Xi £ X. 

In the i^-simple case, the functions f v (z) will be contructed explicitly, by an argument 
generalizing the methods of ( |52j . |53| ). The idea is to first define an infinite subsequence 
of E v which is very uniformly distributed relative to /J>xg, using a lemma of Balinski and 
Young (|9j) originally proved for the purpose of apportioning seats in the US House of 
Representatives, and to then take an initial segment of that sequence and modify it to 
become the zeros of f v (z). The modification, which involves moving a finite number of 
points so as to obtain a principal divisor, is carried out by using an action of a small 
neighborhood of the origin in Jac(C„)(C„) on a suitably generic polydisc in C V (C V ) 9 which 
makes the polydisc into a principal homogeneous space for the neighborhood. This action 
is studied in Appendix [Dl 

1. The Approximation Theorems 

There are two cases to consider in constructing the initial local approximating functions: 
the RL-domain case, and the compact case. 

Recall that C V (C V )\E V can be partitioned into equivalence classes called RL-components, 
which play the same role as the connected components of the complement of E v in the 
archimedean case. The equivalence relation is defined by z = w iff G(z,w;E v ) > 0; see 
f[5T]. Theorems 4.2.11 and 4.4.17, and Definition 4.4.18). 

For the RL-domains constructed in the initial reductions of the Fekete-Szego theorem, 
each RL-component of C V (C V )\E V automatically contains at least one point of X: If E v 
is a finite union of isometrically parametrizable balls, then by ( [51] .Theorem 4.2.16 and 
Proposition 4.4.1(B)) the complement of E v consists of a single RL-component. If E v 
is X-trivial, then by definition C v has good reduction at v, the points Xi specialize to 
distinct points (mod v), and E v = C V (C V )\\J™ =1 B(x{, 1)~ relative to the spherical metric 
on C„(Ci,). In this case the RL-components of C V (C V )\E V are precisely the balls B(x{, 1)~ 
for the X{ £ X. 

The construction of the initial approximating functions when E v is an RL-domain was 
already treated in ( |51j . §4): 
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Theorem 6.1. Suppose K v is nonarchimedean, and let E v C C V (C V )\3£ be an RL- 
domain such that each TIL -component of C V (C V )\E V contains at least one point of X. Let 
sE V m (Q) be a K v -symmetric rational probability vector, whose entries are all positive. 

Then there is a integer N v with the following property. For each positive integer N 
divisible by N v , there is an (X, s) -function f v {z) S K V (C) of degree N which defines E v as 
an KL-domain: 

(6.3) E v = {z € COCO : lA'WI- ^ !> • 
For any such function f v {z) we have 

V c ^f 7 T . p \ / jj l °gv(\fv(z)\v) ifz<£E v , 

2^8i^\z t Xi^ v ) - | ifz€E v . 

4 = 1 *• 

In particular, A Xi (f v , s) = A Xi (E v , s) for each Xi G X. 

Furthermore, if char(K v ) = p > 0, we can require that for each %{, the leading coefficient 
c v ,i = lim^^ f v (z) ■ g Xi {z) Nsi belongs to K v (xi) scp . 

Proof. This is essentially ( |51| . Theorem 4.5.4, p. 316). That theorem provides an 
integer Nq and an (X, s*)-function fo(z) € K V (C) of degree iVo for which (j6.3[) holds. Put 
N v = No. Given a multiple TV" = kN v , we can take f v (z) = fo(z) k . 

If char(^) = p > 0, put p B = maXi{[K v {xi) : ^,] inscp ), and take N v = p B N instead. 
Then if N = kN v , we have f v (z) = (fo{z) p ) k . Since /o is iC„-rational, for each i its leading 
coefficient at X{ belongs to K v (xi) (see Corollary 13. 5p . and the leading coefficient of fo(z) p 
at Xi belongs to K v (xi) sep . D 

Before stating the approximation theorem for the compact case, we need a definition. 

Definition 6.2. Suppose K v is nonarchimedean. We will say that -ftT„-simple sets E v 
and E v are compatible, or that E v is compatible with E v , if E v and E v are nonempty and 
have iC^-simple decompositions 

n n 

(6.4) Ev = \J B(a e ,r e )DC v (F Wl ) , E v = (J B(a k ,¥ k ) DC v (F Wk ) , 

l=\ k=\ 

such that Ufc=i -^(^fei^fc) — U"=i B{an,m), and whenever B(a,k,rk) C B(an,m) we have 
F Wk = Fw r We will call a pair of K„-simple decompositions (I6.4p satisfying the conditions 
above compatible decompositions. 

In the compact case, the theorem we need is the following. It may appear somewhat 
strange at first reading. The set E v C E v plays an auxiliary role in the construction: we 
will initially replace E v by E v . This reserves an 'unused' part E V \E V of E v , and allows us 
to move some zeros from E v into E v in constructing the approximating function f v (z). The 
final approximation set H v is then defined in terms of f v (z); it is contained in E v but not 
in general in E v . 

Theorem 6.3. Suppose K v is nonarchimedean. Let E v be a compact K v -simple set 
which is disjoint from X and has positive capacity. Fix a K v -simple decomposition 

D 

(6.5) E v = [JB(a e ,r e )nC v (F We ) , 
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and fix e v > 0. Then there is a compact, K v -simple set E v C E v compatible with E v such 
that 

(A) For each Xi G X 

(6.6) \V Xi {E v )-V Xi {E v )\ < e v , 
and for all Xi , Xj G X with Xi ^ Xj , 

(6.7) \G(xi,Xj;E v ) - G(xi,Xj-,E v )\ < e v . 

(B) For each < j3 v G Q and each K v -symmetric probability vector s = t (si, . . . , s m ) 
with rational entries, there is an integer N v > 1 such that for each positive integer N 
divisible by N v , there is an (X, s) -function f v £ K V (C V ) of degree N such that 

(1) For each X{ G X, 

(6.8) A„(/„s) = A Xi (E v ,s)+[3 v . 

(2) The zeros 6\, . . . ,0n of f v are distinct and belong to E v ; 
(3)/" 1 (i5(0,l))CU£ifl(a/,r / ); 

(4) There is a decomposition /~ 1 (Z?(0, 1)) = |J/i=i B(@h,Ph), where the balls B(9h,Ph) 
are pairwise disjoint and isometrically parametrizable. For each h = 1, . . . , N, if I = 1(h) 
is such that B(9h,Ph) ^ B(ae,r£), put F Uh = F W( . Then ph G l-^uju an d fv induces an 
F Uh -rational scaled isometry from B(6h,Ph) to D(0, 1), with 

f v {B(9 h , Ph )nc v (F Uh )) = o Fuh , 

such that |/„(zi) - f v (z 2 )\ v = (l/p h )\\zi,z 2 \\v for all zi,z 2 G B(6 h ,p h ). 

(5) The set H v := E v n /~ 1 (Z?(0, 1)) is K v -simple and compatible with E v . Indeed, 

N 

(6.9) H v = |J (B(9 h ,p h )nC v (F Uh )) 

h=l 

is a K v -simple decomposition of H v compatible with the K v - simple decomposition (|6.5j) . 

(C) // char(A'y) = p > 0, then for each xi the leading coefficient c Vt i = lim z _ s . 2;i fv{z) ' 
g Xl {z) Ns * belongs to K v ( Xi ) sc P. 

The proof of Theorem 16.31 will occupy the remainder of this chapter. 

2. Reduction to a Set E v in a Single Ball 

In this section we will reduce proving Theorem 16.31 to proving it over a finite separa- 
ble extension F w /K v , in the case where E v = C V (F W ) n B(a,r) for a single isometrically 
parametrizable ball. 

To do this, we first recall some facts about nonarchimedean (X, s)-capacities established 
in Appendix lAl Let s = (s±,... ,s m ) G V m be a probability vector. As in §3131 define the 
(X, s*)-canonical distance by 

m 

[Z,W]X,S = Y[([z,w]xi) Si , 
i=l 

where the [z, w] Xi are normalized so that lim 2 _> x Jz, w] Xi ■ \g Xi (z)\ v = 1. 

Given a compact set H v disjoint from X, define its (X, s)-Robin constant by 



(6.10) V X:g (H v ) = mfff -log w ([z, «;]*,*) 



dv(z)dv(w) 
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where v runs over all Borel probability measures supported on H v , and its (X, s)-capacity 
by 

IxAHv) = qv VxAHv) , 

where q v is the order of the residue field of O v . 

By Theorem IA.21 if H v has positive capacity, there is a unique probability measure 
Hxs supported on H v for which the inf in (J6.10P is achieved; this measure is called the 
(X, s) -equilibrium distribution. The (X, s)-potential function is defined by 



u%,s(z;H v ) = / -log v ([z,w] x ,s 

J H v 



dfJ<x,s( w ) ■ 



Here ux : g(z; H v ) = Vx,g(H v ) for all z G H v except possibly a set of inner capacity 0; 
and ux,s{z;H v ) < Vx,s{H v ) for ah z $■ H v . By Proposition IA.5[ Vx,s(H v ) is a continuous 
function of s € V m , and the (X, s)-equilibrium distribution and the (X, s)-Green's function 
Gx : g(z,H v ) = Vx : s(H v ) — ux,s(z; H v ) can be decomposed in terms of the corresponding 
objects for the individual points Xf. 

in 

(6.11) fix,s = 'YjSiHi , 

i=l 

in 

(6.12) Gx,s{z;H v ) = ^ Si G(z,Xi;ff w ) , 

j=i 

where /ij is the equilibrium distribution of H v with respect to the point Xj, and G(z, xf, H v ) = 
V Xi (H v ) -u Xi {z;H v ). 

If H v is -ftT^-simple, with the ^-simple decomposition 

D 

(6.13) H v = (j(C v (F Wl )nB(a e ,r e )) , 

e=i 

then by Lemma IA.9I and Proposition IA.12I of Appendix [Aj the exceptional set of inner 
capacity 0, discussed above, is empty: ux t g(z;H v ) = Vx,g(H v ) for all z £ H v . Moreover, the 
equilibrium distribution fix,s can De described as follows. For each £, write H v ^ = C v {F Wl )C\ 
B(ae,ri) and let ag : D(0,ri) — > B(ae,ri) be an F Wt -rational isometric parametrization with 
<t^(0) = ae. Let fjZ be the pushforward of additive Haar measure on F WI n D(0, re) to H Vt e 
by (j£, normalized to have mass 1. By Corollary IA.14I of Appendix El there are weights 
we(s) > 0, satisfying ^2e = iWe(s) = 1, for which 

D 

(6.14) nx,g = ^2wi(s)if t . 

The weights we(s) are uniquely determined by the requirement that 

D 

(6.15) ux,g{z,H v ) = ^2w e (s)ux,g{z,H Vi e) 

e=i 

takes the same value Vx t g(H v ) on each H Vt e. 

This description of Uxs( z , H v ) leads to the following system of linear equations. Writing 
V = Vx : g(H v ) and we = we{s), and evaluating ux,g(z,H v ) at a generic point of each H Vi e, 
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we have (see Theorem IA.13|) : 



5.16) 



D 

V + we • ( - Vx,g(H Vi e)) + ^jwj • log,, ([at, aj]x,s) 

i=i 

for £ = 1,...,D. 



By Theorem IA.13I the system (|6.16j) has a unique solution. Since the Vxs(H v t) and 
[ak,at]x,s aj:e continuous in s (see Proposition IA.5I and Proposition 13.1 If Bl)). Vx,s(H v ) and 
the wt(s) are continuous functions of s. Since wt(s) = fJ-x,s(H Vt i) = YuiLi s^i^v/) an d 
/j,i(H Vi t) > for each i and £, there is a constant Wo = Wq{H v ,X) > such that wt{s) > Wo, 
uniformly for all £ and s. 

Since iJ„ is ET^-simple, if s G "P m (Q) the coefficients of the system f|6. 16j) are rational, 
so the solutions Vx,s(H v ) and wi(s) are rational as well. This fact is shown in Corollary 
IA.141 but because it is crucial to our construction, and because the ideas motivate later 
parts of the construction, we repeat the reasoning here. It involves computations with 
explicit examples. 

First suppose C = ¥ l /K. Identify P*(C„) with C^|J{oo}, and take X = {oo}. Let 
F w /K v be a finite, separable extension embedded in C v . We do not assume F w /K v is 
galois. Consider the set H® = O w , where O w is the ring of integers of F w . The canonical 
distance [x, y]^ (with respect to the uniformizing parameter goo{z) = 1/z) is just \x — y\ v , 
which is unchanged when x and y are replaced by x — a and y — a. It follows that the 
equilibrium measure [i = fioo is translation invariant under the additive group of O w , and 
hence must be additive Haar measure on O w . The Robin constant and potential function 
of O w can be computed explicitly (see Lemma lA.91 or |51j . Example 4.1.24, p. 212) and in 
particular, writing q w = q(, w for the order of the residue field of O w , we have 

(6.17) «oo(*,o«) = | #7p n t^V 

[ -log v (\z\ v ) if \z\ v > 1 . 

Next let C/K and X be arbitrary, and consider the set H v g = C v {F Wl ) n B(at, rj>) where 
B(ae,re) is isometrically parametrizable, F We /K v is a finite separable extension in C„, ag G 

fw 

C v (F We ), and rg G l-F^Jv Put q We = q v we . Fix an i 7 ,^ -rational isometric parametrization 
an : D(0,rt) ~^ B(ae,re) with ag(0) = at, and use it to identify B(a£,rg) with D(0,rt). For 
each Xi there is a constant A^ G |C* \ v such that [y, z] Xi = Ai^\y—z\ v for all z, w G B(ag,rg). 
It follows that for y,z £ B(a,r), we have [y, zjx.s = C^H^ioH,, where C%g£ = Yli^e\- 
By Proposition 13.111 the canonical distance is constant on pairwise disjoint isometrically 
parametrizable balls disjoint from X, so for y G B{at, rg) and z ^ B{ag, re) we have [z, y]xs = 
[z, at]xs- The equilibrium distribution of H Vj t is the pushforward of additive Haar measure 
on F m 'nD(0,r). Hence, by ([6TT7|> 



{ -^g v {[z,a e \x t s) if z f B(at,rt) . 

In particular, Vx,g(H Vti ) = l/(e We (q We - 1)) - log v (Cx,g,e ■ n). Note that C x ,g,£ belongs to 
\Cy\ v if all the s, are rational. Thus, if s G "P m (Q), then Vx,s{H v ,t) G Q. Likewise, by 
Proposition 13. llf Bl). — loguQa^Oj]^) G Q for all £ / j. 
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Hence if s € "P m (Q), the coefficients of the system (J6.16P are rational. It follows that 
the solution is rational as well. 

We next apply the theory above to sets E v C E v C C V (C V )\X, where E v and E v 
are -RT„-simple and E v is compatible with E v . Given a X^-simple decomposition E v = 
U2=i c v(Fv)i) n B(ae, ri), write E v>i = C v (F^ e ) n JB(a<, r e ), and put £7„ )f = E v n B(o f , r £ ) C 
-E^/- Thus £"„ = U^=i Ev,£ and ^ = U^=i E v ,e- 

Lemma 6.4. Lei E^ C C V (C V )\X be a K v -simple set, with a K v -simple decomposition 
E v = \Je=i c v(F Wl ,) n B(ae,ri). 

Let s v > be given. Then there is a 5 V > such that for any K v -simple set E v C E v , if 
\Vxi(E v> £) — V Xi (E v> £)\ < S v for all £ = 1, . . . ,D and i = 1, . . . ,m, then for each Xi £ X we 
have 

(6.19) \V Xi (E v )-V Xi (E v )\ < e v , 
and for all x, , Xj € X with X{ ^ Xj , 

(6.20) \G(x i ,x j ;E v )-G(x i ,x j ;E v )\ < e v . 

Proof. By Theorem I A. 131 there are systems of equations analogous to (|6.16p for the 
sets E v and E v : write V = Vx$(E v ) and W£ = wg(s) for the Robin constant and weights 
associated to E v ; let V = Vx t g(E v ), W£ = we(s) be the corresponding objects for E v . Then 

i = o • v + Ef=i *»t , 

D 

(6.21) i = V + w l '(-V x ,dEv4))+Jj u 'j-logv([ai,a j ]x t g), for£ = l,...,D 



and 



(6.22) 



i = o-v + 52?=iwi 






D 



= V + w e - (-V x ,g(E v/ )) +2_^Wj ■log v ([a e ,a j ] x ,g), for £ = 1, . . . , D . 



Fix Xi £ X and specialize to the case where [x,y]x : g = [x,y] Xi ; that is, take s = e \ = 
(0, . . . , 1, . . . , 0). Note that the coefficients of the systems (|6.2ip . (|6.22p are the same except 
for their diagonal terms. Write V^ = Vx : s(E v ^) and Vi = Vx,s(E v /), for £ = 1, . . . , D. 

Henceforth we will regard V\, . . . , Vn as variables, keeping V\, . . . , Vd fixed. By Cramer's 
rule, the solution vectors (V, W\, . . . , wd) and (V, w\, . . . , wd) are continuous functions of 
the coefficients in (lOTj) . (RT2"2"j) . It follows that when (VI, . . . , Vd) — > (Vi, . . . , Vd), then 
(V,wi,. . . ,w D ) — > (V,wi,... ,w D ). In particular, V Xi (E v ) — > V Xi (E v ). 

Furthermore, for each z ^ X{ we have 

G(z,Xi;E v ) = V-u Xi (x,E v ) = V - Y,e=i wiu Xi (z, E V) e) , 
G(z,Xi;E v ) = V -u Xi (x,E v ) = V - Yli=i W£U Xi (z, E v ^) . 

Since X is disjoint from U^_i B(ae, 77), it follows from (J6.18P that for each Xj / Xi we have 
u Xi (xj,E v j) = u Xi (xj,E Vti ) = - log v ([xj, at] Xi ). Thus, when (Vi,..., V D ) — > (Vi, . . . , V D ), 
we have G(xj,xf, E v ) — > G(xj,Xi;E v ) as well. 

Since X is finite, the Lemma follows. □ 



paramet 


rizable balls B(ag t j 


> r ^ j 


(6.24) 




E v ,i 


and for 


each Xi G X 




(6.25) 




1 
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We now claim that in order to prove Theorem 16.31 it suffices to establish the following 
weaker version of the theorem for E v t over F W£ , for each £ = 1, . . . , D: 

Proposition 6.5. Let E v ^ = C v (F Wl ) n B(ai,ri), where F Wl is a finite, separable ex- 
tension of K v in C v , B(ai,ri) C C V (C V )\X is an isometrically parametrizable ball, and 
at G C V (F W( ). Let e v ,g > be given. Then there is a compact set E v> i C E v ^ for which 

(A) There are points aij G C v (F We ) n B(at,re) and pairwise disjoint isometrically 

C B(ag, rg), for j = 1, . . . , dg, such that E v g has the form 

d £ 

= |J (C v (F Wi )nB(a ltj ,rtj)) 

Vxi(E v /) — V Xi (E Vj e)\ < e Vi e . 

(B) For each < j5 v G Q and each F WI - symmetric probability vector s = t (si, ■ ■ ■ , s m ) 
with rational entries, there is an integer N v /> > 1 such that for each positive integer N 
divisible by N Vj t, there is an (X,s) -function /„,£ G F m (C v ) of degree N such that 

(1) For all z £ C v (C v )\(B(ai,ri) U X), 

(6.26) ^Iog„(|/^(z)|t,) = G Xjg (z,E Vt£ ) + f3 v . 

(2) The zeros 9\, . . . ,6jy of f Vt g are distinct and belong to E v ^ {hence C V (F W( )). 

(3) f~ e (-D(0, 1)) = Uh=i E(9h,Ph), where the balls B{0h,Ph) ire pairwise disjoint and 
contained in B{ag,rg). 

Proposition 16.51 will be proved in Section [6141 

Proof of Theorem 16.31 assuming Proposition 16.51 

Let E v C C V (C V )\X be a -ft^-simple set with the ^-simple decomposition 

D 

(6.27) E v = \J(C v (F We )nB{a e ,r e )) . 

e=i 
For each £, write E V; g = C v (F We ) n B{a£,rl). 

By the definition of a if„-simple decomposition, the collection of balls {i?(a£,r£)}i<^<£> 
is stable under Aut c (C„/.ftr„) and for each I the ball B(ae,rg) has [F We : K v ] distinct con- 
jugates. For each a G Aut c (C v /K v ) and each £ = 1, . . . , D, let a{£) be the index such that 
B(a a{e) ,r a{i) ) = B(ae,ri). Then F a{e) = a(F e ). 

We first construct the set E v in Theorem 16.31 Given e v > 0, let 5 V > be the number 
given by Lemma IS~4l for E v and the ^-simple decomposition (|6.27j) . Suppose that under 
the action of Aut c (C v /K v ) on B{a\, r\), . . . , B(aD,rn), there are T distinct orbits. We can 
assume without loss that B(ai,r{), . . . ,B{clt,tt) are representatives for the orbits. For 
each £ = 1, . . . ,T, take e V) g = 5 V and let E v ^ C E V) i and N V; g be the F wt -simple set and 
number given for E v ^ and e V) g, by Proposition 16.51 Let Vg = Vx,g(E Vt e) be the (X, s)-Robin 
constant of E Vt g. We define the sets E v> g for T + l<£<Dby galois conjugacy: given 
such an £, there are a k with 1 < k < T and a a G Aut c (C v /K v ) such that £ = a(k). Put 
E v ,i = o~{E v ^). It is easy to see that E Vj g is independent of the choice of a, and that each 
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E v £ is -F^-simple. With this definition, for each 1 < £ < D and each a E Aut c (C v /K v ) we 
have E v>a ( t ) = a(E Vji ) and V x ,g(E Vya ^)) = Vx,g{E v>i ). Put 



E v = \^J E Vj 



D 

t 



By construction E v is i^„-simple and compatible with E v . By Proposition 16.51 part (A) of 
Theorem 16.31 holds for E v and E v . 

We next establish part (B). Fix < /3 V E Q and a ^-symmetric probability vector 
s E V rn (Q). Let V = V x ,s(E v ) and w e = w e (s), for £ = 1, . . . , D, be the solutions to the 
system of equations (|6.16p associated to E v . Since E v , X and s are ^-symmetric, we have 
Vx,s(Ev,<r(e)) = Vx,s(E Vj i) for all £ and a, and each a permutes the equations (|6.16|) . Hence 
the weights wg satisfy w a i(\ = wg for all £ and all a. 

Since each E v g is i 7 ^ -simple, Corollary IA.14I (applied to an .F^-simple decomposition 
of E v g) shows that each Vxg(E v () is rational. By Theorem IA. 131 V = Vxg{E v ) and the 
weights wi,... ,wd are rational. Write wg = Pe/Qe with positive integers Pg,Qg, and let 
Q be the least common multiple of Qi, . . . , Qt- Write Vx,g(E v ) = Xq/Yq and Vx.g{E Vt g) = 
X t /Y t with integers X e , Y e , and put Y = LCM(Y , *i, . . . ,Y T ). 

Put N v = LCM(N V>1 , ..., N %T ), and set N v = YQN V . 

Suppose A'" is a multiple of N v , say N = kN v . For each £ = 1, . . . ,T put ng = wgN, 
noting that ng E N and that N Vt g\ng. Let f v ,g(z) E F W( (C) be the (X, s)-function of degree 
ng given by Proposition 16.51 for E Vj £, E v g, s, and f3 v . For the remaining sets E v g with 
£ = T -\- 1,...,D, define f Vt g by conjugacy, so that if £ = cr(k) with 1 < k < T and 
a E Aut c (C v /K v ) then f Vt g = {fv,k) a = 0"°/i>,fc°0" ■ It follows that for each £ = 1, . . . , D, the 
function f v> g belongs to F W( (C V ), has degree wgN, and satisfies the conditions of Proposition 
16.51 relative to E v ^, s, and j3 v . In particular, for all z E C v (C v )\(B(ag, rg) Ul), we have 

(6.28) — log, (\f v/ {z)\ v ) = G x .s{z,E v ^) + p v . 

ng 

Clearly f V)(T ^ = {f v /Y for all a E Aut c (C v /K v ) and all £. 

Note that for each £ we have ux : g(z,Eg) = V%g(E V £) — ux,g(z,E Vt e), and that 

D 



Gx,s( z ' E v) = Vx,s( E v) ~^2 W £ %,s(A Ev, 



= 1 



D 



Thus if we put C = Vx,g(E v ) - Y,t=i wgVx,g(E v/ ), then 



D 



(6.29) Gx,g{z,E v ) = C + Y,w e G x ,g(z,E v 



=i 



By our choice of N, we have N ■ C E Z. Since Gx,g(z,E v ) = for all z E -EV,, and 
Gxs( z jE v £) > for all z and all £, by evaluating both sides of (|6.29[) ) at a point z £ E v 
we see that C < 0. 
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Let ir v be a uniformizing element for the maximal ideal of O v , and define 



(6-30) f v (z) = n~ NC -Uf v/ ( 



D 

1=1 



Since each f v ^ is an (X, ^-function, so is f v . By construction f v is stable under Aut c (C v /K v ). 
Since each F Wi /K v is separable, f v belongs to K V (C). It clearly has degree N. 

We will now show that f v satisfies the conditions of Theorem 16.31 relative to E v , s, and 
/3 V and the K^-simple decomposition (I6.27p . First, by our hypotheses on the f v ,e(z), for 
each z £ [J i=l B(a,£, r/) U X we have 



D 



±log v (\ fv(z)\ v ) = ^(NC + Y^logMvA^U)] 

1=1 

1 D 

= -(NC + Ys™l N - ( G xA z , E v ,e) + Pv 
i=i 

= G X)S {z,E v ) + p v , 
using (|6.29p and the fact that Yle=i ™t = 1- I n particular, for each xi G X, 

A Xi (f v ,s) = lim (Gxg(z,E v ) + Silog v (\gi(z)\ v )) + f3 v = A Xi (E v , s) + f3 v . 

Next, we claim that the zeros of f v are distinct and belong to E v . Indeed, for each I the 
zeros of f v # are distinct and belong to E v g. This holds for £ = 1, ... , T by Proposition 16. 5[ 
and for the remaining £ by conjugacy. Since the sets E v ^ are pairwise disjoint, our claim 
follows. 

Fix t. Recalling that ri£ = deg(/ Vj ^) = wgN, let 0^i, . . . ,0^ ni be the zeros of f v j. 
By Proposition 16.51 there pairwise disjoint balls B(0£ t i,p£i), . . . ,B(a£ nt ^pi )nt ) contained in 
B(ai,ri) such that 

f-j(D(0,l)) = (JS(0/j,p<j). 
i=i 

Here, the balls B(0gj,pgj) are isometrically parametrizable since B(ag,r£) is isometrically 
parametrizable. The 0^j belong to C v (F u , e ) since they belong to E v £. By choosing an F^- 
rational isometric parametrization ipij : D(0, rg) —> B(ag,rg) with ipij(0) = 0£j, expanding 
f V: £ as a power series Co + c\Z + • • ■ , and applying Proposition 13.381 we see that f V: g induces 
a scaled isometry from B(0gj, pgj) to D(0,1). Here co,ci,--- G i 7 ^ since /„^ G F We (C v ) 
and 6>£j G ^(F^). Proposition [3JJ8J gives |ci|„ ■ /^j = 1, so pej = l/jci|„ G |F^| V . 

On the other hand, the function Hg(z) = f v (z)/fv,i{z) is also i^ -rational, and its zeros 
and poles are disjoint from B(ag,re). Hence there is a constant Bg such that \Hi(z)\ v = 
Be for all z G B(ae,rg). Evaluating Hg(z) at a point Z£ G -E^/, and successively using 
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Gx,s(z£,E Vt £) = 0, (|6.29p . and Gx,g(z£,E v ) = 0, we see that 

log v (B £ ) = \tt- nc ■ 11 f v , k (zt)\ v = NC + Y, w k N ■ (Gx^zt, E Vyk ) + &) 

D 

= NC+(j2™kN- G X ,M, E Vtk fj +N-(1- we)Pv 
fc=i 

= N-Gx,s(z ,E v ) + N-(l-w e )^ v = N-(l-w e )(3 v > 0, 

so Bi > 1. Since Bi = \tt~ nc • Ht(zi)\ v , where Hi G F W( (C V ) and zi € C v (F We ), we have 

B e G \ F w e \v- 

Choose an F Wl -rational isometric parametrization of B(0£j, pij), and expand f v j and Hi 
as power series. By Proposition 13.38] f v = f Vt g ■ Hi induces an F Wl -rational scaled isometry 
from B(0£j, BJ pij) onto D(0, 1) which maps C v (F We ) P\B(0£j, BJ pij) onto We , for each 
j. Clearly B' 1 p itj G \F* t \ v . 

Now let £ vary. For each £ and each j we have 

B(6 id ,B~ l p id ) C B(6 id ,p id ) C B(a e ,r e ) . 

For a given £ the balls B(9gj, pej) are pairwise disjoint, so the balls B(6^j,B7 p^j) are 
pairwise disjoint. For different £, the balls B(a,£, r$) are pairwise disjoint, so in fact the balls 
B(9ej,B^ pij) are pairwise disjoint for all £ and j. There are exactly N = J2e=i n £ = 
deg(/y) such balls, so 

D n e D 

f-\D(Q,l)) = \J\J B(e ej ,B^p eij ) C \jB(a e ,r t ). 

e=ij=i e=i 

It follows that H v := E v r\f~ l [D(0, 1)) is ^-simple, and has the i^-simple decomposition 

D n e 

H v = \J\J C v {F Wl ) n B(dij, B^pij) 

e=ij=i 
which is compatible with the -RT„-simple decomposition ()6.27|) of E v . This completes the 
proof of part (B). 

Finally, suppose char(A„) = p > 0. We will show that by modifying the construction 
above, we can arrange that the leading coefficients 

Cvi = lim f v (z) ■ g Xi (z) Nl 

Z—^Xi 

belong to K v (xi) sop , so that part (C) holds. 

Fix a positive, ^-symmetric probability vector s E Q m and a number < f} v G Q as 
before, and carry out the construction in part (B) for E v , E v , and s, but with (3 V replaced by 
f3 v /2. Let N v fi > be the integer given by part (B) for /3„/2; note that N Vi o ■ (3 v /2 G Z. Put 
p B = vnsx.\<i< m ([K v {xi) : K v ] mscp ). After replacing iV„,o by a multiple of itself if necessary, 
we can assume that 

/ Q v 1 

We will take N v = p B N vfi . 

Given a positive integer iV divisible by N v , put No = N/p B . Then N$ is divisible by 
N v0 ; let /„ o £ K V {C) be the (X, s)-function of degree N constructed in part (B) for E v 
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and E v , relative to s and /3„/2. Noting that N • f3 v /2 £ Z, compose f Vj o with the Stirling 
polynomial S„b q v (z) and put 

(6.31) f v {z) = 7T- N ^/ 2 -S pBt0v (f vfi (z)) . 

For each i, the leading coefficient Cy^o of f V) o at Xi belongs to K v (xi), since f Vj o G K V (C) 
and g Xi is rational over K v {xi). This means that the leading coefficient of f v (z) at x% is 

c . _ -JVA./2 . v B 

which belongs to K v (xi) scp . Thus part (C) of Theorem 16.31 holds for /„. 

We now show that f v (z) continues to satisfy properties (B.1)-(B.4) of of Theorem 16.31 
First, note that since A Xi (f v> o, s) = A Xi (E v , s) + /3 v /2, we have 

Axi(fv,s) = jr^og v (\c v>i \ v ) = — ■ N/3 v /2 + — ■p B log v (\c v ^ \v) 
= p v /2 + A Xi (f v , ,s) = A x% (E v ,s)+/3 v . 

This proves property (B.l). 

For property (B.2), recall that the zeros of S p B q v (z) are distinct and belong to O v . For 
each k = I, . . . ,Nq, the function f v $ induces a scaled isometry from B(9k, Pk) onto D(0, 1), 
which takes B(9 k ,Pk) ^C v {F Wl n.\) onto G We (k)- The zeros of /„ in B(9 k ,Pk), which we will 
denote 6k,j for j = 0, . . . ,p B — 1, therefore belong to B(9 k ,p k ) f~l C V (F W( ^) C E v . Letting 
k vary, we see that f v has Nq ■ p B = N zeros in E v . Since deg(/„) = N, these are all the 
zeros of f v . Thus the zeros of f v are distinct and belong to E v . 

For property (B.3), note that by Corollary E3U if < R < qv pB ,{qv ~ 1] -{p B )~ l , then the 
inverse image of D(0,R) under S p B 0v (z) consists of p B disjoint discs contained in D(0, 1), 
centered on the roots of S p B^ 0v (z). In addition, if R belongs to the value group of K* , the 
radii of those discs belong to the value group of K* . 

Take R = q^ n , where 

V = \^—+log v (p B )]+l < -^- + log v (p B ) + 2. 
q v -l q v -l 

By our choice of N v , we have \tt^ NI3v/2 \ v ■ R > 1. Thus D(0,1) C D(0, \tt~ NI3v/2 \ v R), 
and the inverse image of -D(0, 1) under ir v S p B o v (z) consists of p B disjoint discs in 

D(0, 1), centered on the roots of S p B q v (z) and having radii in \K£ \ v . Since f v ,o(z) induces 
an i^^-rational scaled isometry from B(9 k ,p k ) onto -D(0, 1) for each k = 1,...,Nq, it 
follows that 

N p B ~l 

kHd(pa)) = U U B (^j,Pkj) 

where the balls on the right are pairwise disjoint and isometrically parametrizable. Further- 
more, pkj belongs to the value group of F We ^, and f v (z) induces an F W£ r k \ -rational scaled 
isometry from B{9 k ,j,Pk,j) onto D(0, 1), for all k,j. This establishes property (B.3). 
It is clear from the discussion above that the set 

N p s -l 

(6.32) H v = E v r\f-\D{^1)) = (J |J (B(9 kJ ,p k j)nC v (F Wt{k) )) 

fc=l j=0 
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is -JCy-simple, and that (|6.32j) is a iT^-simple decomposition compatible with the i^-simple 
decomposition (|6.5p of E v . This yields property (B.4), and completes the proof. □ 

3. Generalized Stirling Polynomials 

In this section we construct Stirling polynomials for sets of the form 

d 
H w = \jF w nD(a £ ,r e ) C C„ . 
l=i 
These will play a key role in the proof of Theorem 16.31 The idea is that within any iso- 
metrically parametrizable ball B(a,r) disjoint from X, the canonical distance [x,y]^^ is a 
multiple of the spherical distance ||x, y\\ v . Under an isometric parametrization, ||x,y||„ pulls 
back to a multiple of the usual distance \X — Y\ v on the disc D(0, r) cC„. This means that 
potential-theoretic constructions on B(a,r) relative to [a?, y^s 1 are essentially the same as 
potential-theoretic constructions on C v relative to [X, Y]^ = \X — Y\ v . 

First suppose H w = F w n D(a,r) for a single disc, where a E F w and r £ \F*\ V . Fix 
b G F w with \b\ v = r. We can can obtain a well-distributed sequence in H w by composing 
the basic well-distributed sequence {ip w (k)}k>o f° r @w with the affine map a + bz: for each 
integer n > 1, we define the Stirling polynomial S n .H w (z) by 

n-i 
Sn,H w (z) = H(z-(a + bMk))) ■■■- b n -S n ,o w ( : 

k=0 

Now consider the general case: suppose 

d 

H w = (J (F w nD(ai,n)) 

1=1 

where an € F w , rg £ \F*\ V for each £, and the discs D(a£,ri) are pairwise disjoint. Put 
H Wl = F W C\ D(ag, rg), so H w = U^=i H W1 . By Corollary IA. 101 the potential function of H W( 
is given by 

log„(^) if z G H, 



,z 



(6.33) Uoo (z,H m ) = ^-i) ™*?™ ■ Tn?' x 

{ -log v (\z-a £ \ v ) if zf D(a e ,r £ ) , 

and in particular Voo(H We ) = , 1 _ 1 -. — log„(r^). Let /j,^ be the equilibrium distribution of 
H w relative to the point oo, and let V = Voo(H w ) be the Robin constant. For each £, put 
we = Hoo{.Hw l ) > 0. As in §6121 by Corollary I A. 141 the following system of linear equations 
uniquely determine V and the wg : 



(6.34) 



1 = • V + Eti w e > 

d 

= V + Wf (log v (r e ) ~ e m (ql-l) ) + ^2 W 3 ' lo gt>(K ~ a jU) 

ior£=l,...,d. 



Since the coefficients of this system are rational, V and the wg belong to Q. Write wg = 
Pe/Qe with positive integers Pi, Qi, and put Q = LCM(Qi, . . . , Qa). 

For each £, fix an element bi G F w with \bg\ v = r^. Then the affine map y>t{z) = a^ + b^z 
takes O w to H Wr 
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Let n be a positive integer divisible by Q, and put ng = vj£ ■ n for £ = 1, . . . , d. Define 
the Stirling polynomial S Ui h w (z) by 

d n ( —l d 

(6.35) s n , H jz) = n n (*-(«*+w»(*))) = n^^w . 

^=1 fc=0 £=1 

Note that Q and S U) h w (z) depend on the decomposition H w = [Jg =1 H Wi and the maps 
<fe( z ) = a £ + tyz, not just H w . For the rest of this section we will assume these are fixed. 

The following proposition generalizes Proposition 13.401 

Proposition 6.6. Let F w /K v be a finite, separable extension in C v . Suppose H w = 
U/=i (F w n D(a£,r()), where the discs D(a£,re) are pairwise disjoint, and a? G F w and 
rg G \F*\ V for each £. Let < wi,...,Wd G Q be the weights corresponding to the sets 
H Wl = F w n D(a,£,re) by the system (|6.34p . and Zei Q be the least common multiple of their 
denominators. 

For each positive integer n divisible by Q, let S nt H w (z) = 1X^=1 S ni ,H w ( z ) be the Stirling 
polynomial of degree n for H w , and let S' n H (z) be its derivative. Write i? 1? . . . , $ n for its 
zeros, and for each £ let ipe(z) = ai + buz : O w — > H We be the affine map used in defining 
S n ,H w {z). Then 

(A) t?i, . . . , i? n are distinct and belong to H w . There is a constant A > ; independent 
of n, such that for all i ^ j 

(6.36) Wi-djlv > A/n . 

(B) For each k, 1 < k < n, if $& G D(at,rg) then we have 

(6.37) ovd v (S' nHw ($ k )) < n ■ Voo(H w ) - oid v (b£) . 

(C) Given x G C v , fix 1 < J < n with \x — $j\ v = minfc(|x — ~&k\v)- If $j G #^ then 

(x — $ J** 
7— 

7/x G C„\Ui=i-D(o^,r^), i/ien 
(6.39) ord v (Sn )Hn ,(x)) = n ■ (Voo(H w ) - G(x,oo; H w )) . 

Proof. We first prove the result when H w = F w n D(a,r) = a + 60™, with a,b £ F w 
and |6|.y = r > 0. For notational convenience, we relabel the zeros as #o> • • • >$n-ij with 
i?fc = a + bt/j w (k) for A; = 0, . . . , n — 1. 

In this case, part (A) holds with A = r, since 

|^j-i?il« = |6|w|^w(*) -^Mi)|u > r / n 
by Proposition 13.40( A) 

For part (B), note that since S H) h w (z) = b n S n p w ({z - a)/b), we have S' nHw ('&k) = 
b n - x S' n>0w {il) w {k)) for k = 0, . . . ,n - 1. Since 

Ko(#™) = 7 ^— n -log„(r) = VooiOv) + ord v (b) , 

part (B) follows from Proposition 13.40T B) . 

For part (C), observe that if x G D(a,r) and |x — $j|„ = mino<fc< n (|^ — i9fc|«), then for 
X := ( z - a) /b G L>(0, 1) we have \{x -d k )/ b\ v = \X -ip w (J)\ v = mm < k<n (\X - tp w (k)\ v ) . 
Hence ()6.38[> follows from Proposition I3.40T C) . 
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If x ^ D(a,r), then by the ultrametric inequality we have \x — $k\ v = \x — a\ v for each 
k. Furthermore, Uoo(x,H w ) = — log„(|a; — a\ v ) by (|6.33[) . Thus 

OTd v (S n>Hw (x)) = n-Uoo(x,H w ) = n ■ {y^o{H w ) - G(x,oo;H w )) . 

This yields (^39|) since G(x,oo;H w ) > 0. 

Now consider the general case, where H w = {Jg = iH m = [jg =1 (^w ^ D(ag,rg)^j, with 
finitely many pairwise disjoint discs D(ag,rg) such that ag G F w and r^ € |-P^|«- 

Fix < n G N divisible by Q, put ng = n • wg for each £, and consider S n> H w (z) = 

Uk=i( z ~ 0fc) = IlLi S m ,H W( (z)- 

For part (A), put A = min 1 <£<rf(r£). Fix n divisible by Q, and let i?j 7^ $j be distinct 
roots of S nj H w (z). Necessarily n > 2. Since the balls B(a,£,rg) are pairwise disjoint, if $i 
and "dj belong to distinct balls then |$j — t?j| w > A > A/n. On the other hand, if i?j and $j 
belong to the same ball B(ag, rg), then there are indices k ^ h with 1 < k, h < ng such that 
$i = Of + bgip w (k) and #j = a^ + bgip w (h). In this case 

For part (B), first note that if x G D{ag, rg), then for each j 7^ and each i?j. G D(aj,rj), 
we have |x — i?fe|„ = |o^ — a ^ | v . Hence 



(6-40) \S n , Hw (x)\ v = \S m , Hwt (x)\v ■ J 



(2 j |t? 



3=1 



Similarly, if 1?^ G D(ag,rg) then 



•4i) K,„Jtf/0l„ = ^^(^k-nk-oil? 



On the other hand, since rij = n ■ Wj, for each £ the equations (|6.34|) give 

d 

(6.42) n ■ VooiHu,) = ngV^H^) + / j nj-(- log„(|o^ - aj\ v )) . 

i=i 
i¥* 

One obtains part (B) by combining (I6.37P for H W( with (I6.4ip and (|6.42[) . and using 

log w (n e ) < log w {n). 

For part (C), if •dj G D(ag,rg) one obtains (|6.38p by combining (J6.38P for H We with 

(IOTP and (1Q2]) . If x G C v \ULi D(ag,rg), one obtains (JOty by using (|Q51l and noting 

that 

-log^d^n^^Cx)^) = -^n*log„(|x-a*| v ) = n- (Y^wg Uoo(x,H We )J 

e=i e=i 

= n-u OQ (x,H w ) = n- (Voo(H w ) - G(x,oo;H w )) . 

□ 
Remark. In Proposition 16.6( B). one can show that if x G C„\ U^=i D(ag, rg), then 

ord v {S nt H w (x)) < n • ( V^^) - mm (to/) ? - 

V i<*<d e u ,(g t0 - 1) 
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One can also prove the following generalization of Corollary 13.411 given an R satisfying 
(6.43) < R < q ~ nV ™( H ™) • n -V[F~--Kv] j 

put pk = R/\S' n h ($k)\v for h = 1, . . . ,n. Then the discs D($k,Pk) are pairwise disjoint 
and 

n d 

(6-44) S-}, w {D(0,R)) = [jD(0 k , Pk ) C jD(a £ ,r,). 

fc=i e=i 



4. Proof of Proposition 

In this section we will prove Proposition 16.51 completing the proof of Theorem 16.31 The 
proof breaks into two cases, according as the genus g(C v ) = or g(C v ) > 0. 

Proposition 16.51 concerns each subset E Vi £ = C v (F We )nB(a£,ri) individually. To simplify 
notation, we restate the Proposition, dropping the index £ and relabeling E v £ as E w : 

Proposition 16. 51 ^. Let F w /K v be a finite, separable extension in C v and take E w = 
C v (Fw) H B(a,r) , where a G C V (F W ) and B(a,r) C C V (C V )\X is an isometrically parametriz- 
able ball. Let e w > be given. Then there is a compact subset E w C E w for which 

(A) There are points ctj £ C v (F w )nB(a, r) and pairwise disjoint isometrically parametriz- 
able balls B(a±,ri), . . . , B(atd, r^) C B(a,r), such that E w has the form 

d 

(6.45) E w = U(C v (F w )nB{ aj , rj )) 

i=i 

and for each Xi G X, 

(6.46) \V Xi (E w )-V Xi (E w )\ < e w . 

(B) For each < /3 W G Q and each F w -symmetric probability vector s = (s\, . . . , s m ) 
with rational entries, there is an integer N w > 1 such that for each positive integer N 
divisible by N w , there is an (X, s)- function f w G F W (C V ) of degree N such that 

(1) For all z G C v (C w )\(B(a,r) U X) , 

(6.47) jjbSvdfMlv) = G x , s (z,E w )+p w . 

(2) The zeros &i, . . . ,6n of f w are distinct and belong to E w [hence C V (F W )). 

(3) f~ 1 (D(0, 1)) = Uh=i B(0h,Ph)> where the balls B(6h,Ph) are pairwise disjoint and 
contained in B(a,r). 

The following lemma will be helpful in proving Proposition I6.5I A: 

Lemma 6.7. Let E w = C V (F W ) C\B(a,r) be as Proposition I6.5I A. Given e w > 0, suppose 
E w C E w is a compact subset satisfying part (A) of Proposition [6"31 A, 

Then part (B) of Proposition I6.5I A holds for E w and E w if for each F w -symmetric 
s G T ,m (Q), there are an integer Nq = Nq(s,E w ) > 0, and constants A = A{s,E w ) > and 
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B = B(s,E w ), such that Nqs G N m and for each sufficiently large integer N divisible by Nq 
there is a divisor Dn of the form 

N m 

(6.48) D N = J2( e h)-J2 Nsi ^ 

h=l i=l 

satisfying conditions (1), (2) and (3) below: 

(1) -Djv is principal. 

(2) 0i, . . . , 0jv are distinct and belong to E w , and for all i ^ j 

\\9i,ej\\ v > A/N . 

(3) The pseudopolynomial Qn(z) = Ylh=ii z >®h]x,s with divisor D^ has the following 
property: for each z G B{a,r), if 6j is such that \z,9j\ v = mini^^jv ||z, 9h\\ v > then 

-log v (Q N (z)) < N-V x 4E w )-log v (\\z,ej\\ v ) + B . 

Proof. Fix an i^-symmetric probability vector s G V m (Q) and a number < (3 W G Q. 
Let A > 0, B > 0, and < Nq G N be the numbers given by Lemma 16.71 for E w , E w , and 
s. As in §6121 there is a constant Cx,g G |C£|« such that [x,y]x,^ = C£,?||a;, y\\ v for all 
x,y G B(a,r). Let Ai be the least positive integer such that C^*. G |i^|«. By (I6.45D and 
Corollary IA.141 V^^E^) G <Q>, and by hypothesis, j3 w G Q; let A2 be the least common 
denominator for Vx,s{E w ) and j3 w . 

Let A3 be the smallest natural number such that for each A > A3 divisible by Nq, there 
is a divisor D^ = XX^O ~~ Yl^ s i( x i) satisfying conditions (1), (2), and (3) of Lemma [67H 
Let A4 be the smallest natural number such that for each A > A4 we have 

(6.49) Nf3 w - B + log v (A) - log,, (A) > . 

The number N w in part (B) of Proposition I6.5I A will be the least multiple of No, N\, and 
N2 which is greater than A3 and A4. 

Given a positive integer A divisible by N w , let Dn be the corresponding divisor. Since 
Dn is i^-rational and principal, there is a function /jv G F W (C V ) with div(/jv) = Dn- 
By the factorization property of the canonical distance, there is a constant C such that 
\f N (z)\ v = Cn£=iMfck* for all z G C V (C V ). 

Fix a point zq G E w \{9i, . . . ,6n}- Since fjy is F^-rational and zq G C v (F w ), we have 
f(zo) G F* . Likewise, for each h we have ||#o>0/i||ti G |i^|t;, so 

N N 

U[z ,9 h ] x , s = C^ g -H\\zQ,9 h \\ v G \F*\ V . 

h=l h=l 

Since |/(^o)|i; = Cll/i=i[ 2; O)0fc]^,s it follows that C G |i^|«. Thus, after scaling /jv by a 
suitable constant, we can assume that C = 1, and that |/at(^)|jj = 11/1=1 [ z Cb$/i]x,s- 
By construction, A • (Vx : s(E w ) + ^) G Z. Let Cjv G i 7 ^ be such that 

(6.50) |C7jv|« = g« 

and define the function f w in part (B) of Proposition I6.5I A to be / TO = Cat • /at. By 
assumption the zeros of f w are distinct and belong to E w . If A is the constant given 
Proposition 16.61 (A) for H w , then for all pairs of distinct roots 9{ 7^ 9j we have 

\\0i,dj\\v = Wi-#j\v > a/n . 
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Thus property (B2) in Proposition I6.5I A holds. 

We next show that property (B3) holds. Without loss, we can assume A is small enough 
that B(9h,A/N) C B(a,r) for each h. Thus B(0h,A/N) is isometrically parametrizable. 
Fix an i^-rational isometric parametrization <p>h : D(0,A/N) —> B(6f L ,A/N) with <ph(0) = 
Oh, and expand 

oo 

f w {<Ph{z)) = ^2c h , k z k G F w [[z]} . 
fc=i 
The zeros of f w are distinct, so Ch,i 7^ 0. Hence if \z\ v is sufficiently small, then 

-log v (\f w (tp n (z))\ v ) = -log v (\c h>1 \ v )-log v (\z\ v ) . 

On the other hand, by condition (3) 

- log v (\f w (Vn(z))\v) < (B + NV X ,?(E W ) - log„(|z|„)) - (NV x , g (E w ) + N(3 W ) 
= B-NPv-logMv) , 

which means that Ic/ji^ > Qv ■ 

By condition (2) of Lemma I6.7J, Oh is the only zero of f w in B(0h,A/N). Thus Propo- 
sition [3]38] shows that f w induces an i^-rational scaled isometry from B(0h,A/N) onto 
L>(0, \c h ,i\ v A/N). Since fT49l) holds, we have 

\n I AIM •> -B+Np w +\og v {A)-\og v (N) , 

\Ch,i\vA/l\ > q v > 1 . 

Put ph = l/\ch,i\ v < A/N; then f w induces a scaled isometry from B{0h,Ph) onto D(0, 1), 
and p h G \F*\ V . 

Again by condition (2), the balls B(0h,A/N) for h = 1,...,N are pairwise disjoint. 
Since B(0h,Ph) C B{0h,A/N), the balls B(0h,Ph) are pairwise disjoint. Since f w is a 
rational function of degree N, the N balls B(0h, Ph) account for all the solutions to f(z) = x 
with x G D(0, 1), and it follows that 

N 

f-\D(0,l)) = \jB(O h ,p h ) C B(a,r). 
h=\ 

It remains to establish property (Bl). Fix z G C v (C v )\B(a,r). Since the canoni- 
cal distance is constant on pairwise disjoint isometrically parametrizable balls, we have 
[z, Qh]x,s = [z, a ]x,s f° r each h, and so 

1 1 N 

jjlog v (\f N (z)\ v ) = j^^2^og v ([z,9 h ]x,g) = log v ([z,a] x ,g) . 

h=l 

However, by QO8J), u x ,g(z, E w ) = -log v ([z,a\ x ,g)- Since f w = C N ■ f N and G Xj g(z,E w ) = 
Vx,s(Ew) ~ u x,s(z,E w ), it follows from (|6.50j) that 

— \og v (\ f w {z)\ v ) = (V Xyg (E w )+/3 w )-u Xyg (z,E w ) = G x? (z,E w ) + j3 w . 

N □ 

PROOF of Proposition 16. 5 A when g(C v ) = 0. In this case, the proof is relatively 
easy. We can take E w = E w = C V (E W ) n B(a,r), so (A) holds trivially. 

For (B), let an .^-symmetric probability vector s G T ,rn (Q) and a number < (3 W G 
Q be given. There is a constant C X g G |C^|„ such that [z, w] X g = C X: g\\z,w\\ v for all 
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z,w G B(a,r). Fix an i^-rational isometric parametrization tp : D(0,r) — > B(a,r) and let 
H w = F w n D(0, r). Then <p(H w ) = E w = E w . 

Let A > be the constant given in part (A) of Proposition 16.61 for H w . The idea for 
constructing the functions f w is to push forward the zeros of Stirling polynomials for H w , 
and let them be the zeros of f w . Let < Q G Z be the number given for H w for Proposition 
16.61 Write j3 w = S/R with coprime integers S, R, where R > 0, and put V = Voo(H w ). By 
Corollary I A. 141 V G Q; write V = X/Y with coprime integers X, Y, where Y > 0. Finally, 
for each i = 1, . . . ,m write Si = Ai/Bi with coprime integers Ai,Bi, where Bi > 0, and set 
N = QRY-LCM(B 1 ,...,B m ). 

Suppose < N G N is a multiple of No. Let Sn,h w (z) = Y\k=i( z ~ ^&) be the Stirling 
polynomial of degree N for H w constructed in Proposition 16.61 and put 8^ = y(#fc) G -Ew 
for fc = 1,...,N. Then 

JV-1 m 

k=0 i=l 

is an irrational divisor of degree 0. Since C V (F W ) is nonempty, C w = C v Xk v Spec(F w ) is 
-F^-isomorphic to ¥ l /F w , and each divisor of degree is principal. Thus condition (1) in 
Lemma 16.71 holds. 

By construction 9±, . . . , On are distinct and belong to E w . Since <p : D(0, r) — > B(a, r) is 
an i^-rational isometric parametrization, for all i 7^ j we have \\0i, 6j\\ v = \"&i~ $j\v > A/N. 
Thus condition (2) in Lemma 16.71 holds. 

To show condition (3), let Qn(z) = \\[z,9k\x,s be the (X, s)-pseudo-polynomial as- 
sociated with Dn- Note that for x,y G D(0,r) we have ||</2(x),c/?(y)||„ = \x — y\ v , so 
[ c p(x),<p(y)]x,s = C x ,g\x-y\ v . Thus for x G D(0,r) 

TV IV 

QnMx)) = Y[[<p(x),6 k ]x,3 = Cx,?H\x-#k\ v = C*t tg \S NtHv (x)\ v , 
k=i fc=i 

and so 

(6.51) -log,(QAr(^(x))) = -Nlog v (C XiS )-log v (\S N , Hw (x)\ v ) . 

Similarly 

Vx,g(E w ) = inf _ // -log„([z,w;]x^)^(z)(ii/(u;) 

prob mcas u on E TO J J E w X i?^, 



inf // -log v (C x ,g\x-y\ v )dv(x)dv(y) 

prob moas 1/ on H w J J a x jj 



W A J J u? 



(6.52) = ^(fl^-log^C*,?) . 

Let -B = log„(r). Given x G -D(0, r), let fij be the root of Sn{z, H w ) for which |x — $j\ v is 
minimal. Using (|6.5ip . (|6.52p and Proposition 16.6( 0). we obtain 

-log v (Q N (<p(x))) = -Nlog v (C X f)-log v (\S N , Hw (x)\ v ) 

< -Nlog v (C x , g ) + N ■ VooiHv) - log v (|x - #j\ v ) + B 
= N ■ V X , S {E W ) - log^H^x), 6j\\ v ) + B . 



This yields condition (3) in Lemma 16.71 

Applying Lemma 16.71 we obtain part (B) of Proposition I6.5I A. □ 
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For the remainder of this section, we will assume that g = g(C v ) > 0. To prove Theorem 
16.31 when g > 0, we must first do some preparations. Given e w > 0, we will construct a 
subset E w C E w of the form 

9 9 

E w = E w \{[JB{a j , Pj ))l}{[jC v {F w )r\B{a j ,p j )) , 

i=i i=i 

with < pj < pj for each j, such that \V Xi (E w ) — V Xi (E w )\ < e w for each Xi G X. That 
is, we first remove finitely many discs from E w , and replace them with the i^-rational 
points in smaller discs having the same centers. The idea is that given a suitable divisor 
D* N = Ylk=i(^k) ~ Ylt=i Nsifai) with 0*,...,6ft G E w , we will be able to create a principal 
divisor D^ = X)fc=i(^fc) ~~ Yli=i ^ s i( x i) with 9\,...,9n G E w by moving some of the 0^ 
into E W \E W . 

The construction of E w is based on the following two facts, proved in the Appendices. 
First, removing small balls from E w does not significantly change its capacity: 

Proposition 6.8. Let E w C C V (C V )\X be as in Proposition^. 5IA. Fix cti,. . . ,a g G E w . 
Then for each e w > 0, there is an R± > such that for any compact set E w such that 

9 

E w \([J J B(a i , J R 1 )) C E w C E w , 

3=1 
we have \V Xi (E w ) — V Xi {E w )\ < e w for each Xi G X. 

Proof. This is a special case of Proposition IA.161 of Appendix [A] □ 

Second, for each generic, sufficiently small polyball n?=i-^( a j> P) ^ C V (C V ) 9 , there is 
an action of a neighborhood of the origin in Jac(C v )(C„) which makes the polyball into a 
principal homogeneous space. This action will enable us to move the points Q* k and obtain 
the principal divisor D^. 

Let J^f eT (C v ) / Spec(O v ) be the Neron model of Jac(C t ,). By ( |12| . Theorem 1, p. 153), 
JNer(C^) is quasi-projective. We regard it as embedded in P / Spec(O t) ), for an appropriate 
N, and identify J&c(C v ) with generic fibre of J^ er (C v ) in F N /Spec(K v ). 

Let ||a;, y\\j >v be the corresponding spherical metric on Jac(C„)(C 1) ), and let O be the 
origin in Jac(C„)(C t) ). Then the unit ball Bj(0, 1)~ := {z G 3ac(C v )(C v ) : \\z, 0\\j >v < 1} 
is a subgroup. Since O is nonsingular on the special fibre of the Neron model, there is a 
iQ-rational isometric parametrization 

(6.53) *:D(0,1)" -* Bj(0,l)~ 

by power series converging on D(0, 1)~ C C%, taking to O (Theorem 13. 9p . Pulling the 
group action back to D(0, 1)~ using ^ yields the formal group of J&c(C v ). 

Put C v = C v Xk v Spec(C t) ), and let Pic^ , c be its Picard scheme. Given a divisor D on 

Cv(C v ), let [D] be its class in Pic^ , c (C„). The identity component Pic-^ , is canonically 
isomorphic to Jac(C„) x^ Spec(C 1) ), and we identify Pic^ . (C„) with J&c(C v )(C v ). Given 
a G C V (C V ), the Abel map j Q : C V (C V ) — > Jac(C„)(C„) is defined by 

j a (x) = [(a?) - (a)] . 
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The Abel map is continuous for the f-topology, and if a G C V (F W ) for some finite extension 
F w /K v , it is F^-rational. Given a = (a±, . . . , a g ) G C V (C V ) 9 , let J5 : C„(C„) 5 — > Jac(C^)(C„) 
be the map 

99 9 

j=i j=i j=i 

If ai, . . . , o,g G C V (F W ), then J 5 is i^-rational. It is shown in Appendix[D]that J,; is nonsin- 
gular at a for a dense set of a, and if J 5 is nonsingular at a, then for each sufficiently small 
p > 0, the image of n?=i B( a j-> P) under Jg is an open subgroup Ws(p) of Jac(C^)(C 1) ). Fur- 
thermore, if + is addition in Pic^r , c (C v ), then Y\ 9 j=i B( a jiP) i s a principal homogeneous 
space for W&(p) under the action 

w+x = iZ 1 (w+i & (x)) , 

and if we write [x] for [(x\) + • • • + (x g )], then 

[u;+x] = w;-j-[x] . 

Below are the properties of the action we will need; for a more general statement, see 
Theorem ID.2I of Appendix Q3J 

Theorem 6.9. Let K v be a nonarchimedean local field, and let C v /K v be a smooth, 
projective, geometrically integral curve of genus g > 0. Then the points a = (dx, . . . ,a g ) G 
C V (C V ) 9 such that J5 : C V (C V ) 9 — > Jac(C v )(C v ) is nonsingular at a are dense in C V (C V ) 9 
for the v-topology. If F w /K v is a finite extension in C v and C V (F W ) is nonempty, they are 
dense in C V (F W ) 9 . 

Fix such an a; then a\,...,a g are distinct, and for each < rj < 1, there is a number 
< i?2 < 1 (depending on a and rf) such that B(a\,R2), ■ ■ ■ ,B(a g ,R2) are pairwise dis- 
joint and isometrically parametrizable, the map J 5 : C V (C V ) 9 — > Jac(C„)(C„) is injective on 
Y\ 9 j = i B(aj,R2), and for each < p < R2 the following properties hold: 

(A) (Subgroup) The setW^(p) := Ja(nf=i B(otj,p)) is an open subgroup of J ac(C„)(C tI ). 

(B) (Limited Distortion) For each j = 1, . . . g, let cpj : D(0, p) — > B(atj,p) be an isomet- 
ric parametrization with </?j(0) = ai, and let <&$ = (<£>i, ... ,ip g ) : D(0, p) 9 — > Y[ 9 j=i B(ctj, p) 

be the associated map. Let ^> : D(0, 1)~ — > Bj(0, 1)~ be the isometric parametrization 
inducing the formal group, and let L$ : C 9 , — > C 9 , be the linear map (^~ l o J 5 o $g)'(0). 

Then W$(p) = fy(L$(D(0, p) 9 )). If we give D(0,p) 9 the structure of an additive sub- 
group of C 9 , the map ^ o L$ induces an isomorphism of groups 

(6.54) D(0,py/D(0,T)p) a = W d (p)/W d ( VP ) 
with the property that for each x G D(0, p) 9 , 

(6.55) Ja^a(x)) = *(L s (g)) (mod W s (vp)) ■ 

(C) (Action) There is an action (uj,x) h-> oj+x ofW^(p) on Y\ 9 j = iB(aj, p) which makes 
nf=i B( a jiP) i- n t° a principal homogeneous space for W$(p). If we restrict the domain 0/J5 
to\\ g - l B(aj,p), thenu+x = J~Z (oj+3s(x)). For each ui G W$(p) andx£ Y\ 9 j=i B(ctj, p), 

(6.56) [uj+x] = uj+[x] . 
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(D) (Uniformity) For each j3 G nf=i B(ai,p), 

9 9 

(6.57) W s (vp) + = YlBfanp) and J (j[B(Pj,rip)) = W s (rip) . 

3=1 3=1 

(E) (Rationality) IfF w /K v is a finite extension inC V; and a G C v (F w ) g , then 

9 

(6.58) 3 d (Y[(B{ aj ,p)nC v {F w ))) = W d {p)nJac(C v ){F w ) , 

i=i 

9 

(6.59) (W s {p)nJ&c(C v )(F w )) + d = H{B( aj ,p)riC v {F w )) . 

3=1 

(F) (Trace) If F w /K v is finite and separable, there is a constant C = C(F w ,a) > 0, 
depending on F w and a but not on p, such that 

(6.60) Bj(0, Cp) n J&c(C v )(K v ) C Tr Fvi , Kv {W d (p) n Jac^)^)) . 

Proof. This is a specialization of Theorem lD.2l of Appendix[Dj In particular, R2 is the 
number R from Theorem ID. 21 We restrict to the case where the vectors r = (ri, . . . ,r g ) in 
that theorem have equal coordinates, so the condition 77 • max(rj) < min(rj) is automatic. 
For f = (p,...,p) G M 9 , the subgroups denoted W$(r) in Appendix ID! are written W$(p) 
here. The balls denoted Bc v (aj,r) in Appendix ID1 are the balls B(ctj,p) C C„(C„) here. □ 

Proof of Proposition I6.5I A when g = g(C v ) > 0. 

Let F w be a finite, separable extension of K v in C v , and let E w = C V (F W ) n B(a,r), 
where a G C V (F W ) and B(a,r) C C„(C„)\3£ is isometrically parametrizable. 

We first construct the set E w . 

Let e w > be given. Since E^ is open in C V (F W ), by Theorem 16.91 we can choose 
ct\,...,a g G i^ such that the map Jg : C„(C„) 9 — > Jac(C„)(C) is injective at a = 
(«!,••• , ctg). Let R\ be the number given by Proposition 16.81 for a and e w . Fix a uni- 
formizer -zr^ for the maximal ideal of O w . If the residue characteristic of F w is odd, take 
V = \ftw\v If the residue characteristic of F w is 2, take 77 = |vr^|„. Let R2 be the number 
given by Theorem 16.91 for a and 77. Without loss we can assume that R\ and R2 belong to 
|F^|^. Set p = min(Ri,R2,r), and put 

9 9 

(6.61) £ w = (E w \ \J B(a v p)) U ( \J(C V {F W ) n B(a jt ri P ))) . 

i=l 3=1 

By Theorem 16.9( A). Wg(r7p) is an open subgroup of Jac(C„)(Cu). For each r G £/ w the 
continuity of the Abel map j T : C V (C V ) —> Jac(C„)(C„) shows there is a radius r T > such 
that j r (-B(r, r T )) C W^(ryp). Without loss we can assume that r T < r)p and that r T G |F^ |„. 
If r G B(aj,rjp) for some j, then Theorem 16.9( D) shows that j t (B(t, rjp)) C Wcf(r/p), 
because if /3 = («i, . . . , aj_i,r, ay+i, • • • , a g ) and cc = (ai, . . . , ctj-\,x, ay+i, ■ ■ ■ , a s ) then 
j T (x) = Jj(£). 

Since S lu \lJ^_ 1 B(otj,p) is compact, we can choose a s +i, . . . , a<2 S -E7uAU?=i B(ctj,p) 
such that the balls B(ak, r ak ) for fc = 5 + 1, . . . , d cover E w \ (J?=i B(a.j, p). For notational 
simplicity, write r^ for r afe . Since any two balls are either pairwise disjoint or one is con- 
tained in the other, we can assume that B{a. g +\,r g+ i), . . . ,B(ad,rd) are pairwise disjoint. 
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They are also disjoint from B(pc\,p), . . . , B(a g , p). For k = 1, . . . , g, put r^ = r\p. Then 
B(a±, ri), . . . , B(ad, r^) are pairwise disjoint and cover E w , and 

d 
(6.62) ^ = J(C„(F w )n J B(a J ,r i )) 

i=i 

is an i^-simple decomposition of E w . 

Since p < R\ and (|6.6ip holds, Proposition 16.81 shows that \V Xi (E w ) — V Xi (E w )\ < e w for 
each Xi G X. Thus E w satisfies part (A) of Proposition I6.51 A 

We next apply Lemma 16.71 to show that part (B) of Proposition I6.5A holds. 
Fix an i^-rational isometric parametrization ip : D(0,r) — > B(a,r) with (p(0) = a. Let 
5i, . . . , a.d G F w n D(0, r) be the points with (p(aj) = aj, and put 

d 
H w = (J (F w nD(a j ,r j )) . 
i=i 

Then <p(H w ) = E w . 

Let an i^-symmetric probability vector s G 7 : " 71 (Q) and a number < f3 w G Q be given. 
To construct the (X, s)-functions f w in Proposition 16.5 A . we begin with Stirling polynomials 
for H w , as in the proof when g(C v ) = 0, but we then modify them. 

Let J w be the group J&c(C v )(F w ), and let 

J w (p) = W 3 (p) n J&c(C v )(F w ) , J w (rip) = W d (r] P ) n 3&c(C v )(F w ) . 

By Theorem !6.9f A). J w (j]p) is open in J w . Since J w is compact, the quotient group 
Jw/JwivP) is finite. Let / be its order. Let < Q G Z be the number given for i?^ 
for Proposition 16. 6| related to the construction of Stirling polynomials; in particular, if 
Wj is the weight of C V (F W ) n B(aj,rj) for the equilibrium distribution px,s of -f^,, then 
< Qu>j G Z for each j. Write /3 W = S/R with coprime integers 5, R, where R > 0, and 
put V = V^-Hu,). By Corollary [A. 141 V G Q; write V" = X/Y with coprime integers X, Y, 
where Y > 0. Finally, for each i = 1, . . . , m write Sj = Ai/Bi with coprime integers Ai, B{, 
where ^ > 0, and set N = AIQRY ■ LCM(J3i, . . . , B m ). 

Suppose < N G N is a multiple of No. Let S N g (z) = Y\f. = i(z — $k) be the Stirling 

polynomial of degree N for H w given by Proposition 16.61 and put 6^ = y(i?fe) G E w for 
k = l,...,N. Then 

N-l m 

d*n ■= E^-E^fo) 

fc=0 i=l 

is an F^-rational (X, s)-divisor of degree on C v . Its positive part is supported on E w and 
its polar part is supported on X. 

Condition (1) of Lemma 16.71 may fail for D* N , since it need not be principal, but we 
claim that conditions (2) and (3) hold for it. 

For condition (2), note that by Proposition 16.6( A) applied to H w , there is a number 
A > such that |i?j — $j|„ > A/N for all N and all i ^ j. Since ip : D(0, r) — > B(a, r) is an 
-F^-rational isometric parametrization, we have ||#*,#|||« = \$i — $j\v > A/N for all i 7^ j. 

For condition (3), let Q* N (z) = Y\[z,0l\x^g be the (X, s)-pseudo-polynomial associated 
with D^. By Proposition I3.11T B2). there is a number C%$ G \C*\ V such that [z, w]%$ = 
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C^dl-^HU for all z,w G B(a,r). For x,y G D(0,r) we have ||^(a;),y(y)||^ = \x — y\ v , so 
[^i.x),ip(y)] x ,g = C x ,g\x-y\ v . Thus for x G £>(0,r) 

qat^w) = n^)<^>- = c&n^-^i- = c x,s\s N , Sw (x)\ v , 
fc=i fc=i 

and so 

(6.63) -log v (Q* N (<p(x))) = -Nlog v (C X f)-log v (\S N>Sw (x)\ v ) . 
As in (16321) . 

(6.64) tM^«) = Voc(H w )-log v (C X f). 

Put i? = maxi<j<d(log„(rj)). Given z G B(a,r), let a; G D(0, r) be such that (f(x) = z, 
and let i?j be the root of Sn(z,H w ) for which |rr — $j\ v is minimal. Using (|6.63j) . (|6.64p 
and Proposition 16.6( C). we obtain 

-\og v (Q* N (z)) = -Nlog v (C x , s )-log v (\S Nji Jx))\ v 

< -Nlog v (C X j) + N ■ VooiHv) - log„(|s - 0j|„) + 5 

(6.65) = AT.^(^)-log„(||^^y + B. 

Thus condition (3) holds. 

We will now modify DXj to obtain a principal divisor _Djv which satisfies all the conditions 
of Lemma 16.71 

Put 5 = [D* N ]. We claim that 5 G J w (vp)- To see this, for each k = 1, . . . , N let j(k) 
denote the index 1 < j ' < d for which 0^ G B(aj,rj). For each j = 1, . . . , d put Pj = N ■ Wj 
and for each i = 1, . . . , m put Qi = N ■ Si. The numbers Pj and Qj belong to N since Nq\ N, 
and we can write 

N d m 

s = ™ = D^)-(«iw)]+E p iK«,)-(«)]-E^K^)-(«)]- 

fc=l j=l i=l 

By the construction of the balls B(aj,rj), for each k we have [(01) — («j(fe))] £ Jw(vp)- 
Since ay and a belong to ^(F^), for each j we have [(ay) — (a)] G J w . By our choice of 
iVo, each Pj is divisible by i, so for each j we have Pj[{ctj) — (a)] G J w (rjp). Similarly, each 
Qi is divisible by I, and s and X are i^-symmetric, so Y^=\ Qi[( x i) ~ ( a )] £ Jw(vp)- Thus 
<5 G J w {rip). 

Let £ be such that |7r~,|„ = p. If the residue characteristic of i^, is odd, then by parts 
(B) and (E) of Theorem 16.91 together with our choice of rj, the group J w (p)/J w (vp) i s 
isomorphic to (7tI } O w /tt^~ 1 O w ) 9 . If the residue characteristic of F w is 2, then J w (p)/J w (r]p) 
is isomorphic to ( r K i m O w j'K ( ^'' 1 O w ) 9 . 

Let VP : -D(0, 0) _ — > Bj(0, 1)~ be the F<«-rational isometric parametrization in Theorem 
16.9( B). Using the F^-rational isometric parametrization tp : D(0,r) — > B(a,r), we get ir- 
rational isometric parametrizations <pj : D(0,p) — > B(aij,p), for j = l,...,g, by setting 
fj{z) = (p(aj + z) where (p(Sj) = aj. Define <3? : D(0,p) g -> Ilj=i B (aj,p) by $(z) = 
(¥>i(zi),...,¥>ffO?k))- Then tf((7i*0 w )ff) = J w (p), and ^(^O^) = C„(^)nB( ai ,/)) for 
each j. Let L^ : Cf, — > Cf, be the F^-rational linear map defined by L^ = (^ _1 o J 5 o$)'(0). 
Let + be the action of Ws(p) on F]f=i B{ a j->P) from Theorem 16.91 By parts (C) and 
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(E) of Theorem \6M for each z G (tt^Ow) 9 we have S&(L 3 (z)), J 3 ($(z)) G J w (p), with 

*(L a (^)) = Ja(*(^)) ( m od J w {vp))- 

First suppose the residue characteristic of F w is odd. By our choice of Nq, at least two 
points 9* k belong to B(aj,rj) for each j. Recall that tj = rjp for j = 1, . . . ,g. Without 
loss, we can assume that 9\,...,9* N are labeled in such a way that 9*, and 9* + , belong to 
B{aj,rjp), for j = l,...,g. 

Fix an element t G ir^O w whose image in tt^Ow/tt^Ou, is nonzero. Put t = (t, ■ ■ ■ , t) G 
(n e w O w ) 9 and set A = *(L 5 (i)), then define 0i, . . . , 2s E C V (F W ) by 

(0!, . . . , 9 g ) = A+(9$, ...,9* g ), (6 g+1 , ..., 6 2g ) = (-(8+A))+(e* l: ...,9* g ). 

Put 9 k = e% for k = 2g + 1, . . . , N, and set 

N—l m 

fc=0 i=l 

The divisor D N is principal, since by (j6.56|> we have [(0i)-\ h (0 g )] = A-j-[(0f)H h (0*)] 

and [(0 S+1 ) + • • • + (0 2g )] = (-(5+A))+[(^ +1 ) + • • • + (0^)], which gives 

Pat] = ra+(E(^)]-E(«)]) + ([ E («*)]-[ E («)] 

fc=l fc=l fc=g+l k= g +l 

(6.66) = <5 + A + (-(<5+A)) = 0. 

We will now show that 9\, . . . , 9 2g belong to E W \E W , and that they are well-separated 
from each other and 9 2g+ \, . . . ,9n- 

Put p = (ft, . . . , P g ) = (<pi(t), ... , <p g (t)). Then j3j G (^(F^) n B(a>j,p) for each j, and 
by Theorem 16.9( B) 

3 3 0) = Ja(*(*)) = *(£*(*)) = A (mod Wafap)) . 

This means there is a 5' £ ^^(ry/?) such that J 3 ((3) = <5'+A. It follows that <5'+(A+a) = 
(J'+A)+a = 3 d 0)+a = /3, so A+q = (-6')+0. Likewise, put 5* = 3 3 ((9l, ■ ■ ■ , 6 * g )) G 
Wa(7/p), so (91, ... , 9*) = 5*+a. By properties of the action + and Theorem 16.9( D) 

(9 1 ,...,9 g ) = A+(e* x ,...,9* g ) = A+(5*+a) = 6*+(A+a) = 6*+((-5')+p) 

9 

= (6*-8')+P G IKUF^DB^^rip)) . 
3=1 

Similarly, put 7 = (71, . . . ,7 S ) = (^i(-t), . . . , <p fl (-*)); then jj G C„(F tu )nB(a :? -,p) for each 
j. Let 5** = Ja(0* +1 , . . . , # 2 ) £ Wcf('7P)- By computations like those above one sees that 
there is a 5" G W 3 (rjp) such that J^il) = <5"+(— A), and that 

9 
(0 g+1 ,...,6 2g ) = (5** -6" -S)+ 7 G JJ(C„(F u; )nB(7 j ,r ? p)) . 

i=i 

For each j the map ipj : L>(0,p) — > B(aj,p) is an isometric parametrization, so our 
choice of t means that ||/3j, a^H^ = \t\ v = \n^,\ v = p and ||7j,ckj||« = \ — t\ v = p. Moreover 
||/3j,7j|| t , = \t — (—t)\ v = \2t\ v = p since the residue characteristic is odd. Thus the balls 
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B(aj,rfp), B(/3j,rjp) and .6(7^,77/3) are pairwise disjoint and contained in B(atj,p). Since 
B(a\, p), . . . , B(a g , p) are pairwise disjoint, all the balls 

B(a 1 ,?]p), ..., B(a g , rjp), B^-qp), ..., B((3 g ,r]p), B(-yi, rjp), ..., B(<y g ,i]p) 

are pairwise disjoint. Since E w = [E w \ {J s - =1 B(a.j, p)) U ( \Ju = i(C v (F w )B((Xj, rjp)) , it follows 
that 0\, ... , #2g G E W \E W . In addition, for each j = 1, . . . , 2<7, if 1 < k < N and k ^ j then 

(6.67) \\9j,h\\v > P- 

Next suppose the residue characteristic of F w is 2. Since ■jrf u O w /ir^~ 2 O w is an abelian 
2-group with at least 4 elements, it either has a subgroup isomorphic to Z/4Z or a subgroup 
isomorphic to (Z/2Z) 2 . If it has a subgroup isomorphic to Z/4Z, choose an element t £ 
k 1 w O w whose image in r K ( w O w j'K li +' 1 O w has order 4. Then the same construction as in the 
case of odd residue characteristic applies, but at the very end, in place of (J6.67P one gets 
that for j = 1, . . . , 2g and 1 < k < N with k ^ j 

(6.68) \\Sj,O k \\ v > \-rr w \ v ■ p . 

If the residue characteristic is 2 and ■K i w O w /'K^~ 2 O w has no elements of order 4, we modify 
the construction as follows. Let ti,t2 £ ^i,O w be elements whose images in ix i w O w /'K i ^'' 1 O w 
generate a subgroup isomorphic to (Z/2Z) 2 . By our choice of Nq, at least three of the 
points 9*,...,9 N belong to C V (F W ) D B(ctj,rj) for each j. Without loss, we can assume 
that 9\,...,9* N are indexed in such a way that 9j, 9* + , and #2n+j belong to B(a>j,r]p) 
for j = l,...,g. Put t\ = (ti,--- ,t\) and ti = fa, •• • , fe), then set Ai = ^(L^ii)), 
A 2 = *(L a (f 2 )). Recall that 5 = [£ft] G Jwfap). Define 0i, . . . , 3fl G C t ,(F w ) by 

(0l,...,0 g ) = Al + (0*, . . . ,0*) , (0 ff+ i,... ,0 2 g) = A 2 + (0* +1 , • • • , #2g) > 

(0 2fl+1 ,...,0 3s ) = (-(5+A 1 +A 2 ))+(9* g+1 ,...,9* g ), 
and put 0^ = 0£ for A; = 3<? + 1, . . . , N. If we take 

iV-l m 

fc=0 i=l 

an argument similar to the one before shows that Dn is principal, that 9±, . . . , 9^ g belong 
to E W \E W , and that for each j = 1, . . . , 3g, if 1 < k < N and k ^ j then 

(6.69) ||0j,0 fe ||„ > |7r w |„ • p . 

Finally, we show that for sufficiently large N divisible by Nq, the divisor Dn satisfies 
conditions (1), (2), and (3) of Lemma 16.71 

We have already seen that Dn is principal, so condition (1) holds. 

For condition (2), let A = A be the constant from Proposition I6.6f A) for the set H w . 
As shown above, for all N divisible by Nq and all j ^ k with 1 < j, k < N, we have 
ll^j^fell-u > A/N. Suppose in addition that N is large enough that A/N < \ir w \ v • p. For 
1 < j < 2g (resp. 2>g in the third case), and all k ^ j we have ||0j,0jfc||u > \Tt w \v ■ P > A/N 
by (|6.67p . (J6.68P and (|6.69|) . By symmetry, this also holds for 1 < k < 2g (resp. 3g) and all 
j 7^ k. For j, k > 2g (resp. 3g in the third case) with j ^ k we have \\9j, 9k\\ v > A/N since 
9j = 0* fc = 0*. Thus condition (2) holds. 
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For condition (3), consider the (X, s) pseudo-polynomials Qn(z) = Y\j = \ [z, Oj]x,g and 
Q* N (z) = Y\j = i[z, dj]x,s- We must show there is a constant B such that for each z G B(a, r), 
if J = J(z) is an index for which \\z, 9j\\ v = miai<j-<jv(||^, fyllt;), then 

(6.70) -log v (\Q N (z)\ v ) < N-V Xtg (E w )+B+(-log v (\\z,9j\\ v )) . 

By (|6.65p . there is a constant B such that for each z G B(a,r), if K = K(z) is an index 
for which \\z, 9^\\ v = mmi<j<N(\\z,9*\\ v ), then 

-log v (Q* N (z)) < N-V XtS (E w ) + B+(-log v (\\z,0*K\\v)) ■ 

Throughout the discussion below, J and K will have this meaning. 

Let G be the number of roots of Q* N {z) that were moved, i.e. G = 2g or G = 3g. Then 



(If z = 0^ for some /i = 1, . . . , G, we regard the right side as defined by its limit as z — > 91.) 
For all z,w G 5(a, r) we have [z, io]x,s = Qe.sll- 2 ' w||«- Hence if we set 
G G 

(6.71) D(*) = ^(-log,(||^^y+^log,(|k,^||,) + (-log,(|k,^y) ; 

then to prove (|6.70p it will suffice to show there is a constant B such that for all z £ B(a, r) 

(6.72) D(z) < B+(-log v (\\z,9j\\ v )) . 

(If z = 9* h for some h = 1, . . . ,G, then 9* K = 6^, and we define D(z) by the sum gotten 
by omitting the corresponding terms from the right side of f)6.Tlj) : if z = 9j for some j, we 
regard both sides of (|6.7ip and (|6.72p as being oo.) 

We will prove ()6.72|) by considering cases. By (|6.67p . (J6.68P and (j6.69p . the balls 

B(9 1 ,?]p) , ... , B(9 G ,VP) , B(ai,n) , ... , B(a d ,r d ) 

are pairwise disjoint. Put r = min 1 <j< ( i(r_ ; ) and take B = G ■ (— log v (rjp)) + (— log v (r)). 

First suppose that z G B(9h,Tjp) f° r some h, 1 < h < G. Then 9j = 9h, and ||z,0j||.u > 
r\p for all j = 1, . . . , G with j ^ h. Furthermore, \\z, 9^\\ v < r < 1 for j = 1, . . . , G and 
lk'$xlk> > VP- Hence 

D(z) < (G-l)-(-log v ( V p)) + (-log v (\\z,9j\\ v ) + (-log v (rip)) 
< B + (-log v (\\z,9j\\ v ). 

Next suppose that z G B(ah,rh) for some h, 1 < h < d. In this case ||z, 9j\\ v > rjp for 
j = 1, . . . ,G. By our choice of iVo, at least four of the 9^ belong to B(ah, r^j, and at least one 
remains after 9\, . . . , 9q are moved. This means that 9j = 9% for some I with 9\ G B(ath, fh), 
and that 9* K G B(ah,Th). By the definition of K, we have \\z, 9j\\ v = \\z,9^\\ v > \\z,9^\\ v . 

If \\z, 9j\\ v > \\z,&x\\ v , then 9* K was one of the roots moved out of B(ah,rh), and in 
particular 1 < K < G. Thus there is a term log„(||z, 9^\\ v ) in second sum in (|6.7ip which 
cancels the term — log^dlz, 9* K \\ v ). (If z = 9* K , then — log„(||z, 0^ ||„) = oo but we have 
defined D{z) by omitting these two terms from (|6.7ip .) This gives 



D(z) < G-(-log„M) < B+(-log v (\\z, 



U\ 
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On the other hand, if \\z, 9j\\ v = \\z,9^\\ v , once more 

D(z) < G-(-log v ( V p)) + (-log v (\\z,9* K \\) < B + {-\og v {\\z,9j\\)). 

Finally suppose z G B(a,r)\(\jf =1 B(9j,rjp) U \Jj =1 B(aj,rj)). Trivially ||2,0j||„ > f]p 
for j = 1, . . . , G, and ||.z,0#-|| > r. Since \\z, 9j\\ v < r <l, again we have 

D(z) < G-(-log v (rjp)) + (-log v (r)) < B + (-lo 9v (\\z,9j\\)) ■ 

This establishes (|6.72j) . and completes the proof of condition (3) of Lemma l6.71 Applying 
Lemma l6.7[ we obtain Proposition I6.5I A. □ 

We have now completed the proof of Theorem 16,31 

5. Corollaries to the Proof of Theorem 16.31 

In this section we note two consequences of the proof of Theorem 16. 31 which will be used 
in §11141 in the local patching construction for ^-simple sets. 

Definition 6.10. Let E v C C V (C V ) be a iC„-simple set with a -ftT^-simple decomposition 
E v = U^=i {B{a£,ri) C\C v (F Wl f\. Let H v C E v be a iiVsimple set compatible with E v , 
with a -K^-simple decomposition H v = (Jh=i {B{@h,Ph) f~l C v {F Uh y\ compatible with the 
decomposition E v = \^j i=1 (B(ag,re) nC v (F W£ )). We will say the decomposition H v = 

\Jh=i ( B (Qh,Ph)nCv(E Uh )) is move-prepared relative to B(a\, r{), . . . , B(a D ,r D ) if 

(A) g(C) = 0, or 

(B) g = g(C) > 0, and for each £ = 1,...,D there are indices ha, . . . , hg g such that 
(!) B{e hn ,p hn ),...,B(6 hlg ,p hlg ) C B(a e ,r e ); 

(2) there is a number Ti such that ph a , • • • , Ph tg <ri<rg 

and B(9h ei ,re), . . . , B{9j ll ,fg) are pairwise disjoint and contained in B(ae, rg); 

(3) putting 9i = (9 hn ,. . . ,9 h(g ), the Abel map J^ : C V (C V ) 9 -)• Jac(C„)(C„) 

is injective on Y[ 9 =1 B{9 hlj ,Tg), and W^(r e ) := Jg e {l\ 9 j=1 B(9 hej ,r e )) 

is an open subgroup of Jac(C„)(C<,) with the properties in Theorem 16.91 
We will call B(9i l[1 , Ph a ), • • • , B(9h e ,Ph eg ) distinguished balls corresponding 
to B(ai,rg) in the decomposition of H v . 

Corollary 6.11. In Theorem 16.31 by choosing N v sufficiently large, we can arrange 
that the K v -simple decomposition H v = IJh=i B(9h, Ph)^C v (F Uh ) of H v := f~ l (D(0, 1))C~)E V 
is move-prepared relative to B(a\,r\),. . . ,B(aD,TD)- 

Proof. When g(C v ) = there is nothing to show. When g = g(C v ) > 0, the corol- 
lary follows by tracing through the proof of Theorem 16.31 We note the key points in the 
argument, below. 

The proof begins by using the decomposition E v = (J^=i \B(ag, re)nC v (F W( )) to reduce 
to a single set of the form E Wt £ = B(ag,rg) r\C v (F W( ); the function f v is a scaled product 
of conjugates of functions f Wj g for representatives of galois orbits of the balls B(ae, rg) (see 
(I6.30P ). Since the Abel map is galois-equivariant, if the conditions in Definition 16.101 are 
satisfied for some B{ag,rg), they also hold for its conjugates. 

Proposition 16.51 ^ constructs f w> g for a single set E w> £ = B(a£,ri) r\C v (F We ). (For no- 
tational simplicity, the index £ is suppressed in its proof.) The first step in the proof (see 
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(|6.6ip and (|6.62p ) is to construct a subset 

E w ,t = [J(C v (F We )nB(a £j ,r ij )) C E w/ 
i=i 

in which rg\ = ■ ■ ■ = rg g = rjp < rg, such that W^{gp) := ^d{W 9 j=iB{agj,pp)) is an 
open subgroup of Jac(C„) satisfying the conditions of Theorem 16.91 Put r£ = rjp. In 
the construction of f w> g, zeros are initially assigned to the cosets C V (F W[ ) n B(agj,rgj) 
in proportion to their weights under the (X, s)-equilibrium distribution of E w g, giving a 
nonprincipal divisor D^; then at most 3g zeros are moved to obtain a principal divisor Djy, 
which becomes the divisor of f w g. The corollary follows by noting that if N v (hence N) 
is sufficiently large, then f w> g has zeros in C v (F w> g) n B(agj,fg) for each j = l,...,g, and 
the distance between these zeros is at most rg so the corresponding balls B(6h,Ph) in the 
decomposition of H v have radii less than rg. If we let hg\, . . . , hg g be indices of zeros with 
9h e £ B(agj,rg), then by Theorem 16.91 (D) 

g 9 

(6.73) W fft (ri) = 3ff t (l[B(0 ht .,r t )) = J s (l[B(a tj>V p)) . 

j=i i=i 

When ch.&r(K v ) = p > 0, the final step in the construction of /„ replaces the function 
f v (z) described above with tt v v S p BQ v (f{z)) (see (|6.3ip . in order to assure that the 
leading coefficient c v ^ belongs to K v (xi) sep for each i. Since x = is a root of the Stirling 
polynomial S„b o v (x), the roots of the original f v (z) remain roots of the new one, and (|6.73p 
still holds. 

Thus H v = f~ 1 (D(0,l)) n E v is move-prepared relative to B{a\,r\), ■ ■ ■ ,B(arj,rrj)- 

D 

A second consequence of the proof of Theorem 16.31 is 

Corollary 6.12. In Theorem \6.3\ by choosing N v appropriately large and divisible, we 
can arrange that E v = {J e=1 (B(ag,rg) nC v (F Wi )) and H v = \J h=1 (B(9 h ,p h ) nC v (F Uh )) 
have the property that there is a point wg £ (B{ag,rg) nC v (F We ))\H v for each £ = 1, . . . , D. 

Proof. This can be seen by tracing through the proof of Theorem 16.31 However, a 
simple modification at the end of the proof gives the claim directly. 

Applying Theorem in its stated form, given e > and ^-simple decomposition E v = 
U^=i \B(ag,rg) n C v (F We )), there is a ^-simple set E v C E v such that for each < f3 v £ 
Q and each K ^-symmetric probability vector s £ V m (Q), assertions (A) and (B) in the 
Theorem hold. 

Fixing < [3 V < Q and s, write {3 V = /3' v + $ with < /3' V ,/3'J £ Q. Applying the 
Theorem with /3 V replaced by /3' v , there is an integer N^ > 1 such that for each positive 
integer N divisible by N' v , there is an (X, s)-function f' v £ K V (C V ) of degree N such that 
assertion (B) holds for f3' v : in particular, for each X{ £ X 

A Xl (K,s) = A Xi (E v ,s)+/3' v , 

the zeros 6[, . . . , 9' N of f' v are distinct and belong to E v , (/^-^^(0, 1)) = {Jh=i B ( e 'h> Ph) 
where the balls B(6' h ,p' h ) are pairwise disjoint and contained in \J i=1 B(ag,rg), and the set 
H[, := (/i) _1 (i5(0, l))r\E v has a ^-simple decomposition H[, = U^ =1 {B{6' h , p' h )nC v (F u > h )) 
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compatible with the decomposition E v = \J e=1 (B (ag, re) C\C v (F We )) . For each h, p' h belongs 
to \F X , \ v and f' v induces an F u < -rational scaled isometry from B(9' h ,p' h ) onto D(0, 1). 

h " 

Fix a positive integer N" such that N" • j3" G Z, and put N v = N' V N". Given an integer 
N divisible by N v , let f' v {z) be as above, and put 

f v (z) = n-^-f v (z) 

where ir v is a uniformizer for the maximal ideal of O v . Clearly h Xi (f v , s) = A X .(E V , s) + /3 V 
for each X{ G X. The zeros Oi, . . . ,9n of f v (z) are the same as the zeros 9' x ,...,9' N oif' v , so 
they are distinct and belong to E v . 

For each h, put p^ = \n v v \ v • p' h < p' h and put F Uh = F u i . Since n v v G K* and 
Pfc e |i^J«, we have p h G |F U X J„ and B(0 fc ,p h ) C 5(6^,^). Since /J : J3(^,// ft ) -> £>(0, 1) 
is a scaled isometry, it follows that 

TV TV 

/-^(O.l)) = U^Pft) C \jB(e' h ,p' h ) = (ti)-\D(0,l)) , 

h=l h=l 

and H v : = /~ 1 (D(0, 1)) C\E V has the i^-simple decomposition 

TV 

h v = |J (s(^, P /0nc„(F n j) 

compatible with the if^-simple decomposition EV, = U^=i {P{ a e.i r t) nC„(F^)). 

Now fix £, and take any 1 < h < N with B(6h,Ph) C B(ag,re). Then F„ h = F u / = F TOi , 
e h = 9' h e B(at,n)nC v (F We ), B(9 h ,p h ) C 5(e h ,p^) C B( 0<I r/), and ^ G |i^|t Since 
f' v : B(9h,p' h ) — > D(0, 1) is an i 7 ^ -rational scaled isometry, there infinitely many points 
w G C v (F We ) with ||0/i,wJ||„ = p' h . Such points belong to B(9h,p' h ) C\ C v (F u , e ) but not 
B(9h,ph)> so they are not in H v . 

Thus for each £ there is a point w;£ G (B(a,£,rg) nC v (F W[ ) s j\H v . □ 



CHAPTER 7 
The Global Patching Construction 

In this section we will give the global patching construction for the proof of Theorem 
4.2. This argument manages the patching process in such a way that the final patched 
function is K-rational. Part of the argument specifying the order in which the coefficients 
are patched, and the way the target coefficients are chosen. In expansions of functions, all 
coefficients are with respect to the L-rational basis, constructed in E J3I3I 

The inputs to the global patching argument are the construction of the initial approx- 
imating functions, carried out in Chapters [5] and [6] above, and the local patching con- 
structions given in Chapters [HI - 1111 below. The global and local patching constructions are 
largely independent; we have chosen to present the global argument first in order to provide 
the reader with an overview of the proof. Nonetheless, in order to understand some aspects 
of the global patching construction (in particular the need for patching the coefficients in 
bands and the reason for using different patching coefficient bounds for high, middle, and 
low-order coefficients), it is necessary to be acquainted with the local constructions. There- 
fore we encourage the reader to examine the local patching constructions in parallel with 
the global one. The patching argument for the non-archimedean RL-domain case when 
char(.RT) = 0, given in Chapter I1Q|, is the easiest and will shed light on the issues above. 

For the convenience of the reader, we restate Theorem 14.21 The notion of a i^-simple 
set is defined in Definition 14.11 

Theorem 14.21 (FSZ with Local Rationality Conditions, for ^-simple sets). 

Let K be a global field, and let C/K be a smooth, geometrically integral, projective 
curve. Let X = {x\, . . . ,x m } C C(K) be a finite set of points stable under Aut(K / K) , and 
let E = FJ E v C Y\ v C V (C V ) be a an adelic set compatible with X, such that each E v is stable 
under Aut c (C v /K v ). Let S = Sr C Mr be a finite set of places v E Mr containing all 
archimedean v. 

Assume that 7(E, X) > 1, and that 

(A) E v is K v -simple for each v E S, 

(B) E v is X-trivial for each v ^ S. 

Then there are infinitely many points a E C(K sep ) such that for each v E Mr, the 
Aut(K / K)-conjugates of a all belong to E v . 

In Chapter [5] we have reduced Theorems I0.3[ 11.21 II. 3| 11.41 II. 5| 11.61 and 11.71 to Theorem 
14.21 In Chapters [5] and [6] we have constructed the initial approximating functions. 

In this Chapter we prove Theorem I4.2| assuming the local patching constructions given 
in Chapters [HJ - HU In §7111 - §7131 below we discuss some preliminaries: an adelic version 
of the Strong Approximation theorem, the existence of a dense set of subunits, and the 
semi-local theory. In §7141 we prove Theorem 14.21 when char(K) = 0. First, we specify the 
patching parameters, then we construct the functions used to initiate the patching process, 
and finally we carry out the global patching construction. In §7151 we prove Theorem 14.21 
when char(i^) = p > 0. 
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We use the conventions concerning notation and absolute values from £13111 We assume 
familiarity with the theory of Green's functions from §3181 £13191 (or from [51 j . §3.2, §4.4), 
and with Green's matrices and the Cantor capacity from §31101 (or from [51) . §5.3). 

The Green's matrix and the Cantor capacity only depend on values of the Green's func- 
tions outside E v . For a compact set E v , if x ^ E v , the upper Green's function G(z,x;E v ) 
coincides with the Green's function G(z,x;E v ) from §3181 for all z, and it coincides with 
the (lower) Green's function G(z,x;E v ) studied in ( |51j ) for all z ^ E v . Likewise, for an 
X-trivial set, or more generally for any algebraically capacitable set, the upper Green's func- 
tion G(z,x; E v ) coincides with the lower Green's function studied in ( |51j ) for all z £ E v 
(see [51j . Theorem 4.4.4). Hence for sets E = Y\ v E v meeting the conditions of Theorem l4.2[ 
the upper Green's matrix T(E, X) and inner Cantor capacity 7~(E, X) from §41101 coincide 
with the Green's matrix r(E,X) and Cantor capacity j(K,3t) from ( |51j . §5.3). 

For this reason, for the remainder of this chapter, we will drop the "bar" from G(z, x; E v ), 
T(E, X), and t~(E,X) and simply write G(z,x;E v ), T(E, X) and 7(E,X). 

Let Sk = S be the set of places of K in Theorem I4.2[ and let Sk = S be the set of all 
places of K where any of the following conditions holds: 

(1) v £ Sk', in particular if 

• v is archimedean; or 

• C has bad reduction at v (with respect to the model £ determined by the given 
projective embedding of C); or 

(7.1) • the points in X do not specialize to distinct points (mod v); or 

• E v is not X-trivial; 

(2) C has good reduction at v, and one or more of the uniformizing parameters g Xi {z) 

fails to specialize to a well-defined, nonconstant function on the fibre £ (mod v) = 
<t x q k k v (in the classical terminology, "has bad reduction at v" ) ; 

(3) C has good reduction at v, and one or more of the basis functions <fij(z) and ip\ 
from Section [3131 has bad reduction at v. 

Note that although there are infinitely many basis functions, only finitely many places are 
affected by condition (3), because the basis functions belong to a multiplicatively finitely 
generated set. Thus Sk is finite. 

Put L = K(X) and Sl be the set of places of L above Sk- Write E# = E and let 
El = n«;£X E w be the set obtained from E^ by base change, identifying C w with C^ 
and putting E w = E v if w\v. For each w $. Sl, E w is X-trivial and the g Xi (z) have good 
reduction, so the local Green's matrix T(E W ,X) is the zero matrix. Thus 

(7.2) r(E^,x) = ^J-^r(E L ,x) = ^-^ J2 r(£«,,£)iog(?«0 • 

w£S L 

In Theorem 14.21 our hypothesis that 7(E, X) > 1 is equivalent to T(E, X) being negative 
definite. Let {E v } $ be another collection of sets for which E := n^cg E v x n^^s E v 
is ii'-rational and compatible with X. compatible with X By continuity, there are numbers 
e v > for v G Sk such that T(E, X) is also negative definite, provided that for each v E Sk 

. ■. ( \G(xj,Xi;E v )-G(xj,Xi;E v )\ < e v for alii ^ j , 

1 ' ' I \V Xi (E v )-V Xi (E v )\ < e v foralH . 
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1. The Uniform Strong Approximation Theorem 

Let F be a global field. Write Ai F for the set of all places of F, and let \x\ u be the 
absolute value associated to u G Atp, normalized as in £ )3lll Let Ap and Jp denote the 
adele ring and idele group of F, respectively, and write b = (b u ) ue _M F for an element of Ap 

or Jp. Let 

MP = n n^ 

■uSA^f 

denote the "size" of b. Recall that D u = 2 if u is archimedean and iiT u = C, and D u = 1 
otherwise. 

The following version of the Strong Approximation theorem is well known, but there 
seems to be no convenient reference for it. 

Lemma 7.1. Let F be a global field. There is a constant Bp depending only on F such 
that for each b £ Jp with \\b\\p > Bp, given any c £ Ap, there is an f £ F such that 

\f - c u \ u < \b u \ u for allu £ Mf. 

Proof. By the Lemma on ( |18j . p. 66), there is a constant A(F) > such that for any 
a £ JJp with ||a||p > A(F), there is a f3 £ F x satisfying \{3\ u < \a u \ u for all u £ Alp. 
Given any idele y = (y u )u£M F G $F, put 

V(y) = {x = {x u ) ueMF £ Ap : \x\ u < \y u \u} ■ 

By Corollary 1 of ( [18] . p. 65), there is a d £ Jp such that V{d) contains a fundamental 
domain for Ap/F: that is, Ap = V{d) + F, where we view F as embedded on the diagonal 
in Ap. Let D(F) = \\d\\ F . 

Take B F = A(F) ■ D(F). Suppose b £ JTp is an idele with ||fe||p > B F . Put a = b ■ d _1 ; 
then ||a||p > A(F). Let (3 £ F x be such that \/3\ u < \a u \ u for each u £ Ai F ; then 
|/5d u | u < \b u \ v for each u. Since V(d) contains a fundamental domain for Ap, so does 
V(Pd): indeed, 

Ap = /3-Ap = P-(V(d)+F) 

= fi-V(d) + P-F = V(Pd) + F. 

Since V(/3d) C V(b), it follows that Ap = V(b) + F as well. 

Now, take any adele c = (c u ) u ^Mf ^ ^-P- ^ e t x ^ ^(^) an d f £ F be such that 
a = x + f . Then for each n G Alp, 

I f _ r I — | r _ fl — lr I < \b I 
I J «|« — \^u J \u — \^u\u -^ \ u u\u 

as desired. D 

Restricting to a finite set of places, we have 

Corollary 7.2. Let F be a global field, and let Sp C A4 F be a nonempty finite set of 
places. Then there is a constant B(S F ) with the following property. For any set of numbers 

{0<Q u £M.:u£S F } 

such that YiueS Qu > ^(Sp), and any collection of elements c u £ F u for u £ Sp, there 
is an f £ F satisfying 

1/ - c u \ u < Q u for all u £ Sp , 
\f\u < 1 for all u^S F . 
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Proof. Let Bp be the constant from Lemma 17.11 and put 

B{S F ) = B F • ( H q u ), 

nonarchimedean u S Sp 

where q u is the order of the residue field at u. 

Suppose n^c? Qu u — B(Sp). For each archimedean u G Sp, there is a b u G F u with 
|^u|u = Q«; for each nonarchimedean u G Sf there is a 6 U G F u with 

QV^Qu < |6«| < Q« • 

For each u ^ Sf, put b u = 1, and let 6 = (b u ) u< zM F G J-F- Then ||&||f > -Bf- Let c u G i 7 ^ 
for m G Sf be the given elements, and put c u = for u ^ Sf- 

By Lemma 17. II there is an / G i 7 with |/ — c u \ < |6 U | U for all u G «Mf- D 

Now consider a global field X and a nonempty finite set of places Sk of if. For any 
finite extension F/K, let Sf be the set of places of F above Sk- The following extension 
of Corollary 17.21 will be used in the global patching process. 

Proposition 7.3. (Uniform Strong Approximation Theorem) Let K be a global 
field, and let Sk be a nonempty finite set of places of K. Let H/K be a finite normal 
extension. Then there is a constant Ch{Sk) > with the following property. Let {0 < 
Q w G M. : w G Sh} be a K-symmetric set of numbers with \\ we g Q® w > Ch(Sk)- Let F 

be any field with K C F C H , and let {c u G F u : u G Sf} be any set of elements. Then, 
regarding c u as an element of H w for each w\u, there is an f G F satisfying 

\f ~ Cu\ w < Q w for each w G S H , 



I \f\w < 1 for each w G" S H 

Remark: If H/L\ is a finite but not normal, the assumption that {Q w } e s is if-symmetric 
can be replaced by the requirement that there is a set of numbers {0 < Q v G K : v G Sk} 
such that Q® w = Q v "^ w ' " J whenever w\v. 

PROOF. Define 

(7.5) C H (S K ) = max (B(S F ) [H - F] ) . 

Let {QjDj-^gg , i 7 ", and {c u } ue s be as in the Proposition. For each u G Sf and each w £ Sl 

with u>|tt, define Q u by Q u "" " = Qw w - Note that Q u is well-defined since {Q w } w€ § is 
if -symmetric. By our normalization of absolute values, if x G F u is regarded as an element 
of H w then |x|£» = (|ar|£»)[ fr » :J! y, so |ar|„ < Q„ iff |x|„ < Q w . 
Since X^J-Bw : F u\ = i H ■ F] we have 

( n Qu u ) [h - f] = n * ^ ^(^) > 5(^) [H:Fi , 

so n„ 6 s Q?" ^ B(Sf)- Let / G i 7 " be the element given by Lemma IT~2"1 For each u G Sf, 
we have \f — c u \ u < Q u , while for each u ^ Sf, we have \f\ u < 1. Passing to the extension 
H/K, for each w G Sh we have \f — c u \ w < Q w if w\u, while for each w ^ <S# we have 
< 1. □ 



w 
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2. S'-units and S'-subunits 

Let F be a global field, and let Sf be a nonempty finite set of places of F containing all 
the archimedean places. Write Sp = Sp !OC U &F,o where Sp jOC is the subset of archimedean 
places, and Sf,o is the subset of nonarchimedean places; here, if F is a function field, Sf, oo 
is empty. The set of S^r-units is the group 



°F,S F = {f G ^ [ OTd " (/) = ° fOT ^ U * SP} 



By the S-unit theorem 



O x ~ ^ Z/dZ x l*^^- 1 

F,S F ' 



where d = dp is the number of roots of unity in F. Furthermore, the homomorphism 

log P? :O x ~ ^R#( s ^) 
b F,S F F ,S F 

l °S F ,S F (f) = ( l °Zu(\f\u)) ue § F 

maps O * - onto a Z-lattice which spans the hyperplane 

-Hg F = {teR* {§F) : ^ tulog(q u ) =0} C R#^ . 

ues F 

The kernel of log^ 5 is the group of roots of unity fid in F. 

Note that if u G Sf,o and / G F x , then — log u (|/| u ) = ord u (/) G Z. The 5-unit theorem 
therefore implies 

Proposition 7.4. Let F be a global field, and let Sf be a finite set of places of F 
containing Sf :O0 . Suppose t G M#( Sf > satisfies 

^ t u log{q u ) = , 
ue§ F 

with t u G Q for each u G Sfo- Then for each i] > 0, there are an an integer mo > and an 
SF-unit /o G F x such that 

( X ) ^ l °gu(\Mu) = tu for each u G S F ,o; 

( 2 ) l^: lo g«(l/oU) - t u \ < 7] for each u G S F)00 . 

When F is a function field, this can be reformulated as follows: 

Proposition 7.5. Let F be a function field, and let Sf be a finite set of places of F. 
Let {cu G F x : u G Sf} be a collection of elements such that 

^2 log u (\c u \ u )\og(q u ) = . 
u&S F 

Then there are an SF-unit f G O x ~ and an integer uq > such that |c"°| u = |/| u for each 

u G Sf,o- 

Proof. Take t u = log u (\c u \ u ) for each u G Sf, and let no and /o and be the integer mo 
and Sf unit given by Proposition 17.41 □ 

When F is a number field, there is a stronger version of Proposition [73] using the concept 
of a subunit, introduced by Cantor ( [16] ): 
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Definition 7.6. An S^-subunit is a vector e = (e«) u | 00 E ©„£§ ^u f° r which there 
are an integer n > and an 5p-unit / E F x with e™° = / for each u E <Sf,oo- 

If F is a number field, the group of roots of unity is dense in the unit circle in C x , and 
the units {±1} represent both connected components of M x . Hence we have 

Proposition 7.7. Let F be a number field, and let Sp be a finite set of places of F 
containing Sf,oo- Let {c u E F* : u E Sf} be a collection of elements such that 

^2 lo &u{\cu\u)\og(q u ) = . 
ueS F 

Then for each 5 > 0, there are an Sp-unit f E O x - , an integer uq > 0, and an Sp-subunit 
e*6ffi r s F x such that 

(1) \c™°\ u = \f\ u for each u E S F)0 ; 

(2) \e u - c u \ u < 5 and e™° = f for each u E S F ,oo- 

Proof. Apply Proposition 17. 4| taking t u = log u (|c u | M ) for each u E Sp. Let rj > be 
small enough that for each u E Sp j00 , if \x — t u \ < r\ then |exp(x) — \c u \ u \ < 5/2. Let m 
and /o and be the positive integer and Sf unit given by Proposition 17.41 

For each u E <Sf i0 o we have ||/o|m — |c u |«| < 5/2, and there is a root of unity ui u E F£ 
such that |w u /o — c u \ < 5; put e u = uj u fo, and let e = (£ u ) u \oo- Let mi be the least common 
multiple of the orders of the uj u ; put no = m§m\ and take / = f™ 1 . Clearly (1) and (2) 
hold for this e, no and /. □ 

3. The Semi-local Theory 

Let K be a global field, and let H/K be a finite extension. For each place v of K, there 
is a canonical isomorphism of topological algebras 

(7.6) H® K K V =* ® W \ V H W . 

(This isomorphism holds even when H/K is not separable; see ( |51j . p. 321).) Under this 
isomorphism K v = K ®k Kv is identified with the set of diagonal elements (k v , . . . ,k v ), 
k v E K v . More generally, for any field F with K C F C H, the algebra F <£>k K v = ® U \ V F U 
embeds in H (8>x K v in such a way that ® u \ v h u E ® U \ V F U is sent to the quasi-diagonal 
element ® w \ v f w E © W \ V H W where f w = h u for each w\u. 

When H/K is normal, the group Aut(H / K) acts on H <S>k K v through its action on 
H: for each o E Aut(H/K), f E H, and k v E K v , we have a(f <£>k k v ) = cr(f) (g> k„. 
When this is interpreted on the right side of (|7.6p . it says that a induces a permutation 
w i-)- cr(u;) of the places w;|t> , and a canonical isomorphism t CTjU , : H w — > H a r w ^ for each w. 
That is, the action of a on ©^-H™ is gotten by applying r CTjU , to the ^-coordinate, while 
permuting the coordinates so the w-coordinate goes to the cr(u;)-coordinate. Furthermore, 
Aut(H / K) acts transitively on the places w over v. (When H/K is galois this is well- 
known. When H/K is merely normal, let H sep be the separable closure of K in H. Then 
Aut(H / K) = G&l(H scp j K) acts transitively on the places wq of H sep lying over v, and the 
assertion follows because there is a unique place w of H over each wq of H sep .) 

When H/K is galois, K v is the sub-algebra fixed by G&\(H/K); more generally, F®kK v 
is the sub-algebra fixed by Gal(H/F), for each F with K C F C H. 
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We will now apply these facts in the context of Theorem 14.21 Let K be the global field 
in Theorem 14.2^ and put L = if (X). If K is a number field, take H = L; if K is a function 
field, put H = L scp . Then H/K is galois. Since C/K is geometrically integral, 

(7.7) H® K K V (C) <* ® W \ V H W {C) . 

If K C F C if, the algebra F (8>x K V {C) embeds quasi-diagonally in ii <S>k K v (C). 

For each <r G Gal(H/K) and each ui, the isomorphism r<j il0 : if„, — > H a r w ) induces an 
isomorphism T a>w : H W (C) — > H a r w \{C) fixing K V (C). As before, the action of Ga\(H/K) on 
H <£ik K V (C) can be interpreted as applying r ffjW to the ^-component of (|7.7p . for each iu, 
while permuting the coordinates so the w;-component goes to the <T(u>)-component. K V (C) 
is the sub-algebra fixed by Gal(H/K); more generally, F (&k K v (C) is the sub-algebra fixed 
by Gal(H/F), for each F with K C F QH. 

Let J be the number from the construction of the L-rational and L sep rational bases in 
§3131 and let Ao = dimg-(rQ^™ ± J(xt)) be the number of low-order basis elements. Given 
a probability vector s G T ,m (Q) with positive coordinates, and an integer N such that 
Ns G Z m , write iVj = iVsj for i = 1, . . . ,m. Assume that N is large enough that Ni> J for 
each i. Suppose we are given an (j£, s)-function (p(z) G if (C) of degree iV. 

If if is a number field (that is, if char (if ) = 0), we can expand <f>(z) using the L-rational 
basis as 

m Ni-J+l A 

(7.8) <f>(z) = Y^ Y^ a ij (pi tN ^ j (z) + ^2a X ipx(z). 

i=\ j'=0 A=l 

with the a.ij,a\ G L. Since <j>(z) is if -rational, for each a G Gal(.F/if) we have o~(<f))(z) = 
4>(z). Applying a to ()7.8|) . and recalling that cr(ipij) = ^p a (i),j an d cr(ip\) = <p\, we find 
that cr(aij) = a a (i),j f° r au ? > i; an d o"(oa) = °A for all A. Thus, the a^ are if -symmetric 
relative to the action of Gal(L/if) on the Xj, and for each a G Gal(L/if (x^)) we have 
°~( a ij) = a (r(i),j = a iji so a ij belongs to K(xi). Likewise, since each ip\ is if -rational, each 
a\ belongs to if. 

Similarly, let w be a place of L with w\v. If we are given an (3t, s) function <p w {z) G L W (C) 
of degree N, we can write 

m Ni—J—1 A 

(7.9) 0„,(z) = ^ ^ a Wjij ipi !Ni -j(z) + Ya WtX <p x (z) 

i=l j=0 A=l 

where each o W] i« G L w and each a Wi ^ G ift,. In this context, we have: 

Proposition 7.8. Suppose K is a number field, and let v be a place of K. For each 
place w of L with w\v, let an (X,s)- function 4> w {z) G L W (C) be given. Then the following 
are equivalent: 

(1) There is a 4> v (z) G K V (C) such that <j) w {z) = (j> v (z) for all w\v. 

(2) ® w \ v 4>w{z) is invariant under the action of Gal(L/if) on L®k K v (C). 

(3) If each 4> w (z) is expanded as in (|7.9p . then 

(a) for each i, j, each w\v, and each a G Gal(L/if ), 

^Wiu), ff(i),j — Ta,w\Q>w,ij ) ) ana 

(6) for each X there is an a Vj \ G K v such that a Wt \ = a v> \ for all w\v. 
Under these conditions, for each i and j, if we write F = if (xj) then ® w \ v a w ^j belongs to 
® U \ V F U , embedded semi-diagonally in L (&k Kv- 
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Proof. The equivalence of (1) and (2) follows from the description of the action of 
Gal(L/K) on L <S>k K v (C) given above. For the equivalence of (2) and (3), note that if 
(B w \ v 4>w(z) is expanded as in (|7.9p . with a^ = (B w \ v a Wt ij and a\ = ® w \ v a Wi \, then 

( m Ni-(2g+l) A 

Y Y a ij ip i:N ^ j (z) + J2 a x ( Px( 2 
%=\ j=o \=i 

m Ni-(2g+l) A 

= Y Y <J ( a ij) ( P'y{i),N l -j{z) + Y a< y a >) ( P^ z ) ■ 

i=l j=0 A=l 

Thus @ w \ v <f> w (z) is invariant under G&1(L/K) if and only if a{aij) = a a (i),j an d o~(a\) = a\ 
for all a and all i, j, and A. In view of the description of the action of Gsl{L/K) on (B W \ V L W , 
this holds if and only if T a>w (a Wj ij) = a a { w ),a(i),j for all a, w, i, j; and a w> x = a v ,x G K v for 
all w, A. The assertion concerning the F-rationality of €B w \ v a Wt ij follows from the discussion 
at the beginning of the section. □ 

If K is a function field (so char(i^) = p > 0), we can expand <f>(z) using the L sep -rational 
basis as 

m Ni-J+l Ao 

(7.10) <p{z) = Y Y aij&^-jiz) +Ya\¥\(z) 

i=l j=0 A=l 

with the atj , a\ £ L sep . Again, the a,ij are ET-symmetric relative to the action of Gal(L sep /iiT) , 
and each a\ belongs to K. If w is a place of L sep with w\v, and we are given an (3t, s) function 
<S>w{z) G Lw P (C) of degree N, we can write 

m Ni-J—1 A 

(7.11) 4>w{z) = Y Y "■w,ij^i,N l -j( z ) + Y^w^xiz) 

i=l 3=0 A=l 

with each a w ij E L^ p and each a w \ G if„- In this case we have 

Proposition 7.9. Suppose K is a function field, and let v be a place of K . For each 
place w of L sep with w\v, let an (X, s)-function 4> w {z) G L^ P (C) be given. Then the following 
are equivalent: 

(1) There is a 4> v (z) € K V (C) such that 4> w (z) = (f> v (z) for all w\v. 

(2) (B w \ v 4>w(z) is invariant under the action of Gal(L scp / K) on L sep <S>k K v {C). 

(3) If each 4> w {z) is expanded as in (|7.1ip . then 

(a) for each i, j, each w\v, and each a € Gal(L sep /.ff), 

a a(w),a(i),j = T<j,w\ a w,ij) > ana 

(b) for each A there is an a v \ G K v such that a w \ = a v \ for all w\v. 

Under these conditions, for each i and j, if we write F = K(xi) scp then ® w \ v a w ,ij belongs 
to @ U \ V F U , embedded semi- diagonally in L sep ®k K v . 

Proof. The proof is similar to that of Proposition 17.81 □ 
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4. Proof of Theorem 14.21 when char(K) = 

In this section we will prove Theorem 14.21 when char(i^) = 0. Let K, L = K(X), Sk, 
and E be as in Theorem 14.21 an d let Sk 2 Sk be the finite set of places of K satisfying the 
conditions (|7.1|) at the beginning this Chapter. Let Sl be the set of places of L above Sk- 

The proof has three stages, and will occupy the rest of this section. First, we choose 
the parameters governing the patching process. Next, we construct a set of 'initial approx- 
imating functions' f v (z) for v G Sk, whose roots belong to E v , and modify them to obtain 
'coherent approximating functions' <j) v {z) whose leading coefficients satisfy the conditions of 
Proposition [721 By means of a degree-raising procedure, we use the coherent approximating 
functions to construct 'initial patching functions' Gi, (z) whose whose roots also belong 
to E v . Finally, we patch the coefficients, creating a sequence of i^-symmetric functions 
Gv (z),Gv (z), ■ ■ ■ , Gv (z) which have more and more coefficients in the global field L, 

but whose roots still belong to E v . The final functions Gv (z) have all their coefficients in 
L, and are ^-rational but independent of v. Using Proposition 17.81 they can be seen to be 
ii'-rational. In this way we construct a function G^ n '(z) G K(C) whose roots belong to E v 
for each v. 

PROOF of Theorem 14.21 when char(ET) = 0. We begin by outlining the first two stages 
of the construction. 

First we choose parameters < h v < r v < R v for v G Sk, which control the amount 
of the freedom in the patching process. Using the Green's matrix r(E,3t) we construct a 
X-symmetric probability vector s with positive rational coefficients, and a positive integer 
N, which will be the common degree of the initial approximating functions. 

Using the approximation theorems from $5] and ^H we construct the initial approxi- 
mating functions {f v (z)} g , which are (X, s)-functions of common degree iV with roots 
belonging to E v . We then modify the f v (z) to obtain the coherent approximating functions 
{4> v (z)} v ^ . The key properties of the 4> v (z) will be 

(1) For each v G Sk, <f>v(z) G K V (C) is an (X, s) function of degree N, for which there 
are a constant k v G K* with \k v \ v > 1 and an initial approximating function 
f v (z) G K V (C) for E v , such that 

(j) v (z) = K v f v (z) . 

Thus the (f> v (z) inherit the approximation properties of the f v (z), and their roots 
are the same as those of the f v {z). 

(2) For each w G Sl, put <f> w (z) = (f> v (z) if w\v, and view (j) w {z) as an element of 
L W (C). Although the <f> w (z) for w\v are all the same, for distinct w the points 
of X, which are their poles, are identified differently as points of C W {L W ). Write 
c Wj i = lim. z ^. Xi 4> w (z) • g Xi (z) Nsi for the leading coefficient of <fi w (z) at Xj. 

Then for each i, ® w \ooC Wt i is an S^-subunit and 



n 

we§ L 



[X .\Dw — i 



Our ability to achieve (1) uses that j(E, X) > 1. Our ability to achieve (2) depends on 
the independent variability of the archimedean logarithmic leading coefficients, proved in 
Theorems 15.11 and 15.21 
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For the convenience of the reader, Theorem 17.101 below summarizes Theorems 15.11 15.21 
16.11 16.31 and Corollaries 16.111 and 16.121 which construct the initial approximating functions. 
In broad terms, those theorems say that for each .ff-symmetric s G 'P m (Q) and each v G Sk, 
there are a set E v C E v and an integer N v > such that for each N > divisible by N v , there 
is an ( 3t, s)-function f v (z) G K V (C) of degree N such that -^ log v (\ f v (z)\ v ) approximates 
YliLi s iG{z,Xi]E v ), and f v (z) has roots in E v and satisfies certain side conditions. 

Recall that if f v (z) G K V (C) is an (X, s)-function of degree N, then for each Xi G X, the 
leading coefficient of f v at Xi is 



Uv9* Si )U = lim f v (z) ■ g Xi (z) 



Ns, 



and that A x% (f v ,s) = ^log^dc,,,,-^). 

Theorem 7.10. (Summary of the Initial Approximation Theorems) 

Let K , E, and X be as in Theorem \A.2\ Then for each v G Sk, 
{A) If K v = C (so E v C C V (C) is compact, C-simple, and disjoint from X), let U v = E® be 
the interior of E v . Then for each e v > there is a compact set E v contained in E® such 
that 

(1) For each Xi,Xj G X with xi / Xj, 

I V Xi (E v ) -V Xi {E v )\ < e v , \G(xi,Xj;E v )-G(xi,Xj\E v )\ < e v ; 



(2) There is a S v > with the property that for each s G V m (Q), there is an integer 
N v > such that for each j3 v = t ((3 Vt i, . . . ,f3 Vi m) G [— S v , 5 v ] m , and each positive integer N 
divisible by N v , there is an (X,s) -function f v (z) G K V (C) of degree N satisfying 

(a){z€C v (C):\f v (z)\ v <l}cE° v ; 

(b) For each Xi G X, jq log^dc^,^) = A Xt (E v , s) + fi V) i. 

(B) If K v = R (so E v C C V (C) is compact, R-simple, and disjoint from X), let E® be the 
quasi-interior of E v . Then for each s v > 0, and each open set U v C C V (C) which is stable 
under complex conjugation, bounded away from X, and satisfies U v n E v = E® , there are a 
compact set E v contained in E® such that 
(1) For each X{,Xj G X with X{ / Xj, 

\V Xi (E v )-V Xi (E v )\ < e v , \G(x i ,x j ;E v )-G(x i ,x j ;E v )\ < e v ; 



(2) For each < TZ V < 1, there is a S v > with the property that for each K v - 
symmetric s G "P m (Q), there is an integer N v > such that for each K v -symmetric /3 V = 
t (/3 Vt i, . . . , /3 v>m ) G [S v , 5 v ] m and each positive integer N divisible by N v , there is an (X, s)- 
function f v (z) G K V (C) of degree N satisfying 

(a) {z G C V (C) : \f v (z)\ < 1} C U v , all the zeros of f v (z) belong to E%, and if E v> i is 
a component of E v contained in C V (M) and f v (z) has iVj zeros in E v ^, then f v (z) oscillates 
Ni times between ±7£^ on E v ^. 

(b) For each Xi G X, jjlog v (\c Vji \ v ) = A Xi (E v ,s) + /3 v ,i- 
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(C) If K v is nonarchimedean and v G 5^, (so E v is compact, K v -simple, and disjoint from 
X), fix a K v -simple decomposition 

D v 

(7.12) E v = \jB(a e ,r e )nC v (F Wt ) . 

e=i 

and fix e v > 0. Then there is a K v -simple set E v C E v compatible with E v such that 

(1) For each X{,Xj G X with X{ / Xj, 

\V Xi (E v ) - V Xi (E v )\ < e v , \G(xi,Xj;E v ) -G(xi,Xj;E v )\ < e v ; 

(2) For each < ft G Q and eaca K v -symmetric s G 7 3rn (Q), i/iere is an integer N v > 1 
smc/i that for each positive integer N divisible by N v , there is an (X, s)-function f v G K V (C V ) 
of degree N satisfying 

(a) The zeros 9±, . . . ,9n of f v are distinct and belong to E v . 

(6) f~ 1 (D(0,l)) C [ft=i B(ae,re), and there is a decomposition f~ 1 (D(0,l)) = 
{J h=1 B(6h, Ph)> where the balls B(9h, p^) are pairwise disjoint and isometrically parametriz- 
able. For each h = 1, . . . ,N, if £ = 1(h) is such that B(9h,Ph) f= B(a£,rg), put F Uh = F We ; 
then ph G l-P^lu and f v induces an F Ul -rational scaled isometry from B(9h,Ph) to D(0, 1), 
with 

f v {B(9 h , Ph )nc v (F Uh )) = o Fuh , 

such that \f v (zi) - f v (z 2 )\ v = (l/p h )\\zi, z 2 \\ v for all z 1 ,z 2 G B(9 h ,p h ). 

(c) The set H v := E v n f^ 1 (D(0, 1)) is K v -simple and compatible with E v . Indeed, 

N 

(7.13) H v = \J (B(9 h ,p h )nC v (F Uh )) , 

h=l 

and (|7.13p is a K v -simple decomposition of H v compatible with the K v -simple decom- 
position (|7.12p of E v , which is move-prepared (see Definition I6.1QJ) relative to the balls 
B(ax,ri), . . . ,B(a,D v ,rD v )- For each £ there is a point We G (B(ae,re) n C v (F Wi j)\H v . 

(d) For each Xi £ X, -^log^c^) = A Xi (E v ,s) + (3 V . 

(D) If K v is nonarchimedean and v £ Sk, (so E v is X-trivial and in particular is an 
RL-domain disjoint from X), put E v = E v . 

Then for each K v - symmetric s G 'P m (Q), there is an integer N v > 1 such that for 
each positive integer N divisible by Aft there is an (X, s) -function f v G K V (C V ) of degree N 
satisfying 

(a) E v = E v = {ze C V (C V ) : \f v (z)\ v < 1}; 

(b) For each Xi G X, -^ log^dc^ft) = A Xi (E v ,s). 



Note that in (A) and (B) of Theorem 17.101 the number ft > depends on e v , E v and 
U v , but the numbers ft ; j for which 

— log„ (\c V)i \ v ) = A x . (E v , s) + ft, i 

can be specified arbitrarily provided they are ift-symmetric and satisfy —ft < ft^ < ft for 
each i. In (C) the number < ft G Q is the same for all i. In (D), the logarithmic leading 
coefficients match the A Xi (E v ,s) exactly. For each v, the leading coefficients c v ^ of f v are 
^-symmetric, because f v (z) is ift-rational and the g Xi (z) are ^-symmetric. 
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We now turn to the details of the proof. 

Stage 1. Choices of the sets and parameters. We begin by making the choices 
that govern the patching process. Given a number field F containing K, write SVoo f° r 
the set of archimedean places of F, and Sf,o f° r the set of nonarchimedean places in Sf, so 
Sf = Sf,oo U Sf,o- Similarly, write Sf = Sf,oo U <Sf,o- 

The open sets U v for v G Skoo- For each v G Sk, oo with K v = C, E v is C-simple, so 
it has finitely finitely many components, each of which is simply connected, has a piecewise 
smooth boundary and is the closure of its interior. Let U v = E® be its interior. 

For each v G Sk,oo with K v = R, E v is R-simple, so it is stable under complex conjuga- 
tion and has finitely many components, each of which is an interval of positive length con- 
tained in C„(R), or is disjoint from C«(R) and is simply connected, has a piecewise smooth 
boundary, and is the closure of its interior. Let U v C C V (C) be an open set such that 
U v D E v = E®, the quasi-interior of E v . We will choose U v so that it is stable under complex 
conjugation, bounded away from X, and has the same number of connected components as 
E v . Thus, U v is the union of the interiors of the components E v ^ in C V (C)\C V (M), together 
with open sets U Vt i such that U V i n E v is the real interior of E V i, for the E v ^ C C V (M.). 

The 7l\,-simple decompositions of E v and the sets U v , for v € Sk,o- For each 
v G Sk,o, the set E v is compact and i^-simple (see Definition 14. ip . 
Choose a K^-simple decomposition 

D v 

(7.14) E v = \jB(a ei r e )nC v (F We ) . 

i=i 

By refining this decomposition, if necessary, we can assume that U v := U^=i^( a ^' r ^) i s 
disjoint from X. Such a decomposition will be fixed for the rest of the construction. 

The sets E v for v G Sk- By hypothesis, j(K,X) > 1 in Theorem 14.21 This means 
that the Green's matrix T(E, X) is negative definite. Suppose E = n^ £ 5 E v X Il^ds - E v 
is another iiT-rational adelic set compatible with X. compatible with X By the discussion 
leading to (|7.3p . there are numbers e v > for v G Sk such that such that T(E,X) is also 
negative definite, provided that for each v G Sk 

, . f \G(xj z Xi; E v ) - G(xj,Xi;E v )\ < e v for all i / j , 

I \V Xi {E v )-V Xi {E v )\ < e v foralli . 

For each v G Sk, we will take E v C E v to be the set given by Theorem 17.101 for E v , 
relative to the number e v chosen above (and the set U v , if K v = R), satisfying (|7.15p . Put 
E = n«g5 - E v x n^rfs ^ v w ^h the E v chosen above, and let 

(7.16) V K := V(E,X) = val(r(E,X)) 

be the global Robin constant for E and X. By construction, Vk < 0. 

The local parameters r/ v , 1Z V , h v , r v , and R v . Fix a collection of real numbers 
{Vv} v£ s - w hh r] v > for each v G Sk and r\ v G Q for each v G Sk,o, such that 

(7.17) J2 Vvlogiqv) = \V K \ = -V K . 

v£S K 
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The rj v provide the freedom for adjustment needed in the construction of the initial approxi- 
mating functions, and determine the scaling factors in passing from the initial approximating 
functions to the coherent approximating functions. 

For each v G Sk,oo, fix a number r v with 1 < r v < e Vv . Then, choose a set of numbers 
{M,,^ with ILe&r h v v > !> such that 

, 7 lg N f 1 < ^ < r v if v G 5/c,oo , 

1 ' j lo</i„<l ifve SW,o • 

Finally, for each f G Sk,o, fix an r„ with h v < r v < 1, and for each i> G Sk,o\Sk,o put 
r v = 1. Note that D„ = log(^) for each archimedean i>. Thus < h v < r v for all v, and 

(7.i9) i < n h ° v < n r ^ • 

ves K v£S K 

In the patching process, the numbers h v will control how much the coefficients of the 
functions being patched can be changed, and the r v will be "encroachment bounds" which 
limit how close certain quantities can come to the h v . 

For each v G Sk,oo with K v = C, put R v = e Vv . For each v G Sk,oo with K v = M, fix a 
number < 1Z V < 1 close enough to 1 that 

(7.20) 1 < r v < K v ■ e^ < e* . 

and put R v = 1Z V ■ e Vv . The number 1Z V specifies the magnitude of the oscillations of the 
initial approximating functions when K v = M.. 

In either case, we can choose R v so that r v < R v < R v ; thus 

(7.21) 1 < r v < R v < R v < e^ . 

For each v G Sk,o, put R v = ($" . Then < h v < r v < R v for each v G Sk, and R v G |C^ |„ 
for each v G Sk,o- 

The numbers 5 V > for v G Sk,oo- If K v = C, let 5 V be the number given by Theorem 
ElO^A.2)^ for E v and E v . If K^ = R, let 5„ be the number given by Theorem ETUKB. 2) for 
E v and E v , relative to the number 1Z V chosen in (I7.20J) . For each v G Sk,oo, the number 5 V 
plays the role of a 'radius of independent variability' for the logarithmic leading coefficients 
at v. 

The rational probability vector s. By construction, the Green's matrix T(E, X) is 
negative definite. As above, put Vk = V(E#,3E) < 0. Let s G 'P m (M) be the X-symmetric 
probability vector given by Proposition 13.331 for which 

V K \ 

: = T(E K ,X)s. 

V K ) 

The entries of s are positive, but they need not be rational. 

Fix an archimedean place vq of K , and let 5 VQ be the radius of independent variability 
for the logarithmic leading coefficients at vq, constructed above. By continuity, there is a 
ET-symmetric probability vector s G T' m (Q) close enough to s that all its entries are positive, 
and such that for each i = 1, . . . , m, the i th coordinate of T(Ek, £)s satisfies 

(7.22) \V K -(T(E K ,3i)s)i\ < S Vo log(q Vo ) . 
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This s will be fixed for the rest of the construction. 

Stage 2. Construction of the Approximating Functions f v (z) and (f> v (z). 

In this stage, we construct the initial approximating functions f v (z), then modify them 
to obtain the coherent approximating functions (j) v (z). Our goal is to prove the following 
theorem: 

Theorem 7.11. Let C, K, E, X, and Sk be as in Theorem I3~2l with char (if) = 0. 
Let Sk 2 Sk be the finite set of places satisfying conditions (|7.ip . For each v G Sk, let 
E v C E v and < h v < r v < R v be the set and patching parameters constructed above. For 
each v G Sk,oo> let U v C C„(C) be the chosen set with U v n E v = E®, and let S v > be the 
radius of independent variability for the logarithmic leading coefficients. For each v G Sk,o 
let \Jt=iB(ai,ri) C\C v {F Wl ) be the chosen K v -simple decomposition of E v . Let sG V m (Q) 
be the chosen rational probability vector with positive coefficients, satisfying (J7.22J) . 

Then there are a positive integer N and (X, s)- functions <j) v (z) € K V (C), for v G Sk, of 
common degree N, such that for each v the zeros of 4> v (z) belong to E v and 

(A) The 4> v (z) have the following mapping properties: 

(1) If K V ^<C, then 

{z G CCC) : \(f> v (z)\ v < R%} C U v = E° v . 

(2) If K v = R, then 

{z e C V (C V ) : \Mz)\v < 2R%} C U v , 

and for each component E v j of E v contained inC v (M), if (j) v (z) has Tj zeros 
in E v j, then 4> v {z) oscillates Tj times between ±2if^/ on E v j. 

(3) If K v is nonarchimedean and v G Sk, then 

(7.23) rf < q- 1 '^"^ < 1 , and 

(a) the zeros 9\,...,9n of 4> v (z) are distinct; 

(b) (p~ 1 (D(0, 1)) = \J h=l B(6 h ,p h ), where B(9 1 ,p 1 ),...,B(6 N ,p N ) are pair wise 
disjoint, isometrically parametrizable, and contained in [J^ 1 B(ai,ri); 

(c) H v := (fr~ l (D(0, 1)) n E v is K v -simple, with the K v -simple decomposition 



H v = |J (B(9 k ,p k )nC v (F Uh )) 



fc=i 



compatible with the K v -simple decomposition IJ^Ji (-^( a £) r f) nC K (F W( )) of E v , 
which is move-prepared relative to B(a±,ri), . . . , B(a,D v ,rr) v ). For each £, 
there is a point we £ (B(ae,re) nC v (F we ))\H v . 
(d) For each h = 1, . . . , N, F Ufi /K v is finite and separable. If $h G E v n B(ai, re), 
then F Uh = F m , p h G \F* e \ v , and B(9 h ,p h ) C B(a il r i ); and <j) v induces an 
F Uh -rational scaled isometry from B(9h,Ph) onto D(0, 1) with (j) v {9h) = 0, 
which takes B(9h,Ph) ^C v (F Uh ) onto Uh . 
(4) If K v is nonarchimedean and v G Sk\Sk, then 

E v = E v = {z£ C V (C V ) : \<f) v (z)\v < R?} ■ 

(B) For each w G Sl, put (j) w (z) = 4> v (z) if w\v, and regard <f> w (z) as an element of 
L W (C). Each X{ G X is canonically embedded in C W (L W ); letc w> i = lim z _> Xi (p w (z) -g Xi (z) i 
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be the leading coefficient of <f) w (z) at X{. Then for each i, 

^2 ^g w (\c Wii \ w )log{q w ) = . 
weS L 
Moreover, © ■» c w ^ is an Si-subunit: there are an integer hq and a K -symmetric set of 
SL-units fj,±, . . . , \i m £ L, such that for each i = 1, . . . , m, 

(79A ^ f ^°i = Vi , ifweS Lj00 , 

{ \ C w,iU = WU » l J W e S L,0 , 

Necessarily fa £ K(x{) for each i. 

Proof. The proof has several steps, and consists of carefully choosing a compatible 
collection of initial approximating functions f v (z) of common degree iV in Theorem 17.101 
scaling them, and then modifying their leading coefficients to satisfy (|7.24p . 

The choice of N. For each archimedean v with K v = C, let N v > be the integer 
given by Theorem 17. 10( A. 2) for E v , e v , E v , and s as chosen above. For each archimedean v 
with K v ^ R, let N v > be the integer given by Theorem ETD^B. 2) for E v , e v , E v , U v , K v , 
and s as chosen above. For each nonarchimedean v £ Sk,o, put /3 V = r\ v (where < rj v € Q 
is as in !7.17p and let N v > be the integer given by Theorem l7,10l fC,2) for E v , E v , s, (3 V 
and the ^-simple decomposition E v = U^=i {B(ae,re) P\C v (F We )) chosen above. For each 
nonarchimedean v G Sk,o\Sk,o, let N v be as given by Theorem 17.10( D) for E v = E v and s 
as chosen above. 

Let iV > be an integer which satisfies the following conditions: 

(1) N is divisible by N v , for each v £ Sk\ 

(2) N is divisible by J, the number from the construction of the L-rational and L sep - 
rational bases in §3l3t 

(3) N ■ 7] v G N for each v £ Sjc, where the r) v are as in (I7.17J) ; 

(4) N is large enough that 

• Nsi > J for each i = 1, . . . , m; 

(7.25) • 1 < 2R^ < R% for each archimedean v with K v ^ E; 

• r v < Qv < 1 for each nonarchimedean v £ Sk,o- 

In particular (17.231) holds. 

This N will be fixed for the rest of the construction. 

The choice of the Initial Approximating Functions f v (z). We will apply The- 
orem 17.101 with the parameters chosen above. Let vq be the archimedean place for which 
(|7.22p holds. We first construct the f v (z) for v £ Sk\{vo}, then choose f Vo (z) to 'balance' 
their leading coefficients, so that (J7.29P below will hold. 

For each archimedean v / vq, take f3 v = (f3 v> i, . . . , f3 v>m ) = in Theorem 17.101 and let 
f v (z) £ K V (C) be the (X, s)-function of degree N given by Theorem [HO^A.2) if K v ^ C, 
or by Theorem 17. 10f B.2) with 1Z V as in (|7.20p . if K v = M.. Thus the leading coefficients c V) i 
of f v {z) satisfy j? log^dcj,^^) = A Xi (E v , s) for each i, for such v. 

For each v £ Sk,o, take f3 v = r\ v as before (with < r) v £ Q as in (|7.17p ) and let f v (z) £ 
K V {C) be the (X, s)-function of degree N given by Theorem 17. 10( C .2) with -^ log^d^j^) = 
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A Xi (E v , s) + fi v for each i. For each v G Sk,o\Sk,o, let /?,(-z) € K V (C) be the (X, s)-function 
of degree N from Theorem 17. 101 (D). with -^ log v (\c v ^\ v ) = A Xi (E v ,s) for each i. 

To construct f Vo {z), we must first specify j3 VQ in Theorem 17. 101 For each i, define /3 Uo j 
by 

(7.26) Pv ,ilog(q vo ) = V K -(r(E K ,X)s)i; 

then \P Vo ,i\ < $vo by (|7.22|) . The vector /3^ := (/3y 0) i, . . . ,Pv 0> m) is K-symmetric since 
r(E/<,X) and s are; this means that j3 V0: i = f} Vo Mj\ for each a G Gal(L/ET). Let f Vo (z) G 

ET„ (C) be the (3t, s)-function of degree iV given by Theorem I7.10( A.2) for /3 Uo and E vo if 
K„ ^ C, or by Theorem EIUJB. 2) with TZ Vo as in (TT^OD . if K Vo ^ R. 
Thus, for each v G 5^ the leading coefficients c V) i of the f v (z) satisfy 

1 ( A Xi (E v , s) iive S K \(S Ko U {^o}), 

(7-27) — ]og v Qc v> i\ v ) = I A Xi (E V0 ,s) + P V07i Xv = vp, 

{ A Xi (E v ,s) +rj v iiveSR,o, 

and each f v (z) has the mapping properties in Theorem 17. 101 

In particular, if v G Sk,o, then H v := f~ l (D(0,l)) n E v has a i^-simple decomposi- 
tion H v = IJ/i=i {B(0h,Ph) H C t ,(F U; J) compatible with the iC^-simple decomposition £V, = 
Uf=i {B(ae,ri) n C v (F We ))), which is move-prepared relative to £?(ai,ri), . . . , B(aD v ,ro v )- 
Here #i, . . . ,9n are the zeros of f v (z), ph G |-F* | v , and f v induces an F Uh -rational scaled 
isometry from B(6h,Ph) to D(0,1) which maps B(9h,Ph) H C v (F Uh ) onto C n ^. For each 
£ = 1, . . . , D v , there is a point We G \B(at,rg) C\C v (F Wl )))\H v . 

Preliminary choice of the Coherent Approximating Functions (f) v (z). First 
we will define functions <p v {z) G K V (C) for v G 5k:, and then we will put 4> w (z) = 4> v (z) 
for all w\v and consider the leading coefficients of the collection {<f) w (z) G L W (C)} $ . For 
archimedean u, the ^(2) will be modified later to make the leading coefficients of the (j) w (z) 
subunits. 

If v is archimedean, put k v = e Vv , where rj v is as in IT.lTj) . Recall from (|7.2ip that 
K v °* C we have R v = e^ > R v , while if K v ^ R, we have R v = K v ■ e^ > R v . Thus 
k v > Ry for each archimedean v, and k v ■ TZ^f = Ry > R„ if K v = R. 

If v is nonarchimedean and v G Sk,o> put «„ = 1. If u G Sk,o\Sk,o, put k„ = vr^" ^ 
where again < ??„ G Q as in (|7.17p . Our choice of N required that Nrj v G N, so k v G K* 
and \k v \ v = R^ > 1. 

For each t> G 5x, define 

4> v {z) = K-vfv(z) G K V {C) . 

For each f and each i, the leading coefficient c Vt i of ^(z) at X{ is given by c^j = K v c v> i. 
By (|7.27p and our choice of the k v , it follows that 

(7.28) >g„(M,) = { ^ff '^ +« f /U ° • 

iv [ A s . (£„„ , s) + ^o + A ,i rf u = v 

Furthermore, the mapping properties of the f v (z) from Theorem 17.101 together with our 
choice of the k v , yield the following mapping properties for the <j> v (z). 

(1) If K v =* C, then {z G C„(C) : |^,(z)| < ^} C £°; 



4. PROOF OF THEOREM [O] WHEN char (AT) = 199 

(2) If K v = R, then {z G C V (C) : \(j) v (z)\ < R^ } C U V: and for each real component 
E v> j of £?„, if 4> v (z) has 73 zeros in E v j then 0^(^) oscillates tj times between ±R„ 
on -E^j. 

(3) If v G 5^,0 then properties (a)-(d) in Theorem I7.11( A.3) hold for <fi v (z). Indeed, 
for v G Sk,o we have k v = 1, so ^(-z) = /u(.z) and the mapping properties of 4> v {z) 
are inherited from those of f v (z). 

(4) If v G S K ,o\ s K,o, then fi„ = £„ = {z£ C„(C„) : |&,(*)| u < fl*}. 

Coherence of the leading coefficients. In order to view X as a subset of C V (C V ), 
for each v we have (non-canonically) fixed an embedding of K in C„ (see §3l2p . leading to 
a distinguished choice of a place w v of L above v. Until now these choices have been a 
minor concern, since all constructions in the proof have been ^-symmetric. However, to 
properly understand the leading coefficients of the <j) v (z)i we must consider them over the 
fields L w for w G Sl, since X is canonically a subset of C(L) and of C W (L W ) for each w, and 
the uniformizer g Xi {z) G £(C) is canonically an element of L W (C). 

For each ui G 5^, put (f) w (z) = (j) v (z) if iy|u, and view 4> w (z) as an element of L W (C). 
Although the functions 4> w {z) for w\v are all the same, the points of X, which are their 
poles, are identified differently. For each i and w, let c w> i = lira z ^ > . Xi 4> w {z) ■ g Xi {z) NSl be the 
leading coefficient of <p w (z) at Xi- Let a w : L M- C„ be an embedding which induces the 
place w, and for each i = 1, ... ,m let u w {i) be the index j for which a w (xi) = Xj (where 
we identify Xj with its image in C V (C V ) given by the fixed embedding of K in C v ). Then 

Cw,i Cv,a w (i) ■ 

The following proposition is the first step towards making the leading coefficients of the 
patching functions Sx-units: 

Proposition 7.12. For each % = 1, . . . , m 

(7.29) Y, \og w (\c W)i \ w )log(q w ) = 0. 

w£S L 

To prove this we will need a lemma. First note that by our normalizations of the 
absolute values on L and K, if w\v and x £ C v = C w , then 

(7.30) \og w (\x\ w )\og(q w ) = [L w : K v ]-log v (\x\ v )log{q v ) . 
Recall that r(I,X) = T(E K , X) = jj^T(E l ,X). Using fT2]) . this gives 

(7.31) [L:K\- r(EA-, X) = J^ T (E W ,X) \og(q w ) , 

wGS L 

Lemma 7.13. For each w G Sl and each i = 1, . . . ,m, the i th coordinate ofT(E w ,X)s 
satisfies 

(7.32) (T(E w ,X)<t)i ■ log(q w ) = [L w : K v ] ■ A aw{Xi) (E v , s) \og(q v ) . 
PROOF. By definition, 

m 

(7.33) (T(E w ,X)s)i-log(q w ) = ^2r(E w ,X) ij log(q w )s j . 
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For each i 7^ j, it follows from (|7.30p that 

T(E w ,X)ijlog(q w ) = G(xi,Xj]E w )\og(q w ) 

= [L w : K v ]G(a w (xi),a w (xj),E v )log(q v ) . 

Similarly, since the uniformizers have been chosen in such a way that cr w (g Xi )(z) = 
9<r w {xi){z), for each i 

T(E w ,X)iilog(q w ) = V Xi (E w )log{q w ) = [L w : K v ]V ffw ( Xi )(E v )log(q v ) . 
For compactness of notation, write 

nlry ry. . T? \ — J ^ [X i , Xj] E V ) II I f= J , 

Kjyxi,xj,n/ V ) — \ ~ 

[ V Xi (E v ) tii=3 ■ 

Since s is K-symmetric, we have Sj = s aw tj\ for each j. Hence 

m 

(T(E w ,X)s)i-log(q w ) = y^ j T(E Wl X)s j log(q w ) 

m 

= [L w : K v ] ■ y^ G(a w (xi),a w (xj); E v )s aw ^ log(^) 
3=1 

= [L w : K v ] ■ A aw(Xi) (E v , s) log(q v ) 

as desired. □ 

PROOF of Proposition 17. 121 For each v, and each w\v, fix an embedding a w : L^- 
C v which induces the place w. Since c Wt i = c Vi cr w (i), it follows from (|7.28|) that 

jj J2 l °Sw(\cw,i\w)^og(q w ) = ^2^2[L W : K v ](—\og v (\c V:(Tw{Xt) \ v ))log(q v ) 
w£S L veS K w\v 

= ^2^2i L w- Kv} {K w (x,)(Ev, s) + r] v ) \og{q v ) 

v&S K w \ v 

(7.34) + ^2[L W : K v ]P V0>crw{{) log(q vo ) . 

w\vo 
By Lemma 17.131 

^2^2[L W : K v ]A aw{Xi) (E v ,s)log(q v ) = ^ (T(E w ,X)s)i log(q w ) 

v&S K w\v w£S l 

(7.35) = (T(E L ,X)s)i = [L:K]-(r(E K ,X)g)i. 
By our choice of the rj v in (I7.17|) , 

(7.36) Y, Y,l L " : K v]Vvlog(q v ) = [L:K}Y, r] v \og(q v ) = -[L : K] ■ V K . 

Finally, since /3 VQ is K-symmetric, for each w\vo we have /3 VOj<7w ^ = /3« ,j, so by (|7.26p 

(7.37) Y,^ : K v]Pv ,* w (i) logfeo) = [L--K]- (V K - (T(E K ,X)g)i) . 

w\v 
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Combining dT331) . (17351) . (17361) and (TT37D gives 

^ log^flc^yiog^) = 

w£S L 

as required. D 

Adjusting the leading coefficients to be S^-subunits. The final step in the proof 
of Theorem 17. 1 II involves modifying the archimedean 4> v {z) so that their leading coefficients 
become Si-subunits. 

By our choices of the R v , R v , and N we have R^ < R^ for each archimedean v, and 
2R^ < R^ for each archimedean v with K v = R. For each i = 1, . . . ,m, put iVj = A^Sj G N. 
Noting that our choice of TV has required that TVj > J, let <t>%,Ni (-z) be the corresponding 
function from the L-rational basis. 

If K v = C, the construction of 4> v (z) has arranged that 

{z G CCC) : |&,(*) | < £f } C C/„ , 

Since R^ < R^ , by continuity there is a <% > such that if A V] i, . . . , A V:Tn G C satisfy 
\A V)i \ < 5' v for each i, and if <j> v {z) is replaced by <p w {z) = <j) w {z) + XXi Aw.HP^Niiz), then 

(7.38) {z G C„(C„) : |&,(z)|„ < 12* } C 17„ . 
If K v = R, the construction of <j> v (z) has arranged that 

{zGC„(C,):|^(z)|<2 J Rf} C C/ t , , 

and that for each component E V i of E v contained in C V (R), if 4> v (z) has Tj zeros in E V i then 
it oscillates t% times between ±2i?„ on •£„$. Since 2if^/ < 2i?^/ , by continuity there is a 
S' v > such that if A^i, . . . , A„ jm G C are a if„-symmetric set of numbers with | A^jI < S' v 
for each i, and if <f> v (z) is replaced by 4> v (z) = <f> v (z) + YlT^i Au,i¥>i,iVi(z)> then 

(7.39) {z G C(C„) : \Mz)\ < 2R% } C 17 U 

and for each component S W j contained in C„(R), if 4> v (z) has Tj zeros in E v ^ then ^(z) 
oscillates Tj times between ±2R^ on E^j. 

Let 5' be the minimum of the 5' v , for all v G Sk,oo- 

Fix Xj G X, and put F = K(xi). Let Sj? be the set of places of F above Sk- For 
each v G Sk, since the 4> w (z) G K V (C) are the same for all w;|t>, Proposition 17.81 tells us 
that ® w \ v c Wt i G ® W \ V L W actually belongs to (B U \ V F U , embedded semi-diagonally in (B W \ V L W . 
Write (B u \ v Cu,i for the element of (B U \ V F U that induces it. By (|7.29p 

^2 log u (\c u ,i\ u )log(q u ) = ■ Y^ l °Sw(\c w ,i\w) lo s(qw) = 0. 

According to Proposition 17.51 there are an .S^-unit \%i G F, an integer rii, and an Sir-subunit 
ffi„ e s Poo £«,i G (B uta s Foo F u such that £ u\i = to for each u G S F,oo, and 

\c%i\u = \to\u , for each u G S>,o • 
Since \ii is an 5i?-unit (hence also an S^-unit), J2 W £§ ^°Su(\to\w)^og(q w ) = 0. 
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For each archimedean u and each w\u, put e w ^ = e U) i. Then log u ,(|e u , ) i|. w ) = ^- log^d//^) 
for each archimedean w G Sl, and log,„d c ™,iU) = — log w (\ni\ w ) for each nonarchimedean 
w G Sl. It follows that 

(7.40) Y^ l °gw(£w,i)log(q w ) + ^ log w (c Wti )log(q w ) = 0. 

weS Ly00 weS L fi 

Now let Xj vary. We next arrange for the \i\ and e v ^ = @ w \ v e Wt i to be K-symmetric. 
By Proposition 17.81 the ® w \ v 'c Wi i are if-symmetric. For each Gal(L/AT)-orbit Xi C X, fix 
an Xi G Xt and put i 7 = K(xi) as before. By construction, e v> i := ©^ue-u^ G L (&k K v 
belongs to F ®k K v for each archimedean v. For each Xj G Xg, choose a G G&\(L/K) with 
a(xi) = Xj, and replace Hj with c (//$), s v j with a"(£*„,«)- Since e^j G F®k K v , these objects 
are independent of the choice of a with cj(xj) = Xj, and are if-symmetric. 

After replacing the [ii with powers of themselves, we can assume there is a number 
no such that nj = no, for all i. The numbers ^i, ... , [X m form a if -symmetric system of 
S^-units, and the e w j form a if-symmetric system of S^-subunits. For each archimedean 
w and each i, put 

and put 4> w {z) = <p w (z) +Y%L 1 A Wt m,N i (z)- Since ® w \ v A w ^ip iM G L® K K V (C) and 
©w|t>0iu(z) G L ®k K V {C) are if-symmetric, Proposition 17.81 shows that 4> w (z) belongs to 
K V (C) for each ui|v, and that (j> wi (z) = (ft W2 (z) for all wi,^!^- 

Replace (j) w {z) with 4> w (z), for each archimedean -u and each w\v. The leading coefficients 
of the new 4> w {z) are the e Wt i, so we can put 4> v (z) = <fi, for any w\v. By (I7.40p . assertion 
(B) in the Theorem holds. Our construction has established assertions (Al) - (A4), so the 
proof of Theorem 17.111 is complete. □ 

Stage 3. The Patching Construction. 

Overview. The patching process has two parts, a global part and a local part. The 
global part concerns the way the patching coemcients are chosen, managing them so as to 
achieve global ET-rationality for the final patched function. The local part is responsible for 
assuring K^-rationality of the partially patched functions, and confining their roots to E v . 

Although this description separates the roles of the global and local parts of patching 
process, in fact the two interact, and the coefficients are determined recursively, from highest 
to lowest order. Each local patching construction specifies certain parameters to the global 
patching process: the number of patching stages it considers high-order and bounds for 
the size of the patching coefficients it can handle. As patching is carried out, and high- 
order coefficients chosen by the global process are achieved by the local process, lower-order 
coefficients are changed as a result. The global process must take these changes into account 
in determining subsequent coefficients. 

The patching process begins with the coherent approximating functions {(j) v (z)} g 
given by Theorem 17. Ill Its goal is to produce a function G(z) G K(C) independent of v, of 
much higher degree than the (j) v (z), whose zeros are points with the properties in Theorem 

The first step is to compose each 4> v {z) with a "degree-raising polynomial" Q v , n {x) G 
K v (x). The Q V) n{x) are monic, of common degree n. This allows the leading coefficients to 
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be patched to become S^-units, and makes the degree large enough that certain analytic 
estimates are satisfied, while keeping the roots in E v . 

For each v E Sk, the local patching process provides Q V: n{z)- If K v = C or if K v is 
nonarchimedean and E v is an RL-domain, then Q v<n {x) = x n . If K v = M, then Q vn {x) is a 
composite of two Chebyshev polynomials. If K v is nonarchimedean and E v C C(K V ), then 
Qu,n(x) is the Stirling polynomial of degree n for the ring of integers O v . For appropriately 

large and divisible n, this yields the "initial patching functions" G v (z) = Q Vj n ((j) v (z)). 
Although N is likely quite large, n should be thought of as astronomically larger than N. 

Each G v (z) can be expanded in terms of the L-rational basis functions tpij(z) and 
ifx , with L^-rational coefficients for each w\v. For notational purposes, it will be useful to 
deem the basis functions (f\(z) for A < Ao and fij(z) with J < j < N. L := Nsi, as being 
"low-order", and list them as <p\, A = 1, . . . , A. Thus, for each v 

m (n-l)JVi-l A 

G v 0) {z) = Y^ Yl A Vjij (p^ nN ^ j (z) + ^2A VtX ip x . 

i=\ j=0 A=l 

The patching process initially adjusts the leading coefficients of the G v (z) to be 
global S'i-units, independent of v. Then, in stages, it inductively constructs functions 
G v 1} (z),...,G v n \z), where 

m kNi-l 

i=lj=(k-l)Ni 
for 1 < k < n — 1 (see Proposition 17. 141 for a more precise statement), and 

A 



<#>(*) = g^(z)+J2KI^( 



A=l 



for k = n, in such a way that for each v the coefficients A v ij, A Vt \ are changed into global 
Si-integers Ay, A^ independent of u. This process is called "patching", because it pieces 
together a global function out of a collection of local ones. 



The "compensating functions" "9 v L{z), indexed by pairs (i,j) with (k — 1)N{ < j < 



,(fc) 

v,ij 

kN-i — 1 in "bands" for k = 1, . . . ,n — 1, are determined by the local patching process and 
have poles are supported on X. Each -& v L(z) has a pole of exact order nNi — j at Xi, and is 

chosen so that adding A^ l--d v L(z) to G v (z) affects only poles of order nNi — j and below 
at Xi, and lower order poles outside the band, for X{i 7^ X{. It was Fekete and Szego's insight 
([25J) that by using compensating functions more complicated than the basis functions 

ifij(z), one could control movement of the roots of the G v (z). For each Xi, the A^ t -- are 
chosen by ascending j (decreasing order of the pole), so that coefficients A^ already patched 
are not changed in subsequent steps. 

The global patching process has two concerns. 

First, it must choose the A^-- in such a way that for each (i,j), 

A- ■ A ■■ -4- A^ fc ^ 
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is a global Sl integer independent of v. This is accomplished by extending the base to L 
and choosing the Aj via Proposition 17.31 simultaneously patching the coefficients for all x% 
belonging to a given galois orbit in X. 

Ik) 

Second, it must impose conditions on the sizes of the A^ [■ so that the local patching 

constructions can succeed. The choice of the A^ \± involves tension between the global and 
local parts of the patching process. The global part is charged with adjusting the Ay y to 

(k) 

make them algebraic numbers in L independent of v. Doing so may require the A^ [■ to be 
fairly large. On the other hand, the local part is charged with assuring that the roots of 

(k) (k) 

Gv (z) remain in E v . For this, it is usually necessary that the A v (■ be fairly small. 

If there is a bound B v > such that in the k-th. stage of the local patching construction 

(k) (k) 

the A^/- G L v can be chosen arbitrarily, provided that |A^„-|„ < B v for all i, j, and the 

A^ \- are ^-symmetric, we will say that the coefficients A,^- for (k — l)iVj < j < kNi can 
be sequentially patched with freedom B v . Equivalently, we will say that the k-th stage of the 
local patching process at v can be carried out with freedom B v . 

As k increases, there is greater and greater freedom in the patching process. However, 
for small k, balancing the demands of the global and local patching constructions requires 
care. The leading coefficients are the hardest to patch, and they are controlled through the 
choice of n. The high order coefficients are also quite difficult to patch. It turns out that 
there is a number k, determined by the sets E v and initial approximating functions f v but 

— (k) 

fortunately independent of n, such that when 1 < k < k, the nonarchimedean A^ /• must 

(k) 

be very small. To compensate, we must allow the archimedean A^ i ■ to be quite large. 

The archimedean patching procedures accomplish this by exploiting a phenomenon of 
'magnification' introduced in ( |53j ). by which small changes in f v (z) create large changes 
in the leading coefficients of G v (z). It is shown in Theorems 1818.11 and 1919. T1 that for any 
fixed B v > 0, magnification enables us to carry out the first k stages of the patching process 
with freedom B v . 

In combination, the local and global patching processes determine k, the number of 
patching stages deemed high order. For appropriate numbers B v , we will have 

|A (fe) , (B v if k < k, 

\*v,ij\v S | h k N - lik> k. 

If these conditions are met, the local patching constructions will succeed. On the other 
hand, for global target coefficients Ay G L to exist, ([\ v B® v ) and ([\ v ^v v ) k must be large 
enough that Proposition 17.31 applies. Achieving this uses condition fjT. 19|) that Y[ v h®" > 1, 
which ultimately depends on the fact that j(K,X) > 1. 

The final patched functions G v n (z) are ^-rational but have all their coefficients in L. 
By Proposition 17.81 there is a global function G^ n '(z) G K(C), independent of v, such that 
G^ n '{z) = G v n (z) for each v G Sk- The local patching constructions assure that its zeros 
belong to E v for all v G Sk- For each v G" Sk, the coefficients of G^ n '(z) are Sx-integers 
and its leading coefficients are Si,-units, so the fact that the basis functions (fij(z) and tp\ 
have good reduction outside Sk, combined with the fact that E v is X-trivial, show that 
{z G C„(C„) : \G^ n \z)\ v < 1} = E v . Thus the zeros of G^(z) belong to E v for all v. 

Details. We now give the details of the patching construction. Let K, Sk, Sk, E, 
E, and the sets U v for v G Sk,oo be as in Stage 1 of the proof. Let s G V m (Q) be the 
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K-symmetric vector with positive rational coefficients from (|7.22j) . and let h v , r v , and R v 
be the local patching parameters from (|7.18p . with 1 < h v < r v < i?„ for archimedean v 
and < h v < r„ < 1 < R v for nonarchimedean t>. Let the natural number N, the coherent 
(X, s)-functions {^(-j)} ^ of degree N, and the Sif-units \Xi from Theorem 17. \\\ be as 
Stage 2 of the proof. 

For each v, let w v be the distinguished place of L = K(X) over v, induced by the 
embedding K <^-> C„ chosen in §3121 This induces an embedding L Wv ^-> C„, and allows 
us to identify 36 with a subset of C V (C V ). We will use these embeddings in comparing 
coefficients of functions over K and over L. 

The order -<n- We will now define an ordering -<tv on the index set X = {(i,j) G Z 2 : 
1 < i < m,0 < j < oo} which specifies the sequence in which the coefficients are patched. 

Let Gal(L/K) act on X in a iC-symmetric way through its first coordinate, so cr(i,j) = 
(a(i),j) if a(xi) = x a ^y With s as in (|7.22j) and N as in Theorem 17.111 put iVj = Nsi for 
i = 1, ... ,m. For each (i,j) G X, we can uniquely write j = (k — l)iVj + r with fc, r G Z, 
fc > 1 and < r < iVj; put /cjv(i,j) = fc and r]y(i,j) = r. Let the Ga^X/i^-orbits in 
3£ = {xi, . . . , x m } be 5£i, . . . , 5£ mi . Without loss, we can assume the X{ in a given 5Q have 
consecutive indices. If X{ G 3Q, put £(i,j) = t. 

Let -<at be the total order on X defined by (ii,ji) ^n (h,J2) iff 



(7.41) 



j\ = h = and h <i 2 , or 

kxiiiji) < k N (i 2 ,j 2 ), or 

fejv(*'i,Ji) = k N (i 2 ,j 2 ), max(ji,j 2 ) > 1 and ^(ii, ji) < t(i 2 ,j 2 ), or 

fejv(«'i,Ji) = k N (i 2 ,j 2 ), t(h,jl) = t(h,J2), and ji < j 2 , or 

fejv(«'i,Ji) = k N (i 2 ,j 2 ), £(h,ji) = i(i2,J7,), h =32 > 1, and n < i 2 . 



Write («i,ji) z^tv (i2,j2) iff (n,Ji) ~<JV (*2, J2) or (h,ji) = {i 2 ,h)- Define the "bands" of 
^at, for fc = 1, 2, ... by 

(7.42) Bandiv(fe) = {(*, j) G X : M*.i) = fc ) • 

Note that the indices (i,0) for the leading coefficients form the initial segment under -<jv, 
and are contained in Bandjv(l). 

Let =n be the equivalence relation on X defined by (h,ji) =n (12, J2) iff 

h = h, and 

Xi x , Xi 2 belong to the same galois orbit 5Q. 

Equivalently, (i\, j\) =n {j-2-,32) iff a i}Ph,j\) = { Pi2,J2 f° r some a G Gal(L/K). Define the 
"galois blocks" of X to be the equivalence classes for =n, and write 

Block(i,j) = {(«i,ji)€J:(i 1 ,ii)^(i,i)} = Gal(L/K)((i,j)) . 

In patching, coefficients will be adjusted in -<tv order. This means that the leading 
coefficients are modified first, then the remaining coefficients are considered band by band. 
Within each band, they are considered block by block. For each i, they are considered by 
increasing j. The global patching process simultaneously determines all the coefficients for 
a given block. 



206 7. THE GLOBAL PATCHING CONSTRUCTION 

Summary of the Local Patching Theorems. The global patching process interacts 
with the local patching processes to adjust the coefficients. The following Theorem sum- 
marizes the local patching constructions proved in Theorems 18.1 1 [9?T1 110.11 and lll.ll below. 

Theorem 7.14. Let K be a number field. Let C/K , E, X, and Sk be as in Theorem 
14.21 Let Sk 5 Sk be the finite set of places satisfying conditions (|7.ip . For each v G Sk, let 
E v C E v , and < h v < r v < R v be the set and patching parameters constructed in Stage 1 
of the proof. For each v G Sk,oo, 1st U v C C V (C) be the chosen open set with U v n E v = E®. 
For each v G Sk,o, let U^=i B(a£,ri) C\C v (F Wl ) be the chosen K v -simple decomposition of 
E v . Let the rational probability vector s G T >m (Q) be as in (|7.22p . and let the natural number 
N and the coherent approximating functions {(p v (z)} i e be those constructed in Theorem 
17.111 in Stage 2 of the proof. 

Then for each v G Sk, there is a constant k v > determined by the E v , U v , and (fi v (z), 
representing the minimal number of 'high-order' stages in the local patching process for K v . 
Let k > k v be a fixed integer. If v is nonarchimedean, put B v = h% ; if v is archimedean, 
let B v > be arbitrary. Then there is an integer n v > 0, depending on k and B v , such 
that for each sufficiently large integer n divisible by n v , one can carry out the local patching 
process at K v as follows: 

Put Gv (z) = Q v> n(4>v(z)), where 

IfK v ^ C, then Q VjJl (x) = x n ; 

If K v = M., set R v = 2~ 1 ' rivN R v , write n = m v n v , and let T m ^(x) be the 
Chebyshev polynomial of degree m for [— 2R, 2R] (see (|9.1j) ) . Then 

Qv,n( X ) = T m v ,R^ N ( T n v ,R^( x ))^ 

If K v is nonarchimedean and v G Sko, then Q vn (x) = S nv (x) 

is the Stirling polynomial of degree n for O v (see (|3.55p ); 
If K v is nonarchimedean and v G Sk,o\Sk,o, then Q v>n (x) = x n . 

For each k, 1 < k < n — 1, let {A v i. G C l ,}(jj) 6 Band ]V (fc) be a K v -symmetric set of numbers, 
given recursively in -<tv order, subject to the conditions that A^ - = for each archimedean 
v, and for all (i,j) 

(fc) | ^ / B v if k<k 



(7 - 43) lA ^ lv ~ \h k v N if k>k. 

For k = n, let {A^ G C^}i<a<a be a K v -symmetric set of numbers satisfying 

(7-44) |Ag|„ < K N . 

Then for each v G Sk, one can inductively construct (X,s)- functions G v (z), . . . ,Gv (z) 
in K V (C), of common degree Nn, such that 

(A) For each k, 1 < k < n, there are K v -symmetric functions fi^-Jz) G L Wv (C), determined 
recursively in -<tv order, and (X, s) -functions ®v (z) G K V (C) of degree at most (n — k)N, 
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such that 



G v k \z) = G v k ^\z) + £ Ag^.(z) + 6( fc )(z) fork<n 

(i,,j')SBandjv(fc) 



GW(z) = G^-%)+X>£V(*) 



A=l 

and where for each k < n and each (i,j), ifcyi is the leading coefficient of 4> v (z) at x^ 



(1) $ v L(z) has a pole of order nN,- L — j > (n — k — l)iVj at Xi and leading coefficient 
c™7 ~~ , a pole of order at most (n — k — l)JVj/ ai eacfo Xj/ 7^ Xj, and no other poles; 
' (2) £r=iE-5( fc \\ W A«/^.(.) belongs to K V (C) ; 

(3) @v (z) is determined by the local patching process at v after the coefficients in 

Bandjv(A;) have been modified by adding ^V 7 )eBand (k) ^Kj Iftv L{z) compensating functions 

"vij( z ) to G v (z); it has a pole of order at most (n — k)Ni at each x\ and no other poles, 
and may be the zero function. 

(B) For each k = 0, . . . , n, 

IfK v <* C, then {z G C V (C V ) : \G ( v k) (z)\ v < r% N } CU V = E° v ; 
If K v ^ E, then 

(1) the zeros of G v (z) all belong to E®, and for each component E v ^ of E v , 
if 4> v (z) has Ti zeros in E Vi i, then G v (z) has T{ = nTi zeros in E V i. 

(2) {z G C(C) : \G v k \z)\ v < 2r% N } C U v , 

(3) on each component E V) i contained in C V (M.), 

Gy (z) oscillates Ti times between ±2r™ N on E V: i- 

If K v is nonarchimedean and v G Sk,o> then all the zeros of G v (z) belong to E v , 
and for k = and k = n they are distinct. When k = n, 

{z G C V (C V ) : G v n \zle O v n D(0,r" N )} C E v . 
If K v is nonarchimedean and v G Sk,o\Sk,o> then 

{z G C V (C V ) : \G v k \z)\ v < B% N } = E v . 

Remark 1. For almost all v and k, we will have Q v (z) = 0; the only exception is for one 

value k = k\ for each v G Sk,o, where Q v [z) is chosen to 'separate the roots' of Gv (z). 
See the discussion after Theorem 111. 1L and Phase 3 in the proof of that theorem. 

Remark 2. Examining the proofs of the local patching theorems shows that from a local 
standpoint, the order in which the coefficients are received within a band is immaterial, 
provided that for each Xi, they are received by increasing j. For any such order, the same 
changes are produced in lower order coefficients within the band, and the same functions 
G v (z) are obtained. For this reason, in the local process at each v, it is permissible to 
subdivide Gal(L/iT)-blocks into Gal c (C^/i ; f 1 ,)-sub-blocks. 

In fact, for all bands for nonarchimedean v, and for the bands with k > k for archimedean 
v, the compensating functions "& V L are /^-symmetric and are independent of the & V L- 
For archimedean v and bands with k < k, patching is carried out by a process called 
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"magnification" (see the proofs of Theorems 18.11 and 19. lh , and our description of the fl^ [z 
in Theorem 17. 141 is correct but artificial: rather, for each Gai c (C„/-K«,)-stable subset of the 
indices in a band, the changes in those coefficients produce a canonical ^-rational change 
mGi k \z). 

The choice of the parameters k and B v . In Stage 1 of the construction we have 
chosen a collection of numbers h v for v E Sk such that n„es ^v v > 1- Likewise, for each 

v E Sk, Theorem 17.141 provides a number k v , the "minimal number of stages considered 
high-order" by the local patching process at v. 
Let k be the smallest integer such that 

k > k v for each v E Sk , 
( 5) 1 (R v& s K h ^)~ kN[L:K] > Cl(Sk)- 

where Cl(Sk) is the constant from Proposition 17.31 

For each nonarchimedean v E Sk, the choice of k determines the constant B v = h kN 
in the local patching process (see Theorem 17. 14ft . For archimedean v, the constants B v in 
Theorem 17. 141 can be specified arbitrarily. Choose them large enough that 

(7.46) ( JJ Bj?')^ > C L (S K ) ■ 

veS K 

Given w E Sl, let v be the place of K under w. By our normalization of the absolute 
values in g3Hl |x|£" = \x\v v[Lu '' Kv] for each xeC^C„. Define h w by h%™ = h^ v[Lw:Kv \ 
and define B w by B^ w = B^ v[Lw:Kv] . Then \x\ w < h k w N iff \x\ v < h* N , \x\ w < B w iff 
\x\ v < B v , and 

( n h^f N > cus K ) , n b ° w > c ^ K ) ■ 



w&s+ wesj 



The choice of the initial patching functions. Theorem 17.111 gives a degree N and 
a collection of coherent approximating functions (j) v (z) S K V (C) for v E Sk, of common 
degree N. For each v E Sk, let Q v ,n(x) E K v [x] be the monic degree-raising polynomial 
of degree n from Theorem 17.141 For suitable n, we will take the initial patching function 
at v to be G\, (z) = Qv,n{^v{.^))- As explained above, our plan is to inductively construct 
functions G v (z), . . . , Gi, (z), making more and more coefficients global S^-integers at each 

stage, until finally the Gy (z) = G^ n '(z) are i^-rational and independent of v. 

At several places in the patching process, it is important to consider the 4> v (z) and 

Gv (z) over the fields L w with w\v, rather than over K v . This has already been seen in 
Theorem 17.111 However, our ultimate goal is to construct a i^-rational function. Hence, 
the choices made in the local patching constructions must depend only on places v of K, 
not on the places w of L with w\v. 

(k) 

We resolve this by considering the <fi v (z) and G v (z) simultaneously over K v and the 
L w . Viewing them over L w enables us examine their coefficients, which are canonically 
L^-rational. Viewing them over K v assures that any choices in the local patching processes 
occur in the same way for all w\v. 
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The choice of n. The leading coefficients of the G v (z) are hardest to patch; we must 
make them Si-units. The key to this is our choice of n. 

Given v G Sk, put 4> w (z) = 4>v{z) for each w G Sl with io|v, viewing the 4> w (z) as 
functions in L W {C). By Theorem 17.111 the leading coefficients c W) i of the (f> w (z) have the 
property that there are an integer no, and a if-symmetric system of Si-units fa, such that 
for each i 

c^ i = fa for each archimedean w G Sl, 
[c^ilw = Iwliu f° r each nonarchimedean w £ Sl- 

For each nonarchimedean v £ Sk, ah the fields L w for u;|« are isomorphic, and by the 
structure of the group of units O* there is an integer n' v > such that for each x £ O* , 
and each integer n' divisible by n' v , 

(7.48) \x n ' - l\ v ■ max {\c v £) < B v . 

l<i<m 

Let n\ be the least common multiple of the n' v . 

For each v £ Sk, Theorem 17.141 provides a number n v such that the local patching 
process at v will preserve the properties of the roots of G v (z), provided n v \n and n is 
sufficiently large, and the A V L, A^jJ are is^-symmetric and satisfy the size constraints 
(]7.43p . (|7.44p relative to h v , k and the B v chosen above. Let ni be the least common 
multiple of the n v for v G Sk ■ 

Finally, let n be a positive integer such that 

(7.49) nomri2\ri . 

By Theorem 17. 141 there is an n^ such that if n > n%, then for each v G Sk the local patching 
process can be successfully completed. 

Until last step in the proof, n > 713 will be a fixed integer satisfying (|7.49p . 

Patching the Leading Coefficients. Given such an n, for each v G Sk put G w (z) = 

G\, (z) for all w\v, and expand 

m (n-l)Ni-l A 

G wH z ) = Yl Yl A Wtij (p i>nNi _ j (z) + Y A w ,x ( Px , 

i=\ j=0 A=l 

with the A Wt ij,A w ^x G L w . Since each Q v , n (z) is monic, for each w £ Sl the leading 
coefficient of G w (z) at Xj is 



~/i 



Au,i0 — c ^,. 

For each archimedean u, and all u;|u, by (|7.47p cjj, j = /U™ is a global Si-unit indepen- 
dent of w and u. By construction the fa are i^-symmetric. In the local patching process at 
v, take A^ iQ = for i = 1, . . . , m. Trivially the A^ iQ are ^-symmetric, with | A^ iQ \ v < B v 

for each i. Put G v (z) = G v (z). 

For nonarchimedean v G Sk, we claim that we can adjust the leading coefficients to be 
fa ° , as well. This depends on the fact that no^ln. 
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Let v G Sk,o- For each w\v, since |c^,°j| w = \fJ-i\w, it follows that /ij/c™ , G O*. If we put 
<io = ^(\-" 1 )' thenby(IZ:3SI) ' 

n/no 



(7-50) \A%\ V = |cg, 



c"°. J 



< -B,, . 



Moreover 



n/n _ a i a(1) ~n-2 



(7-51) tf'"° = A^o + A^ 

As will be seen below, this is what is needed for the local patching constructions in Theorem 
17. 141 to change the leading coefficients to /i™ . 

However, for the local patching process at v we need changes A^ iQ independent of w, 
not the A^ i0 which a priori could depend on w. We will now present a "see-saw" argument 
using Proposition 17.81 which shows that for all w\v, the functions YULi ^L iQ i Pi,nN t (z) G 
L W (C) belong to K V (C), and are independent of w, so we can take A^ = A^ i0 for the 

distinguished place w v induced by the embedding K ^-> C v used to identify X with a subset 
of C V (C V ). A similar argument applies at later steps of the patching process, and in the 
future we will omit some details. 

The Gw(z) with w\v are all the same and belong to K V (C), so 

® w \ v G$(z) G ® W \ V L W {C) ^ L® K K V {C) 

is Gal(L/ET)-invariant in the sense of §7131 By Proposition I7.8| if we put F = K(xi), then 
® w \vAw,iO belongs to ® U \ V F U (embedded semi-diagonally in ® W \ V L W = L ®k K v ), and for 
each a G Gel(L/K), 

cr (©iw|'!; j/ Mii,io) = ®w\v^-w,a(i)Q ■ 

By a similar argument, a{® w \ v c Wji ) = ® w \ v c w ^ {i) . 

On the other hand, by Theorem 17. Ill fii G K{x{) and 0"(/ij) = n a uy Hence, viewing //j 
as embedded semi-diagonally in ® W \ V L W , we see that 



A v w,i0 ~ ®w\ v ^i ~ A w ,i0)/c: 



m-2 

w.i 



also satisfies a{® w \ v /\ w ' iQ ) = ®w\v^ wa (i\Q f° r eacn ° e Gal(L/K). 

For the basis functions we have a(ipi t j) = f a (i),j by construction. Thus for each galois 
orbit %£ 

®»|«( Y, A %<Pi,nNi(z)) G L®K V (C) 

is Gal(.L/i<Q-invariant. Applying Proposition 17.81 in reverse, there is a function H v ^(z) = 
£* 4 e3& A$&)<Pi,nN i G ^«(C) such that 



X] A i i0Vi,n^ (^) = #^00 



for each w\v. Thus the A^ ^ := A^ iQ are well-defined and ^-symmetric. 
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Patch G v (z) by setting 

m 

(7-52) G v (z) = 4 0) (^)+E A i>So(^) 

i=l 

where the ^^(z) are the compensating functions from Theorem 17.141 The leading coef- 
ficient of v v l (z) at Xi is C™" — c^,~j; so by (I7.5ip this changes the leading coefficient of 
Gw (z) at X{ to \x% °, for each w and i. (The lower-order coefficients are changed as well, 
but they will be dealt with in subsequent patching steps.) By Theorem 17, 141 A. 2. G v {z) is 
i^-rational. 

Patching the High Order Coefficients. Next we patch the remaining coefficients 
for the stage k = 1 and inductively carry out the patching process for stages k = 2, . . . , k. 

(k—l) ^ 

Suppose that for some k, we have constructed functions G\, (z) G K V (C), v G Sk- In 
the k stage we patch the coefficients with indices in Band jv [k) by increasing -<yv order, 
patching all the coefficients in a given block at once. 

Suppose that after patching a certain number of blocks, we have obtained functions 
G v (z) G K V (C) for v G Sk- (When k = 1, we view patching the high order coefficients as 
taking the initial step in passing from G{, (z) to G v (z).) To lighten notation, we update 
the coefficients after each step: for each v, write 

m (n-l)Ni A 

G v{z) = ^ Yl A v,ijVi,nNi-j{z) + ^A V)X Lp X 
i=l j=0 A=l 

with the A Vt ij,A v ^\ G L Wv . For each w\v, put G w (z) = G v (z) and regard G w {z) as belonging 
to L W (C). Expand 

m (rc-l)iVi A 

i=\ j=0 A=l 

where the A w ^ and A Wt \ belong to L w . 

Let («0)io) S Bandar (/c) be the least index for which the coefficients have not been 
patched. Thus, for each (i, j) -<n (io,jo) there is an Aij G L such that A w ^ = Aij for all 
w. To patch the coefficients for the indices (i, j) G Block(?o, jo), we first determine a target 
value Ai j G K(xi ) for the A w ^ j Q , w G Sl, and then, to preserve galois equivariance, we 
define the target values for the other (z, j) in Block(io, jo) by requiring that if a G G&l(L/K) 
is such that a(io) = i, then Aij = a(Ai j ). This is well-defined, since if <7i, £r 2 G G&l(L/K) 
are such that ci^o) = <72(^o)> then a^ o\ fixes Xj , and so since ^4i j G K(xi ) we have 
^iC^oio) = cr 2(A iojo ). 

Consider the vector 

Al,i jo := ®w&S L w ^000 ^ ®w£S L w • 

Put F = K(xi Q ). For each i; G <Sft-, the G w (z) G -ftT„(C) are the same for all w\v, so 
Proposition 17.81 tells us that Al^ q j q belongs to ® ue g F u , embedded semi-diagonally in 

®weS L Lw - 
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For each w G Sl, put 

(.'•""] LJ W = D w ■ \C W j |u; , 

where c^,^ is the leading coefficient of <p w (z) at X{ . Theorem 17.111 has arranged that 
UweSi \ c w,io\w w = 1) so 

n q° w = n b ° w > c ^ K ) . 

Note that B w depends only on the place v of K below w, while Ic^jJ^ depends only on the 
place u of F below w, since the c/> w (z) G K V (C) are the same for all w\v. Hence Q w depends 
only on the place u below w. Similarly the coefficients A Wj i j with w\u belong to F u and 
depend only on u. 

Thus we can apply Proposition 17.31 to the elements c u = A Wj i o j G F u , and to the Q w . 
By Proposition 17.31 there is an Ai Q j Q G K(xi ) such that 

I iojo ■"■w,iojo\w — Qw tor eacn w G dl , 
l^ojoliu < 1 for each w ^ Sl ■ 

This j4i j will be the target in patching the A Wt i j . For each (i,jo) G Block(io, jo), choose 
a o" G Gal(L/i4T) with a(xi ) = Xi, and put Aij = a(Ai j ). Since Ai j G i^(xj ), the Aj J0 
are well-defined and satisfy a(Aij ) = A a ^j for all a G G&\(L/K). 

Put A^jj = (Aij - A W:i j)/c" J ~ k ~ 1 for each (i, j) G Block(i , jo) and each w G 5l- Thus 
(7-54) \A%\ W < Q w /Kf~ l \ w = B. 



w 



and 

(7-55) A^ = A w ^j + A TO) ^-c W)i 

By construction the ® w \ v A wi j are equivariant under G&l(L/K). 

Let 3Q be the galois orbit of Xi . By a see-saw argument like the one used in patching 
the leading coefficients, for each v G Sk the functions 



are independent of w;|f and belong to K V (C) 

k) 



Define the patching coefficients by AW. = A^j •• , for each (i, jo) G Block(io, jo) an d 



each v G <Sif . 

For each v G S^, the local patching construction for v produces functions , Q v ^j Q {z) G 
L Wv (C) such that r d v ^j (z) has a pole of order niVj — jo at Xj, with leading coefficient c^7 ~ = 
c^~ ~ at Xj, and poles of order < (n — k — l)Ni> for all i! ^ i. Theorem 17. 14I A2 shows that 
E Xi exAvk^io(z) e K V (C). Replace G„(s) by 

G v (z) = G v (z)+ J2 *i%»v,iM- 

By (|7.55|) . for each w\v and each (i,jo) G Block(i , jo), this changes the coefficient 
A w ,ij °f G w (z) to j4jj , and leaves the coefficients preceding (io,Jo) unchanged. Hence, the 
induction can continue. 
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When all the coefficients in Band at (fc) have been patched, the local patching process at 
v determines an (X, s)-function Q v \z) G K V (C) with a pole of order at most (n — k)Ni at 
each X{. Using the current G v (z), we set G v (z) = G v (z) + @ v (z) and replace k by k + 1. 

Patching the Middle Coefficients. In this stage we carry out the patching process 
for k = k + 1, . . . ,n — 1. The construction is the same as for the high order coefficients, 
except that in place of (|7.53p we take 



,kN i-^n— fc-li 



(7.56) Q w = h™ • \7* 

The construction succeeds because for each k > k, 

(7-57) ( J] CO* 7 " > C l (Sk). 

wes L 

Patching the Low Order Coefficients. The final stage of the global patching 
process deals with the coefficients A Vt \ in the functions 

m (n-l)Ni A 

?,=1 j=0 A=l 

All the A Vt \ will be patched simultaneously. 

For each w\v, put Gw (z) = Gv (z) and expand 

m (n-l)Ni A 

G { w~ l) {z) = J2 Yl A Wjij ip i>nNi _ j (z) + ^2A W:X ip x . 

i=l j=0 A=l 

By construction, for each v G Sk, the ® w \ v Gw (z) G L ®k K V (C) are Ga\(L/K) 
invariant. By Proposition 17.81 this means that for each A, the coefficient vector ® W \ V A W) \ 
has the same galois-equivariance properties as (p\(z). In particular, if K C F\ C L is the 
smallest field of rationality for (f\(z), then (B w \ v A Wi \ G F\ ®k K v . 

Since 

( n h^r N > c L (s K ) , 

w£S L 

taking Q w = /i™ in Proposition 17.31 we can find an A\ G F\ such that 

|-4a - A w , x \ w < hl N for all w G 5 L , 
|^4aU < 1 for all w ^ Sl ■ 

By working with representatives of galois orbits as before, we can arrange that for each 
a G Gal(L/K) we have cr(A\) = Ay if cr(ip\) = <py. 
Put 

A Wj a = ^A — A«,A 

for each w and A, and put 

H w {z) = ^2 A WjX ip x (z) . 
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Then ® w \ v H w {z) G L®k K v (C) is stable under Gal(L/K), for each v G 5x- It follows that 
the H w (z) belong to if v (C) and are the same for all w\v. Let H v (z) = H Wv (z), and expand 
Hv(z) = Ea=i\aw(2)- Then 

I A I < h nN 

|*-*«,A|d — "u 
for each u and A. 

Patch G4™ - ' (z) by setting 

G* ft >(z) = G^~ l \z) + H v {z) 

This replaces the low-order coefficients of the Gy (z) with the A\. 

Conclusion of the Patching Argument. The patching process has now arranged 
that the Gy (z) G K V (C) for v G Sk all coincide with a single function Gr^(z), whose 
coefficients belong to L. Fix any v, and put G w (z) = G(z) for all w\v; then ©^G^z) G 
© W | V L(C) = L ®k K(C) is invariant under Gal(L/K), so by Proposition 17.81 it belongs to 
K(C). 

For each v G Sk, our restrictions on the magnitudes of the A^/- and the A v> \ assure 
that the conclusions of Theorem 17.141 apply. Thus 

If K v <= C, then {z G C V (C V ) : \G^ n \z)\ v < r^ n } C U v = K°; 
If K v ^ R, then 

(1) the zeros of G™(z) all belong to £^, and for each component E V j of £^, 
if 4> v {z) has Tj zeros in E V j, then G^(z) has Tj = nrj zeros in i^. 

(2) {z G C(C W ) : |GW(z)|„ < 2r^} C tf„, 

(3) for each component E^j contained in Cy(R), then 
G^ n >{z) oscillates Tj times between ±2r™ N on ■£?„,». 

If -ftr„ is nonarchimedean and v G Sk,o, then the zeros of G^ n '(z) are distinct 

and belong to E v , and {z G C V (C V ) : G v n \z) G 0„ n D(0,r% N )} C E v . 
If i^„ is nonarchimedean and v G Sk,o\Sk,o, then 
{z G C(C) : \G^(z)\ v < R^ n } = E v . 

On the other hand, for each v ^ Sk, our construction has arranged that in the expansion 

m (n-l)JVi A 

i=l j=0 A=l 

all the coefficients belong to C„ and the leading coefficients belong to 0* . Our choice of 
Sk assures that C v and the functions <fij(z) and y>\(z) all have good reduction at v, and the 
Xi specialize to distinct points (mod v). Hence G"(z) (mod v) is a nonconstant function 
with a pole of order nNi > at each X{. 
Thus for each v G" Sk, 

in. 
{zeC v (C v ):\G^(z)\ v <l} = C V (C V )\(\J B( Xi ,l)~) = E v . 

i=l 

Construction of the points in Theorem 14.21 The patching argument holds for 

each integer n > n^ divisible by no?iiri2- For any such n, the zeros of G^ n '(z) satisfy 

the conditions of the Theorem. If there are any archimedean v G Sk with K v = R such 

that some component E v i of E v is contained in C V (M), or if there are any nonarchimedean 
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v £ Ski the construction shows that the zeros of G^ n '(z) are distinct. Letting n — > oo, we 
obtain infinitely many points satisfying the conditions of the Theorem. 

However, if there are no such v, then since Y\ P s r v grows arbitrarily large as n — > oo, 

the number of 5^-integers k £ K satisfying \k\ v < r^ n for all v £ Sk also becomes 
arbitrarily large. For any such n, the roots of G^ n > (z) = n are points satisfying the conditions 
of the Theorem. Hence there are infinitely many such points. 

This completes the proof of Theorem 14.21 when char(i^) =0. □ 

5. Proof of Theorem 14.21 when char(^T) = p > 

When char(K) = p > 0, the proof of [4. 2 1 is similar to that when char(i^) = 0, but because 
there are no archimedean places and all the residue fields are lie over the same prime field 
F p , many of the details are simpler. On the other hand, there are some complications which 
arise from the fact that L/K may be inseparable. For this reason we carry out the patching 
process using the L scp -rational basis rather than the L-rational basis. 

Proof of Theorem 14.21 when char(K) =p > 0. 

Let K be a function field, and let C/K, X, E,k = E = Y\ v E v , and Sk be as in Theorem 
14.21 The overall structure of the proof is similar to that when chax{K) = 0. 

Stage 1. Choices of the sets and parameters. We begin by making the choices 
governing the patching process: 

The place vq. Let Sk be the finite set of places of K containing Sk and satisfying the 
conditions in ()7.ip . Fix a place vq £ Mk\Sk, which will play the role of a place "at oo". 
Put 

S K = S K U {v } . 

By our choice of Sk, the curve C, the uniformizing parameters g Xi (z) , and the basis functions 
(pij(z),(pij(z), ifx, and tp\ all have good reduction at vo, and the set E vo is X-trivial. 

Summary of the Initial Approximation Theorems. We will only need the initial 
approximation theorems concerning iT„-simple sets and RL-domains. Theorem 17.151 below 
summarizes Theorems 16. l[HT3l and Corollaries l6.11l and l6.12l in the context of function fields. 
The main difference from the corresponding results when char (iiT) = is that we can require 
that the leading coefficients belong to K v (xi) sep , not just K v (xi). 

Theorem 7.15. Let K be a function field with char(i^) = p > 0, and let E, and X be 
as in Theorem, 14.21 Then for each place v of K , 

(A) If v £ Sk (so E v is compact, K v -simple, and disjoint from X), fix a K v -simple 
decomposition 

D v 

(7.58) E v = {jB(a e , ri )nC v (F We ) . 

e=i 

and fix e v > 0. Then there is a compact, K v -simple set E v C E v compatible with E v such 
that 

(1) For each Xi,Xj £ X with X{ ^ Xj, 

I V Xi (E v ) -V Xi {E v )\ < e v , \G(xi,x j ]E v )-G(x i ,x j ;E v )\ < e v ; 
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(2) For each < f3 v G Q and each K v -symmetric sG T ,m (Q), there is an integer N v > 1 
such that for each positive integer N divisible by N v , there is an (X, s) -function f v G K V (C V ) 
of degree N satisfying 

(a) The zeros 9\ , . . . , 9n of f v are distinct and belong to E v . 

(b) f~ 1 (D(0,l)) C (J^=i B( a li r e)} an d there is a decomposition f~ 1 (D(0,l)) = 
U/i=i B(9h, Ph), where the balls B(9h, Ph) are pairwise disjoint and isometrically parametriz- 
able. For each h = 1, . . . , N , if ' £ = £(h) is such that B(9h,Ph) ?= B(ai,ri), put F Uh = F Wr 
Then ph £ l-F^Ju & n d fv induces an F Uh -rational scaled isometry from B(6h,Ph) to D(0, 1), 
with 

f v (B(9 h , Ph )nc v (F Uh )) = o Fuh , 

such that \f v (zi) - f v {z 2 )\ v = (l/p h )\\z 1 ,z 2 \\v for all z 1 ,z 2 G B(9 h ,p h ). 

(c) The set H v := E v n f~ 1 (D(0, 1)) is K v -simple and compatible with E v . Indeed, 

N 

(7.59) H v = \J{B(9 h , Ph )nC v (F Uh )) 

h=\ 

is a K v - simple decomposition of H v compatible with the K v -simple decomposition (J7.58P 
of E v , which is move-prepared (see Definition 16. 10J) relative to B(a±,ri), . . . ,B(aD v ,i~D v )- 
Moreover, for each £ = 1, . . . , D v , there is a point wg € (B(ae, ri) n C v (F we )))\H v . 

(d) For each Xi G X, the leading coefficient c V: i = lim z _ >x . i f v (z) ■ g Xi (z) Nsi belongs 
to K v (xi) scp , and jjlog v (\c V)i \ v ) = A Xi (E v , s) + /3 V . 

(B) If v £ Sk, (so E v is X-trivial and in particular is an HL-domain disjoint from X), 
put E v = E v . Then for each K v -symmetric s£ T ,m (Q), there is an integer N v > 1 such 
that for each positive integer N divisible by N v , there is an (X,s) -function f v G K V (C V ) of 
degree N such that 

(a) E v = E v = {ze C V (C V ) : \f v (z)\ v < 1}; 

(b) For each Xi G X, the leading coefficient c v ^ = lim^^^^ fv( z ) ■ 9xi( z ) Nsi belongs to 
K v (xi) scp , and j r log v (\c Vti \ v ) = A Xi (E v , s) + /3 V . 

The /Yy-simple decompositions of E v and sets U v , for v G Sk- For each v G Sk, 
the set E v is compact and ^-simple (see Definition Hj]). Choose a ^-simple decomposition 

D v 

(7.60) E v = \jB(a e ,r e )nC v (F we ) . 

i=i 

By refining this decomposition, if necessary, we can assume that U v := Uf=i-^( a ^' r ^) ^ s 
disjoint from X. This decomposition will be fixed for the rest of the construction. 

The sets E v for v G S K . By hypothesis, 7(E, X) > 1 in Theorem 14.21 This means 
that the Green's matrix r(E, X) is negative definite. Suppose E = ri t , e 5+ B v x ri t ,rf5+ B v 
is another if-rational adelic set compatible with X. compatible with X By the discussion 
leading to (17.3p . there are numbers e v > for v G S K such that such that T(E,X) is also 
negative definite, provided that for each v G S^ 

, , f \G(xj 2 Xi]E v )-G(xj,Xi;E v )\ < e v for alii / j , 

I \V Xi (E v )-V Xi (E v )\ < e v foraUi . 
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For each v G Sk, we will take E v C EJ„ to be the set given by Theorem 17.151 for 
E v , relative to the number e v chosen above satisfying (|7.6ip . For each v G S k \Sk the 
set E v is an RL-domain, and we will take E v = E v as in Theorem 17.151 Put Ex = 
\\ s+ E v x n, rf?+ E v with the sets E v just chosen, and let 

(7.62) V K := V(E K ,X) = vai(T(E K ,X)) 

be the global Robin constant for Ex and X. By construction, Vk < 0. 

The rational probability vector s. By construction, the Green's matrix T(Ek,X) is 
i^-symmetric and negative definite. However, in a major simplification from the case when 
char(A") = 0, there is a matrix To G M m (Q) such that T(Ek,X) = Tq ■ log(p). This means 
that the unique probability vector s for which the components of T(Ek,X)s are equal has 
rational coordinates, and that Vk G Q • log(p). 

To see this, note that by (|7.2p we have 

(7.63) r(Ex,£) = — ^— r(E L ,X) = — ±— V T(E w ,X)log(q w ) . 

Since each E w is either L^-simple or is an RL-domain, Proposition 13.281 shows that the 
entries G{xi,xj;E w ) and V Xi (E w ) in the local Green's matrices belong to Q. For each w 
there is a natural number f w such that q w = p^ w , so r(Ex, X) = To-\og(p) with To G M m 
as claimed. Clearly To is A-symmetric and negative definite. 

By the same argument as in the proof of Proposition 13.331 the vector s 1 defined by 

1 



6 — 1q 



1 



is A"-symmetric with positive entries, and since Tq G M m (Q) its entries are rational. By 
suitably scaling s 1 we arrive at a A-symmetric probability vector s G V m (Q) for which the 
entries of Tqs are equal. Evidently we have 

(V 

(7.64) r(E K ,X)s = T s-log(p) = : 

\v 

for some V G Q • log(p). By the minimax property defining Vk = val(r(Ex, X)) it must be 
that V = V K , and so V K G Q • \og{p). 

This s will be fixed for the rest of the construction. 

The local parameters r] v , h v , r v , and R v . Since Vk G Q • log(p) and Vk < 0, and 
since log(q v ) = f v log(p) for each v, we can choose a collection of numbers {r] v } v£ g+ with 
< rj v G Q for each v, such that 

(7.65) J2 Vvteg(q v ) = \V K \ = -V K ■ 

veS+ 

The rj v provide the freedom for adjustment needed in the construction of the initial approxi- 
mating functions, and determine the scaling factors in passing from the initial approximating 
functions to the coherent approximating functions. 
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For the place vq, fix a number r vo such that 1 < r Vo < e^o . Then, choose a set of 
numbers \h v \ ,_?+ with Y\ ^«+ h v > 1, such that 



'A' 



(7 m] / 1 < K < r VQ if v = vo , 

[ ' ' \ 0<h v <l ifv£S K . 

Finally, for each v G Sk, fix an r v with h v < r v < 1, and for each u G Sk\Sk put r„ = 1. 
For each v G 5^, put R v = ql v . Then < h v < r v < R v for each -y, and 



(7.67) 1 < [ h v < 



Furthermore, R v G |C* |„ for each v G S*^. 

As in the proof when char(ET) = 0, the numbers h v control how much the Laurent 
coefficients of the patching functions can be changed, and the r v are "encroachment bounds" 
which limit how close certain quantities can come to the h v . 

Stage 2. Construction of the Coherent Approximating Functions 4> v (z). 

We will now construct the coherent approximating functions 4>v( z ), modifying the initial 
approximating functions f v (z) given by Theorem 17.151 for the sets and parameters chosen 
above. Let J be the number from the construction of the L-rational and L sep -rational bases 
in 35131 



Theorem 7.16. Let C, K, E, X, and Sk be as in Theorem Wf2\ where char(.K~ ) = p > 0. 
Let S K 3 Sk be the finite set of places constructed above. For each v G S K , let E v C E v 
and < h v < r v < R v be the set and patching parameters constructed above. For each 
v G Sk, let {J e ^ 1 B(a£,ri) nC v (F We ) be the K v -simple decomposition of E v chosen above. 
Let s G V m (Q) be the rational probability vector with positive coefficients such that Vk = 
T(E K ,X)s. 

Then there are a positive integer N and (X,s) -functions 4> v (z) G K V (C) for v G S^, 
of common degree N , such that Ni := Nsi belongs to N and is divisible by J, for each 
% = 1, . . . ,m, and 

(A) The (j) v (z) have the following properties: 
(1) If v £ Sk, then 

(7.68) r^ < ? -V(ft.-i) < 1 , and 

(a) the zeros 9±,...,9n of 4> v {z) are distinct and belong to E v ; 

(b) ^(DfO.l)) ={Jh =1 B(6 h , Ph ), where the balls B(6 1 , Pl ), ..., B(9 N , p N ) are 
pairwise disjoint, isometrically parametrizable, and contained in IJ^=i B( a £, r t)', 

(c) H v := (f)~ 1 (D(Q, 1)) n E v is K v -simple, with the K v -simple decomposition 

N 

H v = (J (B(9 h , Ph )nC v (F Uh )) 

h=\ 

compatible with the K v -simple decomposition [J^i {B( a £, r e) nC 1 ,(i ? u , f )) of E v , 
which is move-prepared relative to B(a±,ri), . . . , B(aD v ,ro v )- For each £, 
there is a point W£ G (B(a£,r£) n C v (F We )))\H v . 

(d) For each h = 1, . . . , N, F Uh /K v is finite and separable. If 9h G E v n B(a£, rp), 
then F Uh = F We , p h G \F£ t \ v , and B(9 h ,p h ) C B(a£ 1 r i ); and <j> v induces an 
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F Uh -rational scaled isometry from B(9h,Ph) onto D(0, 1) with (j> v (8h) = 0, 
which takes B(9h,Ph) ^C v (F Uh ) onto Uh . 
(2) Ifve S K \S K , then 

E v = E v = {z G C V (C V ) : \Mz)\v < Rv} ■ 

(B) For each w G Sl, put 4> w (z) = <f> v (z) if w\v, and regard 4> w (z) as an element of 
L W (C). Each Xi G X is canonically embedded in C W (L W ); letc w> i = lim 2 _> Xi 4> w {z) ■ g Xi (z) NSl 
be the leading coefficient of (p w (z) at X{. Then for each i 

(7.69) Y^ l °gw(\cw,i\w) l °g(qw) = °- 

we§+ 

Moreover, there are a positive integer uq and a K -symmetric set of S^ -units fii,. . . ,fl m G 
L, with pi G K(xi) scp for each i, such that |c^°J«, = \pi\ w for each w G S^ and each 

i = 1, ... ,771. 

Proof. Because there are no archimedean places, the proof is simpler than when 
char(/Y) = 0. It consists of choosing a collection of initial approximating functions f v {z) 
of common degree iV using Theorem 17.151 then scaling them so their leading coefficients 
satisfy (171)9]) . 

The choice of N. For each v G Sk, put j3 v = r\ v (where < r/ v G Q is the number 
from (I7.65D ) and let N v > be the integer given by Theorem I7.15f A.2) for E v , E v , s, /3, 
and the ^-simple decomposition E v = U^Ji {B{ai,ri) f\C v {F Wl )\ chosen above. For each 
v G S^\Sk, let N v be as given by Theorem 17.151 for E v = E v and s as chosen above. 

Fix an integer N > be an integer which satisfies the following conditions: 

(1) N is divisible by N v , for each v G S K ; 

(2) Ni := Nsi belongs to N and is divisible by J for each i = 1, . . . , m; 



V 



(3) N ■ rj v G N for each v G S K , where the rj v are as in (J7.65P ; 

(4) N is large enough that 

• Ns,i > J for each i = 1, . . . ,m; 
(7 - 70) • rf < q- 1 ^^ < 1, for each v G S K . 

In particular ()7.68p holds. 

The choice of the Initial Approximating Functions f v (z). We will apply Theo- 
rem l7.15l with the parameters chosen above. For each v G Sk, take /3 V = rj v (with < r] v G Q 
as in (|7.65p ) and let f v (z) G K V (C) be the (X, s)-function of degree N given by Theorem 
I7.15( A.2) with jjlog v (\c Vj i\ v ) = A Xi (E v ,s) + (3 V and c v ^ G K v (xi) sep for each i. For each 
v G S k \Sk, let f v (z) G K V (C) be the (X, s)-function of degree N from Theorem 17.15( B). 
with i log^dc^il,,) = A Xi (E v , s) for each i. 

Each f v (z) has the mapping properties from Theorem l7.15[ In particular, if v G Sk, then 
H v := f~ 1 (D(0, 1)) n E v has a ^-simple decomposition H v = Uh=i [B{9h,Ph) ^Cv{F Uh )) 
compatible with the i^-simple decomposition E v = IJ^Ji {B( a £, r i) H C^(F W£ ))), which 
is move-prepared relative to B(ax,ri), . . . ,B(a,D v ,rD v )- Here 0i,...,0/y are the zeros of 
fv(z), ph £ l-^ulk) an d /u induces an F Uh -rational scaled isometry from B(9h,ph) to -D(0, 1) 
which maps B(9h, Ph) H C v (F Uh ) onto Uh . For each £ = 1, . . . , .D,,, there is a point w;^ G 
(B(a e ,r e )nC v {F m )))\H v . 
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The choice of the Coherent Approximating Functions 4> v {z). If v G Sk, put 

n v = 1. If v G S k \Sk, put k„ = 7r„ '*", where < r) v G Q is as in (|7.65j) . Our choice of N 
required that Nr] v £ N, so Kt, £ K* and \k v \ v = R^ > 1. For each v G S K , put 

4> v (z) = n v f v (z) G Kt,(C) . 

For each v and each i, the leading coefficient c„,j of </>„(z) at Xj is given by c v> i = K v c Vt i, so 
c Vi i G ^(xj) 8013 . By our choices of the f3 v and k v , for each v G S^ we have 

(7-71) Tr 1 og„(|c U) i| t; ) = A Xi (E v ,s) + r] v . 

Furthermore, the mapping properties of the f v (z) from Theorem I7.15| together with our 
choice of the k v , yield the following mapping properties for the (j) v (z). 

(1) If v G Sk then properties (a)-(d) in Theorem I7.16f A.l) hold for 4> v {z) and H v . 
Indeed, since k v = 1 for v G Sk, then <f> v (z) = f v (z) so the mapping properties of 
4> v ( z ) ar e inherited from those of f v (z). 

(2) If v G S+\S K , then E v = E v = {z G C„(Q,) : |&,(z)|„ < i^}. 

Coherence of the leading coefficients. To understand the leading coefficients of 
the 4> v (z), we must consider them over the fields L w for w G S^, since X is canonically a 
subset of C{L) and of C W {L W ) for each w;, and the uniformizer g Xi (z) G £(C) is canonically 
an element of L W (C). 

For each w G <Sl, put 4> w {z) = 4> v (z) if u;|u, and view (j) w (z) as an element of L W (C). 
Although the functions <fr w (z) for w\v are all the same, the points of X, which are their 
poles, are identified differently. For each i and w, let Z w ^ = lim 2 _ ShXi (f>w{z) ■ g Xi (z) NSt be the 
leading coefficient of (t) w {z) at X{. Let a w : L ^-> C„ be an embedding which induces the 
place u>, and for each i = 1, ... ,m let a w (i) be the index j for which a w {xi) = Xj (where 
we identify Xj with its image in C V (C V ) given by the fixed embedding of K in C„). Then 

Cw,i Cv,cr w (i) ■ 

Recall that T(E K ,X) = p±»r(E£,£). It follows from CL2D that 

(7.72) [L:K]- T(E K , X) = ^ T{E W , X) log(q w ) . 

west 



Just as when char(.R') = 0, Lemma [7.131 shows that for each w G S L , and each i = 1, . . 
the i th coordinate of T(E w ,X)s satisfies 

(7.73) (T(E W , X)£)i ■ log(q w ) = [L w : K v ] ■ A aw{xi) (E v , s) log(q v ) . 
We can now prove (|7.69p . Since c Wt i = c Vj<7w ({\, it follows from (J7.28P that 

jj Yl l °Zw(\cw,i\™)\og(q w ) = Yl Yl^ Lw :K v}(jj lo gv(\cv,a w (x i )\v))log(q v ) 

wes+ veS+ w\v 

(7.74) = J2 ^[L w : K v ] (A ffw{Xi) (E v ,g) + Vv ) \og(q v ) 

v&S+ w\v 



,m, 
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By Lemma 17.131 and our choice of s in (|7.64p , 

Y^ ^2[L W : K v ]A Uw{Xt) (E v ,s)log(q v ) = ^ (T(E w ,X)s)ilog(q w ) 

(7.75) = (T(E L ,X)s)i = [L:K]-V K . 
By our choice of the r/ v in (I7.65P , 

(7.76) Y, Y} L ™ : K v ]r] v log(q v ) = [L : K] ^ r] v log(q v ) = -[L : K] ■ V K ■ 

v<=S+ H« ^£5+ 

Combining (|7T7lj) . ([7T75]) . and ([7776]) gives 

X] lo gt«(|ct«,iU)log(g„,) = 0, 

which is (T7T691) . 

The final assertion in Theorem 17.161 concerns the existence of a ET-symmetric system 
of S^-units jUi, . . . ,/i m with /ij £ if(2j) sep for each i, and a positive integer no such that 
|c^°J^ = \ni\ w for each w S 5^ and each i = 1, . . . , m. 

To show this, note that by our choice of N (see (|7.70p ) Ni := Nsi is an integer divisible 
by J for each i = l,...,m. By the construction of the L-rational and L sep -rational bases 
in H3Yd\ this means that the basis functions ipi,Ni — <Pi,Nt for each i. For each v G S^, 
the leading coefficients c Vj i of </>„(z) are ^-symmetric since <p v is 1^-rational, with each 
c v- i € iir^(xj) sep by construction. The L sep -rational basis is ^-symmetric by construction, 
so the function 

m m 

4>°v(z) ■= ^2c V) HPi )Nl (z) = ^Cv^Niiz) 

i=l i=l 

consisting of the leading terms of (f> v (z), is ^-rational. 

Consider the field H = L scp . Since L/L sep is purely inseparable, for each place of wo of H 
there is a unique place w of L with w \wq, and w is totally ramified over wq with ramification 
index [L : K] inscp . Since H/K is galois, the group Aut(L/K) = Gal(H/K) acts transitively 
on the places w\v of L, and the places wq\v of H. For each wq\v, put (t^ {z) = (p^(z), 
regarding <?^ (.z) £ K V (C) as an element of H WQ (C). Write c WOt i, i = 1, . . . , m for its leading 
coefficients; thus if w is the place of L over t^o, then c WQt i = c W) i = c vtTw uy 

First fix Xi E X, and put F = K(xi) scp . Let 5^ be the set of places of F above S~^. 
For each v € S^, since the (^(z) £ K V (C) are the same for all u>o|f, applying Proposition 
EH to ® Wo \ v <f>w (z) tells us that ©^i^^ = ® Wo \ v c WOti £ & Wo \ v H Wo actually belongs to 
® U \ V F U , embedded semi-diagonally in (B W0 \ V H W0 . Write @ u \ v c u ,i for the element of ® U \ V F U 
that induces it. Then by (|7.69|) . (and the fact that [L : K] = Ylwlvi^w '■ K v \, even when 
char(i<f) = p > 0; see ([ED, p.321)) 

Y fog«(|c«,i|n)log(g„) = ijj . j* Yl lo St«o(l^o,*Uo) lo g(^o) 

ueSp woeSx 

= TJ—p] Yl lo gu,(|c«,,i|i«)fog(fe) = 0. 
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By Proposition 17.51 there are an S^-unit fa G F, and an integer m such that 

l C M,il" ~~ \tH\u 

for each u G Sp. 

Now let Xi vary; we will arrange for the /Uj to be if-symmetric. By Proposition 17.91 
the ® W0 \ v Cw ,i are A-symmetric. For each Aut (L/if )-orbit 3Li C X, fix an Xi e G 3^. For 
each Xj G 3^, choose a G AutfX/if) with a(xi e ) = Xj, and replace /Uj with a(n i( ). These 
/ij are independent of the choice of a with o~(xi e ) = Xj, and are if -symmetric. After 
further replacing hi, . . . , n m with appropriate powers of themselves, we can assume there is 
a number no such that n{ = no, for all i. Thus ui, . . . , u m form a ET-symmetric system of 
5^-units, with n { G K(xi) sep for each i, and |c^, Ju> = \fJ-i\ w for each w G S^. 

This completes the proof of Theorem I7.16L □ 

Stage 3. The Patching Construction. In the function field case, there are several 
differences in the patching argument from the number field case. 

One complication arises from the fact that L/K may be inseparable. In order to preserve 

(k) 

the A^-rationality of the patching functions Gv {z), it is helpful to expand them in terms of 
the L sep -rational basis {(fij,<p\} rather than the L-rational basis. However, the several the 

basis functions tpij can contribute to poles of the Gv (z) of the same order. To deal with 
this, instead of patching the coefficients of the <pij in -<n order, we patch all the coefficients 
in a band simultaneously. 

In addition, in the global patching construction we cannot use the same method for 
patching the high order coefficients as when char(if) = 0, because there are no archimedean 
places where a 'magnification argument' can apply. Instead, by the choice of n, in the local 
patching construction we arrange that all the high order coefficients (apart from the leading 
coefficient) are 0, so they do not need to be patched. This is possible because char(A) = p. 

The following theorem summarizes the local patching constructions proved in Theorems 
I10.2l and lll,2l below. After stating the theorem, we compare the patching constructions when 
char(A) = and char(A) = p > 0, and establish some estimates for the coefficients needed 
to carry out the patching process in bands. We then choose the parameters k and n, and 
give the details of the patching process. 

Theorem 7.17. Let K be a function field. Let C/K , E, X, and Sk be as in Theorem 
14.21 Let S^ ^ Sk be the finite set of places satisfying conditions (|7.ip . together with vq. 
For each v G S K , let E v C E v , and < h v < r v < R v be the set and patching parameters 
constructed in Stage 1 above. For each v G Sk, let U^=i^( a ^i r ^) ^C v (F We ) be the chosen 
K v -simple decomposition of E v ; by construction, U v = \j£=iB(ai,ri) is disjoint from X. 
Let the rational probability vector s G V m (Q) be as in (|7.64p . and let the natural number N 
and the coherent approximating functions {4> v (z)} s+ be the ones constructed in Theorem 

17.161 Put Ni = Nsi for i = l,...,m. By construction Ni G N and J\Ni for each i, and 
for each v G S K and each i, the leading coefficient c v i = lim^^^^ <j>v{z) • 9xii z ) belongs to 
K v ( Xi ) se P. 

For each v G S K , Theorem \10.2\ or \11.2\ provides a number k v > determined by E v and 
<j>v(z)> representing the minimal number of 'high-order' stages in the local patching process 
at v. Let k > k v be a fixed integer. 
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Then for each v G S^, there are an integer n v > and a number < B v < 1, depending 
on k, E v , and 4> v (z), such that for each sufficiently large integer n divisible by n v , the local 
patching process at v can be carried out as follows: 

Put Gl, \z) = Q v ,n{<t>v{z)), where 

If v G S K , then Q v>n (x) = S n<v (x) 

is the Stirling polynomial of degree n for O v {see (|3.55p ); 
If ' v G S~^\Sk, then Q v , n (x) = x n . 



Then all the zeros of G v (z) belong to E v , and if v G Sk they are distinct. For each Xj, 

'he leading coeffici 
L-rational basis as 



the leading coefficient of G v (z) at Xi isc^^ and when Gv (z) is expanded in terms of the 



m (n-l)JVi-l A 

G vH%) = Y^ Yl A v ,ij<fi,nN t -j(z) +Y^A V ,\<PX 
i=l j=0 A=l 



then A Vt ij = for all (i,j) with 1 < j < kNi. 

For each k, 1 < k < n - 1, let {A; i G L Wv }^ eBaxidn ^ be a K v -symmetric set of 
numbers satisfying 

\^l\v < B v and A$, = for j = 1, . . . ,N t - 1, if k = 1 , 

A { v % = for j = (k-l)N l ,...,kN i -l, if k = 2,...,k , 

\Ai%\ v <h k v N , if k = k + l,...,n-l , 

such that A v i0 G K v (xi) sep for each i and such that for each k = k + 1, . . . ,n — 1 

m fcJV.j-1 

(7.78) A Vtk (z):=J2 E A S? " Vi,(*+i)Ai-i e K V (C) . 

i=l j=(k-l)Ni 
For k = n, let {A^ G L Wv }k\<a be a K v -symmetric set of numbers such that 

(7.79) |Ag|„ < K N 
for each A, and 

A 

(7.80) A VyU (z) := £>$•¥>* G K V (C) . 

A=l 

Then one can inductively construct (X,s)- functions G\, (z), . . . ,Gv (z) in K V (C), of 
common degree Nn, such that: 

(A) For each k = 1, . . . ,n, G\, (z) is obtained from G{, (z) as follows: 

(1) When k = 1, the local patching process at v provides a K v -symmetric set of functions 

^!io( z )> ■ • • i Vo( z ) G L ^(C) such ^at 



<#)(*) = G< o )(*)+5>«.0( 
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where for each i = 1, . . . , m, 9 V l (z) G K v (xi) scp (C) has the form 

for an (X, s)-function Gr l (z) with a pole of order at most (n — k)N# at each xy . Thus, in 
passing from G v (z) to G v (z), each of the leading coefficients A v ^o = c^ i is replaced with 
c^ j + A^ - • c^j, and the coefficients A v ^j for 1 < j < kN t remain 0. 

(2) Fork = 2,...,k, we have G v k \z) = G v k ~ 1] {z). 

(3) For k = k + 1, . . . , n — 1, we have 

(7.81) G v k \z) = Gi k ~ l \z) + A v>k (z) ■ F Vtk (z) + &i k) (z) , 

where 

(a) A V)k (z) = E(*j)6Band w (fc) A SWfc+W-j(0 belongs to K V (C) by ([728]); 

(b) F Vjk (z) G K V (C) is an (X,s) -function determined by the local patching process 
using G v (z), whose roots belong to E v . For each Xi, it has a pole of order 

(n — k — l)Ni atxi, and its leading coefficient d v ^ = lim z ^ Xi F v ^(z) ■ g Xi (zp n ~ k ~ 1 ' Ni 
has absolute value \d V) i\ v = \cv,i\v _1 - 

(c) @ v {z) G K V (C) is an (X, s) -function determined by the local patching process 
after the coefficients in Bandjv(fc) have been modified; it has a pole of order 
at most (n — k)N{ at each xi and no other poles, and may be the zero function. 

(4) For k = n 

A 

Gf\z) = G^- 1) (z) + J2^l^(^)- 

A=l 

(B) For each v G S K and each k = 1, . . . , n, 

If v £ Sk, then all the zeros of G v (z) belong to E v , 

and for k = and k = n they are distinct. When k = n, 

{z G C(C) : G v n \z) G anD(0,rf)} C E v . 

If v € S k \Sk, then all the zeros of Gv (z) belong to E v , and 

{z G C(C„) = \G[ k \z)\ v < R^ n } = E v . 

Remark. As when char(i<") = 0, we will have @ v (z) = except for one value k = k\ for 

each v G Sk, where <d v (z) is chosen to 'separate the roots' of G v (z). See the discussion 
after Theorem |11.2| and Phase 3 in the proof of that theorem. 

The underlying patching constructions when char(ET ) = and char(i^) = p > are the 
same: we expand 

m (n-l)JVj A 

G v k ~ l) (z) = J2 J2 A v,im,nN i -j{z)+^A VjX ip X 
%=\ j=0 A=l 

and we modify the coefficients of Gv (z) in Bandar (A;) by setting 

m feiVj-1 

(7-82) Gi%) = e !) W + E £ A«0*)- 

i=l j=(k-l)Ni 
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Here $ v (Az) has a pole of order nNi — j at xi and a pole of order at most (n — k)Ni' at xy 
for i' ^ i. Examining the local patching constructions for nonarchimedean v shows that 

(7-83) 0™(z) = <piAz)-F v>k (z) 

where F vk (z) is ^-rational, with a pole of order (n — k — l)iVj at each Xi, and nNi — j = 
(n - k - l)JVj + r, so N { + 1 < r = (k + l)iVj - j < 2N t . (When £„ is an RL-domain, 
F V: k( z ) = <j>v(z) n ~ j h is more complicated when £7„ is X^-simple.) Since the ifi r are 
/^-symmetric, the "& v L(z) are ^-symmetric. Rewriting (|7.82p using (J7.83P gives 

m feJVi-l 
i=l j=(k-l)Ni 

(7.84) = G^iz) + A v>k (z) ■ F v>k (z) , 

which is (|7.8ip before the addition of @ v (z). 

However, the patching constructions when char(LT) = and char(LT) = p > have 
different aims. When char(X) = 0, the patching construction modifies the coefficients 
A V ij one by one in -<n order, making them global numbers A\j € L which depend on 
the numbers chosen in earlier patching steps. Since each (fij in the L-rational basis has 
a pole of different order, patching the coefficients of lower degree basis functions does not 
change coefficients patched earlier, and since L Wv /K v is separable, the modification term 

Sill T, k j=(k-i)Ni A iij^Jj( z ) is ^-rational if the aJJ are ^-symmetric. 

When char [K) = p > 0, since L Wv /K v may be inseparable, we cannot simply use galois 

(k) 
equivariance of the A^ [■ to deduce the ^-rationality of the modification term. Instead, 

we expand G v (z) and A v k (z)F v k (z) using the L sep -rational basis, writing 



(7.85) G^~ l \z) = J2 Yl A v,ij<Pi,nN t -j{z) + Y, A v,W\ , 

i=\ j=0 A=l 

m kNi—1 

(7.86) A v>k (z)F v>k (z) = ^J ^2 5 v>i j(fi ;nNi -j(z) + lower degree terms , 

i=lj=(k-X)Ni 

and patch the coefficients of G v (z) in BandAr(/c) choosing the A^-- so as to modify 
the coefficients A v jj relative to the L sep -rational basis. By Proposition 17.181 below, L^f- 
rationality and galois equivariance for the S V ij implies the ^-rationality of A vk (z)F vk (z). 
Since several terms of the L sep -rational basis can have poles of the same order, this 
requires us to choose all the patching coefficients in a band simultaneously. By the 
construction of the L-rational and L sep -rational bases in §3131 the transition matrix from 
the L-rational basis to the L sep -rational basis is block-diagonal, with blocks of size J . Since 
we have required that J\Ni in Theorem 17.171 we can modify the coefficients A v ^ from 
Bandjv(fc) by patching all the coefficients A v ^j from Band jy (k) at once, and the patching 

modifications from later bands do not affect the modifications made in earlier ones. 

(k) 

The patching process must also keep the roots of the Gv (z) in E v . Doing so requires 
an analysis of the relationship between patching modifications of the form (|7.82j) and those 
of the form (|7.86p . This is carried out in Proposition 17.181 We study the growth rates of 
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the coefficients, and show that by using modifications of the form (|7.84p we can indepen- 
dently vary the L scp -rational coefficients of the Gv (z) in a given band, in a uniform way 
independent of k. The uniformity ultimately depends on the fact that each 4> v (z) has its 
zeros in E v and its poles in X, and E v is bounded away from X. 

To motivate the formulation of Proposition 17. 181 note that since (k — 1)-/Vj < j < kN{ — 1 



in (|7.84p . if we replace j by s = j — (k — 1)N{ and write A v ^ s = A v :., then (|7.84p becomes 

m Ni-1 

(7.87) Gi k \z) = Gi k ~ l Hz) + (V E A «* • Vi^-siz^F^iz) . 



m Ni-1 

EE 

i=l s=0 

We will use Proposition 17.181 again in the proof of Theorem 111.21 so we state it in more 
generality than is needed for Theorem 17.171 letting char(if) be arbitrary and letting £ > 1 
bands be patched at once. (In the proof of Theorem 17.171 we will take £ = 1.) 

Proposition 7.18. Let chai(K) be arbitrary, and letv be a nonarchimedean place of K . 
Then there are numbers A„, Y„ > 0, depending only on E v , X, the choice of the L-rational 
and L scp -rational bases, and the projective embedding of C v , with the following property. 

Let r > be small enough that 

(1) r < min^y(||xi,Xj||<,); 

(2) each of the balls B(xi,r) is isometrically parametrizable and disjoint from E v ; 

(3) for each i, none of the Pij(z) has a zero in B(xt,r). 

Put w v = min(l, A„ • r), and let £, k be integers with £ > 1 and 1 < k < n — 1. 

Let s G V m (Q) be a positive rational probability vector; let N be a positive integer such 
that Ni = Nsi G N and J\Ni, for each i = 1, . . . , m. Let F v (z) G C V (C) be an (X, s) -function 
which has a pole of order (n — k — l)iVj at Xi, for each i, and whose zeros belong to E v . Let 
7^ dvi = lim 2 _!. 2 ; i F v (z) ■ g Xi ( z r~ k ~ 1 ' Ni be its leading coefficient at X{. 

Given A = (Au,i s )i<i<m,o<s<«^ G C e v N , let A v (z) G C„(C) be the (X, s) -function 

m eNi-1 
(7.88) A v (z) = E E Av ' is ' ^i^+^Ni-siz) ■ 

i=\ s=0 

Expand A v (z)F v (z) in terms of the L sep -rational basis as 

m £Ni-l 

A v (z)F v (z) = E E Sv > is ' fii,(k+e)Ni-s(z) + lower order terms . 

i=l s=0 

and write 5 = (6 v ^ s )i<i<m,o<s<£Ni £ C~ . Let <E>^ P : C~, — > C~ be the linear map defined 
by *%(£) = 5. 

Then & S p P is an isomorphism and for each p > 



i=l i=\ 



(7.89) ^(0fl(o,^) ^ 0£(o,r^K,M' 

and 

(7.90) ^ P (0 D(p,mZ'p)) 5 U(0,f^ri^|,^) • 



«JVj-l m INi-l 



i=l s=0 i=l s=0 
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Moreover, if F v (z) is K v -rational, then for each K v -symmetric 5 E (Lwv) , the unique 
solution to <I>^ P (A) = 5 belongs to L^ and is K v -symmetric, and the corresponding function 
A v (z) = YT=i Y?s=Q l A v,is ■ <Pi,(£+i)Ni-s( z ) is K v -rational. 

The proof of Proposition 17.181 will be given in ^7161 below. We now choose the patching 
parameters k and n in Theorem 17.171 and give the details of the global patching process. 

The choice of k. In Stage 1 we have chosen a collection of numbers h v for v E S^ 
such that T\ c $+ h v > 1. Likewise, for each v E S~t, Proposition 17. 141 provides a number k v 
(the minimal number of stages considered high-order by the patching process at v ). Finally, 
for each v E S^, fix a number r = r v > satisfying the conditions of Proposition 17. 181 and 
small enough that each ball B(xi,r v ) is disjoint from U v ; then Proposition 17.181 provides 
numbers T v > and < w v < 1 (the comparison constants for the transition between 
the L-rational and L sep -rational bases). Put T = Y[ p5+(^ ro r> ) an< ^ h = Y\ P s+ n v > 1- 

Finally, put H = L scp and let C//(5^) be the constant from Proposition 17.31 
Let k be the smallest integer such that 

J kj> k v for each u£^, 
1 j \ (T-h kN )l H ^ > C H (S+). 

The choice of n. As in the patching construction when char(iT) = 0, for suitable n we 

will take the initial patching functions to be G[, (z) = Qv^ifiviz)), where Q v , n (x) E O v (z) 
is the monic polynomial of degree n given by Theorem 17.171 

One consideration in choosing n is to facilitate patching the leading coefficients of the 
Gv (z) to be 5^-units. Given v E Sk, put (f> w {z) = 4> v (z) for each w E Sl with w\v, 
viewing the (j) w (z) as functions in L W (C). By Theorem 17.161 the leading coefficients c W) i of 
the 4> w (z) have the property that there are an integer no, and a if -symmetric system of 
S^-units [ii, such that for each i and each w E S~^ 

(7 92) I?" I — In- 1 

For each v E S~^ , let < B v < 1 be the number from Theorem 17.171 controlling the freedom 
in patching the leading coefficients. All the fields L w for w\v are isomorphic, and by the 
structure of the group of units O^ there is an integer n' v > such that for each x E O^ , 
and each integer n' divisible by n' v , 

(7.93) \x n ' - l\ v < B v . 

Let n\ be the least common multiple of the n' v . 

Another consideration in choosing n is to assure that various analytic estimates are 
satisfied. For each v E S^, Theorem 17. 171 provides a number n v such that the local patching 

process at v will keep the roots of Gv (z) in E v , provided n v \n and n is sufficiently large. 
Let ri2 be the least common multiple of the n v for v E S^. 
Finally, let n be a positive integer such that 

(7.94) non\n2\n 
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and is large enough that 

(7.95) ( JJ h v ) nN ^ H ^ > C H (S+) . 

By Theorem 17.171 there is an 723 such that if n > n^, then (J7.95P holds and for each v G S^ 
the local patching process can be successfully completed. 

Until last step in the proof, n > 713 will be a fixed integer satisfying (|7.94|) . 

The order -<n- The index set I = {(i, j) G Z 2 : 1 < i < m, < j < 00}, the order -<n, 
the bands BandAr(fc) = {(i,j) £ 1 : 1 < i < in, (k — l)iVj < j < kNi — 1}, and the galois 
blocks Block ((io, jo)) = {(i,Jo) '■ a ( x io) = x % f° r some a G Aut(L/K)} will be the same as 
those when char(K) = (see ([711]) ). 

Patching the Leading Coefficients. For each v G S^, the initial patching function 

G v (z) = Q v ,n{4>v(z)) G K V (C) is an (X, s)-function of degree nN, with a pole of order nN{ 
and leading coefficient c^ i at each X{. Let /Ui, . . . , /i m G L sep and no > 1 be the iT-symmetric 

set of 5^ -units and integer constructed in Stage 2 above. 

Fix v G S^-, and view fii,...,fi m as embedded in L^; thus |c^°J„ = |/ij| w . For each 
i = 1, . . . , m put 

A$> = (^ /n 7^)-i = W^) n/no -i- 

Since noni|n, ()7.93p shows that 

(7-96) |A« |„ < £?„ . 

(!) ^- r sc P c;„™ +1™ ,,. ™.4 ^ . „™ r^ o„™™„+,.^ +^„ A ( x ) 



Since c V: i G i^, we have A^ G Lw„- Since the \Xi and c^ are i^-symmetric, the A^ ,- 
are /^-symmetric as well. We will take the A^ \ ■ for j = 1, . . . , jtyj — 1, to be 0. 
By Theorem 17.171 when G{, (z) is expanded using the L sep -rational basis as 



m (n-l)Ni A 

i=l j=l A=l 

then for each i we have A v ^q = c^ i and A v ^ = for j = 1, . . . , kNi — 1- The local 

patching construction at v provides a ^-symmetric set of functions viQ (z) G L^(C) for 

i = 1, . . . , m, such that for each i there is an (X, s)-function @ v ,i(z) G Lw„(C) with a pole 
of order at most (n — k)Nj,i for each i' , for which 

*$)(*) = ^yW^) + e^(z). 

(See (|1U.2U|) and (jll.54|) ; note that <Pi t nNi = fi.nNi since J\Ni.) Thus if we put 

m 



then the leading coefficient of Gv (z) at Xj becomes 

A _i_ a( 1 ) 7? 1 — 'Xn \ It ,, n / n l-rn \ i\ -^n ,, 

A Vyi0 + I\ viQ ■ c vi - c vi + ((_//• /c^J - 1) • c vi - ji 



n/n 
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while the coefficients A v ^ for j = 1, . . . , fciVj — 1 remain 0. Since the A^ - and $ v iQ {z) are 
are ^-symmetric and defined over L%^, G v (z) belongs to K V (C). 

By construction all the zeros of G v (z) belong to E v , and since (|7.96p holds, the local 
patching process assures that the zeros of G v (z) belong to E v as well. 

Patching the High Order Coefficients. No patching is needed for k = 2, . . . , k. 
Since the coefficients A v jj = for j = 1, . . . , kN-i — 1, they are already independent of 

— a (k) 

v and belong to L scp . Hence for k = 2, . . . , k we can take A v }- = for all i,j and set 



G v k \z) = G v k - 1 \z) = G v 1 \z). 



V,l] 



Patching the Middle Coefficients. For each k = k + 1, . . . ,n — 1 we first choose 
the target coefficients using Proposition 17.91 and a see-saw argument. We then choose the 
patching coefficients A^ t -- using Proposition 17. 181 and patch using Theorem 17.171 

As before, let H = L sep . Then L/H is purely inseparable and H/K is galois, with 
Aut(L/K) = Gal(H/K). For each place wo of H there is a unique place w of L lying over 
Wo, and w/wq is totally ramified. In the discussion below, we will work primarily with H, 
and to simplify notation we will write w both for places of L and H . Let S^ be the set of 
places w of H over places v G S^ . 

Suppose that for some k > k, we have completed the patching process through stage 
k — 1, and have constructed functions Gv (z) G K V (C) with the properties in Theorem 
17.171 For each v G S^, and each w G S^ with w\v, put G w (z) = G v (z) and expand 
Gw (z) using the L sep -rational basis as 

m (n-l)iVi-l A 

Gi fe_1) (z) = J^ J^ A«,ii^t,nJVi-i(«) + 5^A l0 ,A^A- 

j=l j=0 A=l 

Since Gw (z) is rational over K v and the (pi jn Ni-j and <y?A are rational over H = L sep , 
the A Wt ij and A^a belong to H w and are i^-symmetric. Since cfi t nNi-j is rational over 
K(xj) sep , by galois equivariance A w ,ij in fact belongs to K v (xi) sep C H w . 

We will now choose the target coefficients Aij G ET(xj) sep . Let (io,Jo) G Bandjv(^) is 
the least index under -K^r for which the target coefficient has not been chosen. Because of 
the way the L scp -rational basis was constructed, Block n ((io, Jo)) C Bandiy(k) is the set of 
indices (i, jo) G I for which there is a <r G Gal(L sep / K) such that 0"(<^i o ,nAr; -j ) = <Pi,nNi-jo- 
We first determine the target coefficient Aj 0J - G K(xj ) sep and then define the target 
coefficients for the other (i,j) in Block((zo,io)) so as to preserve galois equivariance. 

Consider the vector 



AH,i j '■— ®west w > i oJo e ^X7 -"« 



^ fit— 11 

and let F = i^T(xj ) scp . For each v G £#-, the functions Gw (z) G K V {C) are the same for 

all places w of H with w;|i> , and the A^iojo belong to Hw P , so Proposition 17.91 tells us that 

4ff,ioj'o belongs to ® ue ^ i 7 ^, embedded semi-diagonally in ©^gg- H w . 
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Since k > k, our choice of k (see 17.91"]) assures that 

n^rc^ > c H {s%). 

ves+ 

Recalling that for each w E S^ we have \x\ w = \x\ v m ' , put T w = T v w ' ° , 6^ 
roi m ' " , and /i^ = /i[, "" . Since ^2 W \ V [H W : K v ] = [H : K] for each v, it follows that 

(7.97) [J (TX • O > ^(S+) . 



For each each to E S^, put 

(7.98) q„ = rX-CM^'- 1 ! 



'jf 



where c^,^ is the leading coefficient of <p w (z) at Xi . By (J7.69P we have rises' 1 " I c «>,joI«> = -*-' 
so (|7.97p gives 

(7.99) H Q w > C H {S+) . 



Note that T w , b w and h w depend only on the place v of K below w, while Ic^Jto depends 
only on the place u of F below w, since the <j) w (z) E K V (C) are the same for all w\v. Hence 
Q w depends only on the place u below w. Similarly the coefficients A w ^ j with w\u belong 
to F u and depend only on u. 

By (|7.99p we can apply Proposition 17.31 to the elements c u = A w ^ j E F u , and to the 
Q w . (Note that in the function field case, there are no archimedean places, so the exponents 
D w in Proposition 17.31 are all 1.) By Proposition I7.3| there is an Ai j E K(xi ) scp such that 

l-^Hoio «vo.jo \w — tyw tor eacn w E jjj , 
l^-iojoU ^ 1 f° r each w ^ S 1 ^ . 

This Ai j will be the target in patching the A w ^ j Q . For each (i,jo) E Block ((io,jo)), take 
a E Gal(H/K) with (T(¥i ,nN io -j ) = <Pi,nNi-j , and P ut Aj = v( A i jo)- Since A io,jo G 
K(xi ) scp , the Aij are well-defined and galois equivariant. 

Repeat this process until target coefficients A^ have been chosen for all (i,j) E Blocker (A;). 
Since the A^ belong to L scp and are if-symmetric, the function 

H^(z) := Yl M&ij{z) 

(ij')SBandjv(fc) 

is if -rational. 

We next choose the patching coefficients A^L so as to replace the part of the L sep - 

rational expansions of the G v (z) coming from Bandar (A;) with H^ \z). 

Fix v E Sj^, and let F v ^(z) E K V (C) be the (X, s)-function of degree (n — k — 1)N 
provided by Theorem 17.171 View X and the A^ as embedded in L Wv , and let d Vj i E L Wv be 
the leading coefficient of F v ^(z) at Xj. By hypothesis \d Vi i\ v = |cjj 



\-pi-k-l\ 

v.i 
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For each (i,j) G BandAr(£;), put 6^1 = Aij - A Wv)i j G i^(:Ej) scp C H Wv , and let 

<o _^/P.»*Lf JVlW.w-Hi Sinre 1^ I — \A A -I <H wp have 

Hv — Hw v — L v Tu v n v |o ^ |„. oince \o vi A Wv — \- f± ii J± w v ,ij\w v — ^w v : w< = nave 



V,ij\ w v \- rL lJ -^WvMlWv 

..... < O.. = T..-777" 



(7.100) |^| w < Q„ = f^fld^^-^ 



and 



(7.101) A^ = A v>ij + S, 



(*) 



The A^y are ^-symmetric since G v (z) and F V:k (z) are ^-rational, and the Ay are 

~(k) 

.^-symmetric since they are i^-symmetric. Hence the 5„ i A are ^-symmetric. Put 



S v = (S v Aj)(i,j)eB & nd N (k) G { L WvY 



and let Q S p P : C„ — > Cy be the map from Proposition 17.181 By Proposition 17.181 there a 

unique A^ = (A^O^BanM*) G C^ such that ^ k (A v k) ) = ffl ■ Using (fflOO]), and 
applying (J7.89P of Proposition 17. 181 with p = h kN and £ = 1, we see that 

(7-102) |Ag>.|„ < fc*" 

for all (i, j). Furthermore, Proposition 17. 18l tells us that 

A„ )fc (*) := £ A^.^-(z) 

(i,j)6Bandjv(fc) 

is i^-rational. By the definition of the map <&^ p , 

(7.103) A v>k (z) ■ F v>k (z) = 22 $vjj'&j( z ) + terms of lower order . 

(ij)SBandjv(fc) 

If we patch Gv (z) using the A^ j • , then Theorem 17. 171 provides a irrational (X, s)- 
function 0„ \z) with a pole of order at most (n — fe)iVj at each Xj, such that 

G v k \z) = Gi k -V+A Vik (z)-F v>k (z) + ei k \z). 
By (|7.10ip and (|7.103|) . for each (i,j) G Bandar (k) the coefficient of ipij in the L sep -rational 
expansion of G v (z) becomes Aij. Since (I7.102P holds, the roots of G v (z) belong to E v . 
Finally, since G v (z), A V)k (z)F V}k (z), and Q v (z) are i\T„-rational, so is G v (z). 

Patching the Low Order Coefficients. The final stage of the global patching 
process deals with the coefficients A v \ in the expansions 

m (n-l)Ni A 

G^Kz) = J2 Yl Av,ij&,nN t -j(z) + YA v ^ X . 
i=l j=0 A=l 

For each v G S^, all the A v ^\ will be patched simultaneously. As before, we use a 

see-saw argument. Let H = L sep . For each w of H with w\v, put Gw (z) = G v n (z) 
and expand 

m (n-l)Ni A 

i=l j=0 A=l 
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By construction, for each v G S K , the vector Q) w \ v Gw (z) G H®kK v {C) is Gal{H/K) 
invariant. By Proposition 17.81 this means that for each A, the coefficient vector ® W \ V A W: \ 
has the same galois-equivariance properties as (p\(z). In particular, if K C -Fa C L is the 
smallest field of rationality for (p\(z), then (B w \ v A Wi \ G F\ (&k K v . 

By (|7.95p in our choice of n, we have 

( n h ^) nN > c l(s + k ) > 

weS L 

so taking Q w = h^ N in Proposition 17.31 we can find an A\ € -Fa such that 

\A x -A WtX \ w <hZ N for all w^Sl, 
\A\\ W < 1 for all w ^ Sl ■ 

By working with representatives of galois orbits as before, we can arrange that for each 
cr G Gal(HjK) we have <r(A\) = Ay if cr(ipx) = fy- 
Put 

A Wj a = A\ — A W)X 

for each w and A, and put 

A£>(*) = ^A tt ,,A^A(^). 
A 

Then © UJ | 1 ,A 1 „(z) G F (g>^ K V (C) is stable under Gal(L/K), for each t> G £#•. It follows 
that the A w (z) belong to K V (C) and are the same for all w\v. Put A v>n (z) = Hj?J(z), and 
expand A v>n (z) = Sa=i ^v,XP\{z)- Then 

|A V) a|„ < h™ 

for each v and A. 

Patch Gy (z) by setting 

gW{z) = G < ^- 1 \z)+A v , n {z) 

This replaces the low-order coefficients of the Gy (z) with the A\. 

Conclusion of the Patching Argument. The patching process has now arranged 
that the Gv (z) G K V (C) for v G Sk all coincide with a single function G^- n '(z), whose 
coefficients relative to the F sep -rational basis belong to F scp . Fix any v, and put G w (z) = 
G(z) for all places w of F s °p with w\v; then ® w \ v G w {z) G ® w \ v L se v{C) ^ F sc p ® k K(C) is 
invariant under Gal(L sep /K), so by Proposition 17.91 it belongs to K(C). 

For each v G £#-, our restrictions on the magnitudes of the A V J- and the A^a assure 
that the conclusions of Proposition 17.141 apply. Thus 

If v G Sk, so E v is FT„-simple, then the zeros of G^ n '(z) are distinct and belong to E v . 
If v G S£\Sjc, then {z G C V {C V ) : |G(")(z)|„ < R* n } = E v . 

On the other hand, for each v ^ S K , our construction has arranged that in the expansion 

m (n-i)Ni A 

Q(n) {z) = Y, J2 Aim^Ni-jW+YsAxVX, 
i=l j=o A=l 
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all the coefficients belong to O v and the leading coefficients belong to O* . Our choice of 
Sft assures that C v and the functions fij(z) and <p\(z) all have good reduction at v, and the 
Xi specialize to distinct points (mod v). Hence G^ n '(z) (mod v) is a nonconstant function 
with a pole of order nN- b > at each x%. It follows that for each v G' S^, 

m 

{zeC v (C v ):\G^(z)\ v <l} = C v (C v )\(\jB(x u l)-) = E v . 

i=l 

Construction of the points in Theorem 14.21 The patching argument holds for 
each integer n > n% divisible by nQn\n2- For any such n, the zeros of G^ n \z) satisfy the 
conditions of the Theorem. If there are any v for which E v is -RT„-simple, the construction 
shows that the zeros of G^ n \z) are distinct, and letting n — > oo we obtain the points in the 
Theorem. 

However, if there are no such v, then since F] 5+ r„ n grows arbitrarily large as n — > 00, 



A" 



the number of 5^-integers k G K satisfying \k\ v < r^ n for all v G S^ also becomes 
arbitrarily large. For any such k, the roots of G^ n ' (z) = k are points satisfying the conditions 
of the Theorem. Hence there are infinitely many such points. 

This completes the proof of Theorem 14.21 when char (if) = p > 0. □ 

6. Proof of Proposition 17.181 

Fix integers £ > 1 and 1 < k < n — 1. Let F v (z) G C V (C) be an (X, s)-function with 
a pole of order (n — k — 1)A^ and leading coefficient d v ^ 7^ at each Xi, whose zeros all 
belong to E v . In proving Proposition 17. 181 it will be useful to introduce a scaled version of 
the L-rational basis, consisting of the basis functions {d v ^(pij,(p\}. Write 

m Wi-1 

(7.104) A„ = Yl Yl Av > is ' Vi,(/+i)JVi-ji » 

m <JVj-l 

(7.105) A„F„ = ^ ^ <S„ )is • dw.i^i^n-jfc+^JVi-s + lower order terms , 

i=l s =0 

put A = (A„ i i s )i< i < m] o< s <AT i ^ = (<^,,i s )i<i<m,o<s<W i , and let $ Fv : C £ V N ->■ C^ be the 
linear map defined by 

(7.106) <D^(A) = 5, 

which takes the coefficients of A„ to the high-order coefficients of A V F V . Note that &f v 
decomposes as direct sum of maps $f v ,i '■ C^ ' — > C^ % since only the terms in A v involving 
y>i,U+i)Ni-s for s = 0, . . . ,£Ni — 1 can contribute to poles of A V F V with order greater than 
(n — k)Ni at X{. 

The maps &f v , &F v ,i have an intrinsic interpretation as follows. Put 

m tNi-1 m flVj-1 

V = (£) d) ^vfi,{l+l)Ni-s , ^ = (£) (£) ^-vd v ,i^{n-k+£)Ni-s ■ 

i=l s =0 i=\ s=0 

Then $^ is the map on coordinates associated to a linear transformation & F : V — > W, 
defined as follows. For any divisor D onC v (C v ), let Fc v (D) = {/ G C V (C) : div(/) + Z? > 0}. 
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Then for D = YITLi Ni(xi), the inclusion of W into Tq v ((n—k+£)D) induces an isomorphism 

l:W * r Cv {(n-k + £)D)/r Cv {(n-k)D) , 
and for each function A v (z) £ V 

$° Fv (A v ) = r^A^ (modr Cv ((n-k)D))) . 

Similarly, for each i, put 

£Ni-l Wi-1 

Vi = ^J3 CwVi,(£+l)JVi-a 5 Wi = (^) Cvdvjtpi^n-k+fjNi-s j 

s=0 s=0 

Then $f„,z is the map on coordinates associated to a map $> F i : Vi — )• Wi, defined as 
follows. The inclusion of Wi into Tc v ((n — k)D + £Ni(xi)) induces an isomorphism 

H-.Wi = T Cv {(n-k)D + £N l (x i ))/T Cv {(n-k)D) , 

and for each function A v (z) £ Vi 

$° Fv}i (A v ) = l-\A v F v (mod T Cv ((n-k)D))) . 

For each i, since J|JV» the functions in Wi,(e+i)N l -s}o<s<w 1 and {&,(i> + i)n 1 - s }o<s<w 1 
are -JC(xj)-linear combinations of each other, and each set forms a basis for Vi. Similarly, 
the functions in {dv,m,(n-k+e)Ni-s}o<8<eNi and {fti > ( n -k+e)N l -s}o<s<£N 1 are K(xi)-lmeai 
combinations of each other, and each set forms a basis for Wi. 

The map <£^ p in Proposition 17.181 is the coordinate map associated to <f> F using the 
L-rational basis on the source and the L sep -rational basis on the target: if we write 

m tNt-l 

A V F V = ^2 ^2 &v,is ■ &,(n-k+£)Ni-s + l° wer order terms , 

i=\ s=0 

and put 5 = (5 Vt i s )i<i< m ,o<s<£Ni then <3?^ P (A) = 5. Clearly <3?^ p decomposes as a direct 
sum of maps $^ p . : C e v Ni -> C e v Ni associated to the $% vi : V -> W t . 

Before proving Proposition 17.181 we will need two lemmas. Recall that the L-rational 
basis is multiplicatively generated by finitely many functions. This means that collectively, 
the basis functions <Pij(z) have only finitely many distinct zeros. 

Lemma 7.19. Let K v be nonarchimedean. Then there is a constant A v > 0, depending 
only on X, the choice of the uniformizing parameters g Xi (z), and the projective embedding 
of C v , with the following property: 

Let r > be small enough that 

(1) r < minj^(||xj,Xj|| v ); 

(2) each of the balls B(xi,r) is isometrically parametrizable; 

(3) for each i, none of the fij(z) has a zero in B(xi,r). 

Put vj v = min(l, A„ • r), and let £, k be integers with £ > 1 and 1 < k < n — 1. 

Suppose F v (z) S C V (C) is an (X, s)-function which has a pole of order [n — k— X)N% and 
leading coefficient d v> i ^ at X{, for each i. Assume F v (z) has no zeros in \J}™ =1 B(xi,r). 
Then for each i, and each integer < s < £Ni, when we expand (pi/£ + i\j^ i - s (z)F v (z) using 
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the scaled L-rational basis as 

INi-s-l 

Vi,(t.+\)Ni-s ' Fv = 2^ C{(s,t) ■ dv,i<Pi,( n -k+£)Ni-s-t 

t=0 

(7.107) + terms with poles of order < (n — fe)JVj/ at each xy , 
we have \Ci(s,t)\ v < 1/ro* for each t. 

Proof. For each i, let g x . (z) be the uniformizing parameter used to normalize the basis 
functions <fij(z); thus lim*-^. F v (z) ■ g Xi {z) { - n ~ k ~ 1 ^ Ni = d Vji and lirn^^ (fij(z) ■ g Xi (z) j = 1 
for each j > iVj. Let Qi : -D(0, r) — >■ B(xi,r) be an isometric parametrization with ft(0) = x», 
and put 6 V) j = Um z ^. fe(^(- Z '))/^- 

Take A t , = mini< i < m (|6 l , )i |„), and put 

(7.108) zu„ = min(l,A„r) = mm(l,r\b V) i\ v ,. . . ,r\b v>m \ v ) . 

To establish the bounds in the Lemma, first fix i. By abuse of notation, write F V (Z) 
for F v {Qi{Z)) and (fij(Z) for ip i j(g i (Z)). For compactness of notation, temporarily write 
h = n — k — 1. Then 

umF„(z).z« = ta lo ( i ,„ ta(Z ) ) . teta(Z )r.).(_ I | M )''''' = ^6-r- , 

so F V {Z) has a Laurent expansion of the form 

oo 

(7.109) F V (Z) = d v ^- k ~ 1)Nl ■ Z-^- k -^ ■ (1 + J2 fj ZJ ) ■ 

3=1 

Since F V (Z) has no zeros in D(0, r), the theory of Newton Polygons shows that \fj\ v < \jr 3 
for each j > 1 (see Lemma f3.35l and the discussion before it). Similarly, for each < s < £Ni 

oo 

(7.110) <pww-.W ■ F v(Z) = d Vii b-t k+m+S ■ Z-^- k +W+° -(1 + J2 fisjZi) 
with \fisj\v < l/r- 1 for each j > 1, and for each < t < £Ni — s — 1 

oo 

(7.111) v^n-WK—tW = b^t k+m+S+t Z- {n - k+e)N * +s+t ■ (l + £c il8+ ^) 

i=i 

with \ci :S+ tj\ v < l/r J for each j > 1. 

To prove the lemma, fix < s < £iVj , insert the expansions ()7.11ip into (|7.107|) and com- 
pare the coefficients of the resulting series with those in (J7.110P . Comparing the coefficients 

of z -(n-k+l)N l+ s we gee that when t = o 

n / n \ h ~(n-k+£)Ni+s _ ,-(n-k+£)N l +s 
<^i{S,V) ■ o vi — o vi , 

so Ci(s,0) = 1; trivially, \d(s,0)\ v < l/(r\b V)i \ v )°. Inductively, take 1 < t < £Ni - s - 1 

and assume that \Ci(s,j)\ v < l/(r\b Vj i\ v ) 3 for < j < t — 1. Comparing the coefficients of 
z _ in _ k+e)Ni+s+t we find that 

t-i 

r( a +\ h -(n-k+e)N,+s+t ST^nta o\ h -(n-k+i)N,+s+j _ -(n-k+l)Ni+s , 

u «l s i l ) " ° v ,i ~i~ 2_^ U i\ s i3) ' °v,i c i,s+j,t-j — ° v ,i ■ Jis,t , 

3=0 
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or equivalently 



Ci(s,t) 



/, 



«s,t 



t-1 

£ 

i=o 



Cj(s,i) • &j i t( H,s+j,t- 



.1 ■ 



Since |/j s ,t|„ < 1/r 4 , it follows that |& V) */is,t|ti < VM&v.ilv))*- Similarly, for < j < t - 1 
we have \ci :S+ j t t-j\ v < l/r t_J , so by induction, for each such j 

\Ci(s,j)-ti'~ j t Ci tS +.t,t-j\v < l/(r\b Vt i\ v ) j ■ \b Vti \i~ t ■ l/r t ~ j = l/(r|6„ i j|„) t . 

By the ultrametric inequality |Cj(s, t)\ v < l/(r|6^ ! j|^) i , and the induction can continue. 
Now let i vary. For each i we have rl&^l,, > A v r > n7 v , and the Lemma follows. □ 

The following lemma gives bounds for the entries of a the inverse of a unipotent lower 
triangular matrix, given a suitable bound for the entries in each subdiagonal. The indices 
i,j, k,£ in the lemma are unrelated to i, j, k and £ as used elsewhere. 

Lemma 7.20. Let C £ Mf.(C v ) be a lower triangular matrix whose diagonal elements 
are 1, and write it as 

( 1 ••• \ 

C 2 ,i 1 o 

C'iA C39 1 



(7.112) 



C 



1 



\ Cfc,l Cfc,2 Cfc,3 • 

Let W7y > be such that for each h = l,...,k, the elements Cij belonging to the £ 
subdiagonal (i.e. those with i — j = £), satisfy \CiA v < \jw v . Then 

( 1 ••• \ 
ca,i 1 ••• 

C31 C39 1 ••• 



(7.113) 



c- 1 



\ Ck,l C k ,2 C k ,3 ■■■ 1 / 



and for all Cij in the £ subdiagonal, we have \(H,j\v < ^-l w v 



i-3 



Proof. Clearly C 1 exists and has the form (|7.113p . To show that \cij\ v < \jw l u 
we use induction on £ = i — j. When i — j = 1, the (i, j) term in C • C" 1 = 7 is 

so |Qj|„ = |Cjj| u < l/w v . Now suppose i — j = £ > 1. The (i, j) term in C • C _1 = I is 

Assuming that |c# »v| w < 1/ro^ ~ J for all (i',f) with i' — j' < £, and using our hypothesis 
on C, the ultrametric inequality gives 

|Cjj|u _; max ^JOjj'-i-ilulCj-i-ij \ v , • • • : \(-'i t i—l\v\Ci—l,j\vi\'^i,j\v) _; L/'^v 

as desired. □ 



We can now prove Proposition 17. 181 
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Proof of Proposition 17. 181 Let F v (z) G C V (C) be an (X, s)-function with a pole of 
order (n — k — l)iVj and leading coefficient d V) i ^ at each Xj, whose zeros all belong to E v . 
Writing 

(7.114) A„(^) = J] 5Z Aw ' is ' V«,(«+i)JVi-*(*) ' 

j=l s=0 
m W.j-1 

(7.115) A v (z)F v (z) = ^2 5Z *«,««' ^u.iVi.Cn-fe+^iVi-s^) + lower order terms , 

2=1 s=0 



put 



\Uv,is) l<i<m 
0<s<eN t 



A — (A V) j a ) l<j< m , (5 

0<s<&Vj 

and define $ F „ : C^ -> C^ by $ F „(A) = 6 as in (pUOoD . If we write A* = (A„ 



is)0<s<lNi 

W _+ C W with 



and Si = (5 Vj it)o<t<eNi> then ®F V is a direct sum of the maps $F v ,i 
®F v ,i(\) = 5i for each i. 

Let r > be small enough that 

(1) r < mhii^j(\\xi,Xj\\ v ); 

(2) each of the balls B(xi,r) is isometrically parametrizable and disjoint from E v ; 

(3) for each i, none of the ipij has a zero in B(xi,r). 

Let A„ > and w v = min(l, A„ • r) > be as in Lemma 17. 191 

We begin by showing that <&p v is an isomorphism and that for each p > 



m l.Ni-1 



iNi-l 



(7.116) 



**■-(©© D(0,w- s P )) 5 D{0,w?-p) . 

i=l s=0 i=\ t=0 

For this, it is enough to show that each <3> Fij j is an isomorphism, and that 



(7.117) 



tNi-i eNi-i 

$F V A D(0,m-'p)) 5 D(0,w-'-p) 



s=0 



Fix i. As in (|7.107p . for each < t < £Ni the product fi(£+x)Ni-t ' F v can be expanded 
using the scaled L-rational basis as 



INi-s-l 



d v ,i l Pi,{n-k+£)N i -s+ J2 C i(. s ^)-dv,i^i,{n-k+£)Ni- s -t + terms not contributing to 3> Fv> 



t=i 



This means that the matrix of &f ,• is 



(7.118) 



a 



( 1 








a(o,i) 


1 





Cl(0,2) 


Ci(l,l) 


1 



o\ 






^,(0,^-1) a(i,^-2) ... c^-^i) 1 y 
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in particular, §F v ,i is nonsingular. By Lemma 17.191 we have Ci(s,t)w v t for all s,t. Hence 
by Lemma 17,201 



/ 



C7 



1 








Q(0,1) 


1 





Ci(0,2) 


Ci(l,l) 


1 



o \ 







\ci(0,*JVi-l) Ci(l,£Ni-2) ... Ci(£Ni-2,l) l) 

with Ci(s,t) < vd~ 1 for all s,t. 

Fix p > 0, and assume that |5„,it|u < w v S P for < £ < £iVj. Since A, = <3?^ (<5j) 
C 4 ~ 5j, this means that for each s 

s-1 

(7.119) 



&v,is = {y~]ci(t,s -t)8 it t) +5j 



t=o 

and the ultrametric inequality shows that lA^lu < ro~ s p. This proves (J7.117P and (|7.116p . 
We can now prove (|7.89|) and (|7.90p in Proposition 17.181 Write A v (z)F v (z) using the 
L-rational basis as 

m eNi-1 

(7.120) A v (z)F v (z) = ^2 ^ 5v,isVi,( n -k+e)N,- s (,z) + lower order terms . 

i=l s=0 

Comparing (|7.120p and (|7.115p shows that |^,j s |^ = Idw.ialul^islti fo r all i,s. Next, expand 
A v (z)F v (z) in terms of the L sep -rational basis as 

m e.Ni-1 

(7.121) A v (z)F v (z) = ^2 ^2 S v,is^Pi,(n-k+e)N l -s(z) + lower order terms . 

t=l s=0 

By Proposition I3.3l f C) . for each i = 1, . . . , m there is an invertible J x J matrix 23, which 
expresses each set of J consecutive basis elements {<Pij}hJ+i<j<(h+i)J of the L-rational basis 
in terms of the corresponding set {<Pij}hJ+i<j<(h+i)J from the L sep -rational basis. Since 
J|iVj for each i, it follows that there is a constant Y„ > such that if |<J« j a |« < T v w~ s \d v ^\ v -p 
for all i, s, then l^^l^ < w~ s \d v ^\ v ■ p for all i, s. This in turn means |<5„,j s | t , < ro~ s p for all 
i, s. By the discussion above, | A Wj j s |„ < w~ s p for all i, s. 

Since $^ p is the coordinate map for &p using the L-rational basis on the source and 
the L sep -rational basis on the target, we see that 

m lN t -l m lN t -l 

(7.122) $^(0 D(0,^ s p)) 5 D(0,f v ^ s \dvAvp) , 

which is (I7T901) . To show (|7TBg|) . replace p with w e v N p in (|7.122|) . Since < w v < 1, 
m £A/i-l m #V»-1 

^ P (© © m< N - s P )) ^ D{QX™i N ~ s \dvAv ■ p) 



i=\ s=0 



=1 s=0 



D 0£>(O,f^ri4,4-p)^ 



i=l 



This yields ([739]) since £(0,p) w 5 0™ i ©j=o~ L D(0,vtff-p). 
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Finally, we prove the rationality assertions in Proposition 17. 181 

Assume that F v (z) is ^-rational. Using the L sep -rational basis, we can write 

m lNi-\ 

(7.123) A v (z) = ^2 ^2 ^ v ' is ' &i,(e+i)Ni-s{z) , 

i=l s=0 
m tNi-1 

(7.124) A v (z)F v (z) = ^2 ^2 5v ' is ' &,(n-k+e)Ni-s{z) + lower order terms , 
Put 

^ = \^v,is) l<i<m j == \Uv,is) l<i<m j 
0<s<tNi 0<s<£Ni 

and for each i = 1 , . . . , m put 

At = (A„,is)o<s<£iVj , (5i = (<5«,:is)o<s<«V, ■ 



Fix i. Then for each < t < INi the product (PiJ£+i)N t -t • ^ is rational over fC„( 



NSCp 



and can be expanded using the L sep -rational basis as 

eNi-i ^ 

<Pi,(i+i)Ni-t ■ F v = ^2 C '*( s ' t ) ■ <Pi,(n-k+£)Ni-s + terms not contributing to ^^ . 
s=0 

Since each <Pirt+i)Ni-t is rational over K v (xi) scp , by galois equivariance each Ci(s, t) belongs 
to K v (xi) scp . Thus the matrix for $^ • using the L sep -rational basis on the source and the 
target is 

/ 5,(0,0) ••• CiiOJNi-l) \ 

a = : ■-. : € GL iNi (K v ( Xi ) sep ) . 

V Ci(flVi -1,0) • • • Ci(^JVi - 1, Wi - 1) / 

Because the L sop -rational basis is ^-symmetric, the collection of matrices {C±, . . . ,C m } 
is ^-symmetric. 

Suppose 5 belongs to (L^) and is if„-symmetric. Then Si belongs to (K v (xi) sep ) iNi 
for each i, and the set of vectors {5\,. . . ,5 m } is ^-symmetric. It follows that Aj = C 4 ~ 5i 
belongs to (K v (xi) sep ) eNi for each i, and the set of vectors {Ai, . . . , A m } is ^-symmetric. 
Since 

m INi-l 

&v(z) = ^2 ^2 Av ' is ' Pi,(.e+l)Ni-s(z) , 
i=l s=0 

where the A Vt i s and <PiM+i)Ni-s are ^-symmetric and rational over L^\ it follows that 
A v is irrational. 

If we re-express A„ in terms of the L-rational basis as 

a v (z) = y] y^ A Vtis ■ <p itNi+s (z) , 

i=\ s=\ 

then the associated vector A = (A Vi i s )i<.i<. m ,i<s<eNi is the unique solution to <1>^ P (A) = 5 
in Cy . Since A„ is i^-rational, necessarily A belongs to L^ and is K ^-symmetric. 

This completes the proof of Proposition 17.181 □ 



CHAPTER 



The Local Patching Construction when K 



V — 



In this section we give the confinement argument for Theorem 14.21 when 

K v = C. Write C for C v and \x\ for \x\ v . Let w v be the distinguished place of L = K(X) 
determined by the embedding K <—} C used to identify X with a subset of C v (C) , and identify 
L Wv — K v = C. 

At several places in this section, we assert that certain objects are K ^-symmetric. Since 
Aut c (C v /K v ) = Aut(C/C) is trivial, this is a vacuous condition. However, we include it for 
compatibility with the results stated in Chapters [9] - [TTJ 

Following the construction of the coherent approximating functions in Theorem 17.111 
we begin with the following data: 

(1) A ^-symmetric probability vector s G 7 ?m (Q) with positive rational coefficients. 

(2) A C-simple set E v C C V (C)\X: thus, E v is compact and nonempty with finitely 
many connected components, each of which is simply connected, has a piecewise 
smooth boundary, and is the closure of its interior E®. 

(3) Parameters h v , r v , R v with 1 < h v < r v < R v , which govern the freedom in the 
patching process. 

(4) A number N and an (X, s)-function (j) v (z) G K V (C) of degree N such that 

{z G C(C) : \Mz)\ < R%} C E° v . 

(5) An order -<^r on the index set X = {(i,j) £2 2 :l<j<m,0< j} determined by 
N and s as in (I7.4ip . which gives the sequence in which coefficients are patched. 

We will use the L-rational basis {ipij,ip\} from §3131 to expand all functions, and A = 
dimj<-(r(^^i 1 Ni(xi))) will be the number of low-order basis elements, as in the global 
patching process. The order -<n respects the A-bands (J7.42D . and for each X{ G X, specifies 
the terms to be patched in decreasing pole order. 

Theorem 8.1. Suppose K v = C. Let E v C C V (C)\X be C-simple, with interior Eq. 
Let sG T ,m (Q) be a K v -symmetric probability vector with positive rational coefficients, let 
1 < h v < r v < R v be numbers, 

Let (f> v (z) G K V (C) be an (X,s) -function of degree N satisfying 

{z€C v (C):\Mz)\<I$} C E° v . 

Let Ni = Nsi for each x%, and let c V: i = lira z ^ > . Xi 4> v {z) • g Xi (z) be the leading coefficient of 
(j) v (z) at X{. Put 

M v = max( max ||y«||£„, max H^aII^) • 

l<i<m 1<-^<A 

Ni<j<2Ni 

Let k v > be the least integer such that 

2NM V f K^ v N l 

1 j l-(V^"lrJ < 4 ' 
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and let k > /c„ be a fixed integer. Let B v > be an arbitrary constant. Then there is 
an integer n v depending on 4> v (z), k, B v , r V) and R v , such that for each sufficiently large 
integer n divisible by n v , one can carry out the local patching process at K v as follows: 



l(°)f~\ — A („\n T?„m vr,r.h U — 1 n _ 1 1 a + /A^ 



Put G v >(z) = 4> v (z) n . For each k = 1, . . . ,n - 1, let {A; [, G L Wv }^ j)&&ndN ^ k) be 



a 



K v - symmetric set of numbers given in -<jy order, subject to the conditions that for each i, 
we have A v : Q = and for each j > 

(8.2) |A (fc) .| < / Bv lf k ~ l > 



v,ij\ - WfcTV if k> k . 



(n) 



For k = n, let {A^ I G £to„}i<A<A be an arbitrary K v -symmetric set of numbers satisfying 
(8.3) |Ag| < K N . 

Then one can inductively construct (X,s) -functions G v (z), . . . ,G v n (z) G K V (C), of com- 
mon degree nN , having leading coefficient c^ i at each X{, and satisfying 

(A) For each k = 1, . . . , n, there are functions v 1 ^ L(z) G L Wv (C), determined recursively in 
-<tv order, such that 

G v k \z) = G v k ^\z) + Y, *$,*«(*) fork<n, 

(i,,j')£Bandjv(fc) 

G v n \z) = G ( v n ~ 1 \z)+J2^lM^), 

A=l 



(1) fiylAz) has a pole of order nN{ — j > (n — k — l)iVj at Xi and leading coefficient 



and where for each (i,j 

:*) 

c^y ~ , a pole of order at most (n — k — l)iVj/ at each xy ^ Xi, and no other poles ; 

(2) J2( i ', j )eAut c (c v /K v )(i,j) A< v : ,lj^ i vJ'j( z ) belongs to K V {C) ; 

(B) For each k = l,...,n, {z £ C V (C) : \G v k) (z)\ <r{? n }cE%. 

Remark. A key aspect of Theorem l8.1l is that by choosing n appropriately, the freedom B v 
in patching the coefficients for k < k can be made arbitrarily large. The patching procedure 
accomplishes this by exploiting a phenomenon of 'magnification' introduced in ([53J). It 
first raises <p v (z) to a power n v > k, so that F v (z) = (j) v (z) nv has enough coefficients 
to adjust independently. It then varies those coefficients 'infinitesimally', preserving the 
analytic properties of F v (z). Finally it raises the modified F v (z) to a further power m v with 
n = m v n v , creating large changes in the coefficients of Gv \z). 

PROOF of Theorem 18. 11 Let k > k v and B v > be as in the Theorem. Let n v > 
be an integer large enough that 

(8.4) n v > k and 

(8.5) R\ := 2~ 1 ^ Nn ^R v > r v , 

and suppose n is a multiple of n v , say n = m v n v for an appropriate integer m v . 
The construction will be carried out in three phases. 

Phase 1. Patching the high-order coefficients. 
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In this phase we carry out the patching for stages k = 1, . . . , k. 
Using the basis functions ip^k and <p\ we can write 

m (n~l)Ni~l A 

(8.6) G®(z) = <j> v {z) n = J2 Y A v ^M-j(z) + Y, A vAMz) • 

i=l j=0 A=l 

Here A v io = c^ i , for each i. The coefficients A Vj ij with j = 1, . . . , fciVj — 1 will be deemed 
"high order" . 

Put F v (z) = (j) v {z) n - . Then g4° } (z) = (p v (z) n = (F v (z)) rn » . We will patch the high-order 

coefficients of Gi, (z) by sequentially adjusting corresponding coefficients of F v (z). As will 
be seen, a small change in the latter produces a large change in the former. Write 

m (n v -l)Ni-l A 

F v(z) = Y Y av,ij<Pi,n v Ni-j(z) + ^2a V)X fx(z) . 

*=1 j=0 A=l 

To adjust Gv (z), we will replace F v (z) with 

m kNi-1 

(8-7) F v (z) = 4> v (z) nv +Y Y ^M^nvNi-jiz) 

t=l i=0 

for appropriately chosen 7/^y. 

We will take r^ jo = for each i, since A^ ' iQ = 0. The remaining r\ v ^j will be determined 

(k) 
recursively, in terms of the A^/-, in -<jv order; in particular, for each x, the rj Vt ij will be 

determined in order of increasing j. As F v (z) is changed stepwise to F v (z), then Gi, (z) = 

(F v (z)) mv is changed stepwise to Gi, ' (z) = F v (z) mv , passing through G4 '(z), G v '(z), . . ., 

Gi, (z) at intermediate steps. 

It will be useful to consider what happens as each r) v> ij is varied in turn. Suppose 
F v (z) is a function obtained at one of the intermediate steps, and at the next step F v (z) 
is replaced by F^(z) = F v (z) + rj V: ij(pi^ nv N i -j{z). Let k be such that (k — l)iVj < j < kNi. 
When F{j(z) mv is expanded using the binomial theorem, the result is 

(8-8) F' v (z)^ = P v {z)^ + {m u r htii /^r^).^) i {z) 

where 

(8-9) #%{z) = ^ : - k -\^ nvNt - 3 {z)F v {zr^ 

m "° i / \ 

The first term on the right has a pole of order nNi — j at Xj, while all the other terms have 
poles of lower order at x%. Likewise, for each xy ^ Xi, the first term has a pole of order 
(n — n v )Ni' at xy and all the other terms have poles of lower order. 

Since we have required that the A^ iQ = 0, the leading coefficient of each F v (z) at Xi is 

c^, the same as that of 4> v (z) nv . It follows that each "& v {Az) has leading coefficient c^y ~ 
and meets the conditions of the Theorem. 
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It is essentially trivial by continuity (but will be rigorously proved in Lemma f8.2l below), 
that there is an e v > such that if \rj v ij\ < e v for each i,j then 

{z:\F v (z)\<R^ N } C {z:\MzT v \<K vN } 

(8.10) = {z:\4> v {z)\<R^} C E° v . 

The numbers n v and c Vt i / are fixed. Assuming the existence of such an e v , let B v be 
the number in the statement of Theorem 18.11 Suppose n (and hence m v = n/n v ) is large 
enough that 

(8.11) — --max(l, max {\c vi \)) nv < e v . 

m v l<i<m ' 

For all (i,j) with 1 < j <kN { , the AJJJ G C satisfy |aJJJ| < S„. Hence, taking 

n ■■ - - J_A( fc )^«-fc-l 
II "V 

we have |^,ij| < e^ and (|8. lOjl holds. On the other hand, (|8.8j) becomes 

for the chosen Aj, ^ • . 

In summary, small changes n v ^j in the coefficients of <j) v (z) mv are "magnified" to large 

changes A^,,-- in the coefficients of G\, (z). If these changes are carried out in -<jv order, 
then at appropriate steps in the construction we obtain functions 

m kNi-l 

i=l j=(fc-l)JVi 

for A; = 1, . . . , fc. Note that the leading coefficients of the G\, (z) are never changed. Since 
the leading coefficient of Gi (z) at Xi is c^ i: the same is true for each G\, (z). Similarly, 
the leading coefficient of F v (z) at X{ is c^. 

To rigorously prove the existence of an e v for which (|8.10p holds, we must use some 
information about the ipij(z). 

Given a function F(z) G C(C) and a number R > 0, write 

^ = {z e C V (C) : \F(z)\ <R} , 

y fl = {z£ C(C) = |^(2)| > R} 

(regarding the poles of F(z) as belonging to Vr), and put 

T R = {zeC v (C):\F(z)\=R} . 

Then Tr is the common boundary of Wr and Vr. 

Lemma 8.2. Let F{z) G C(C V ) have polar divisor div(i ? ) oc . Suppose that H(z) G C(C V ) 
has polar divisor div(//) 00 < div(F) OQ , and for some 5 < 1 we have \H(z)\ < 5 ■ R on Tr. 
Then 

{z G C(C) : \F{z) + H{z)\ < (1 - S) ■ R} C Wr . 
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Proof. Consider G{z) = H(z)/F(z). On Tr we have \G(z)\ < S. The hypothesis on 
the poles implies that G(z) extends to a function holomorphic in Vr. By the Maximum 
Modulus Principle \G{z)\ < 5 on V R , so \H{z)\ < 5 ■ \F(z)\ on Vr. It follows that \F{z) + 
H(z)\ > (l-5)|F(z)| > (l-^on^sojzGC^C) : \F(z)+H(z)\ < (l-5)-R} C W R . D 

To obtain (I8.10|) . put My = maxi<j< m ( maxl < j < kNi\\(pi inv Ni-j\\E v ) and let e v > 
be small enough that 

e v ■ kNM v < R^ N - R^ N . 

Apply Lemma E2 with F(z) = (f) v (z) n " and R = R^ N , taking 5 = 1- {R v /R v ) n " N . By 
hypothesis, we have Wr C E®. Take 

m kNi-l 

H { z ) =£2 Vv,ij^Pi,n v N^j(z) 
i=l j=l 

where l^jjl < £i> for each (i, j). Then |fl"(^)| < e^ • kNM v < 5R on T^ = {z £ C„(z) : 

I0«(«)""i = ic*}> and ^( z ) = F W + H ( z i while #?"* = (! - 6 ) R > s ° flnn} follows 

from the Lemma. 

Let f„ denote the level curve {z : \F v (z)\ = R^ N }. By QSJJft , 
(8.12) f v C {z£ C(C) : |&,(z)| < i^} C £° . 

The function F v (z) and the curve T v will play a key role in the rest of the construction. 

Phase 2. Patching the middle coefficients. 

In this phase we carry out the patching process for k = k + 1, . . . ,n — 1. For each k we 
begin with a function Gi, (z), and we modify the coefficients with (A; — l)iVj < j < kNi, 
for each i. For each such j we can uniquely write 

nNi - j = nj + {n-k- l)iVj, with TV, < r {j < 2N { . 

We can then write 

n — k — 1 = £i + £2^ with < l\ < n v , < £2 < i^v, 

so nNi - j = Tij +l\Ni + £ 2 n v Ni. ut 

Then $^(z) has a pole of exact order niVj — jf at Xj, with leading coefficient c™~ ~ . Its 
poles at the zy 7^ x% are of order at most (n — k — l)iVj/, so it meets the conditions of the 
theorem. 

Modifying the coefficients stepwise in -<jv order, we put 

m kN{ 

(8.13) <#>(*) = <#- i )(*)+x; 5: 4!&<0*) 

t=l j=(fc-l)JVi+l 
where |A^.| < ft** 
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We now seek a bound for |i?„^-(z)| on the level curve IV By definition, |F„(;z/ 2 | = 
RNn v e 2 on f^ gince ^ = 2 - l /(Nn v ) Rv it fo Uows from ([8T2D that on f v , for < h < n v , 

(8.14) \Mz) h \ < 2lff ei 

Finally, \<p% ri (z)\ < M„ on r„ for all Ni + 1 < rjj < 2iVj (in fact this holds for all z G £V,). 
Hence 

|^-WI < \^n 3 \-\Mz) h \-\Fv(zf 2 \ < 2M v R^ n - k ~ 1 K 
Since there are TV" terms in the sum (18.13J) . on T v 

(8.15) \G { v k) {z)\ < \Gi k ~ 1 \z)\+Nh k , N -2M v R^ n - k -V . 

Phase 3. Patching the low-order coefficients. 

In the final step we take 

<#>(*) = G^^ + ^Ag^ 

A=l 

where |A^ n jj < h™ for each A. 

Since A < N, and each |^(^)| < M v on T v (indeed on all of E v ), on T v 

(8.16) \Gi n) (z)\ < \G^- l \z)\+NM v H n v N . 

To complete the proof, we must show that if n is sufficiently large then part (B) of 
Theorem 18.11 holds. Assume that n is large enough that 

and recall that fc satisfies 

(8 18) 2iVM ^ f h A kN < 1 

(8 - 18) 1 - (K/r v r ' W < 4 • 

Consider the total change on T v in passing from G v (z) = F v (z) mv to G{, *(z). By 
(I8T5J1 and IjOBjI . for each z G f „, 

(8.19) \G v k \z) - F v (z)^\ < NM V K N + ^ • J$" • £ g^ 

" fc=fc v 

Since 2?„ > r„ > 1, by inserting (|8.17p . and (|8.18p in (|8.19p . we find that on T v 

(8.20) \G v n \z)-F v (z) m ^\ < ^R n v N . 

As \F v (z) m -\ = R™ N on f v , by applying Lemma E2 with F(z) = F„ (*)"*" and if(z) = 
Gv (z) - F v (z) mv , taking 6 = |, we see that 

{z G C(C) : |G* n >(*)| < ^f} C {z G C(C) : |F„(*) m 1 < fif} 
which is contained in £7,9. 
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A similar argument shows that {z £ C„(C) : |G{, (z)| < r" } C E^ for each A; = 1, . . . ,n. 

In summary if n > k is divisible by n„ and large enough that conditions (|8.11j) . (|8.17p 
and (|8.2ip hold, the construction succeeds. □ 



CHAPTER 9 



The Local Patching Construction when K 



V — 



In this section we give the confinement argument for Theorem l4.2l when K v = R. Write 
C v for C and | |„ for | |. Let w v be the distinguished place of L = A(X) determined by the 
embedding K *-> C„ used to identify X with a subset of C V (C V ). Identify K v with R, and 
L Wv with R or C as appropriate. 

Following the construction of the coherent approximating functions in Theorem 17,111 
we begin with the following data: 

(1) A A'^-symmetric probability vector s G 7- >m (Q) with positive rational coefficients. 

(2) An R-simple set E v : in particular E v is nonempty and compact, stable under 
complex conjugation, and is a union of finitely many pairwise disjoint, nonempty 
compact sets E Vt \, . . . ,E V g such that each E V i is either 

(a) a closed interval of positive length contained in C V (M), or 

(b) is disjoint from C V (M), simply connected, has a piecewise smooth boundary, 
and is the closure of its C„(C)-interior. 

(3) Let Ey be the quasi-interior of E v , the union of the real interiors of the components 
E v ,i C C V (M) and the complex interiors of the components E v ^ C C V (C)\C V (R); 
then we are given a C t ,(C)-open set U v such that 

(a) U v C\E V = E° V , 

(b) the components of U v are simply connected, and 

(c) the closure U v is disjoint from X. 

(4) Parameters h v , r v , R v , with 1 < h v < r v < R v , which govern the freedom in the 
patching process. 

(5) A number N and an (X, ^-function <j) v {z) G K V (C) of degree N whose zeros all 
belong to E®, and which has the following properties: 

(a)^7 1 (^(0,2 J Rf))c^. 

(b) For each component E v ^ C C„(R), if (j) v (z) has Tj zeros in E v j, then c/> v (z) 
oscillates Tj times between ±2R^ on U v n E V) j. 

(6) Put Ni = Nsi for each i, and write c Vt i = lim z _ s . Xi <ft v (z) ■ g Xi (z) Ni for the leading 
coefficient of 4> v (z) at xi; then we are given an order -<n on the index set X = 
{(i,j) G Z 2 : 1 < i < m, < j} determined by N and s as in (I7.4ip . which gives 
the sequence in which coefficients are patched. We will use the L-rational basis 
{ipij,ip\} from §3131 to expand all functions, and A = dimx(r(^^ 1 Aj(xj))) will 
be the number of low-order basis elements, as in §7141 The order -<jy respects 
the A-bands (|7.42p . and for each X{ G X, specifies the terms to be patched in 
decreasing pole order. 

Let D(0,R) = {z G C : \z\ < R} be the filled disc, and let E(a,b) = {x + iy G C : 
x 2 /a 2 + y 2 /b 2 < 1} be the filled ellipse. Write (7(0,12) = dD(0,R) and dE(a,b) for their 
boundaries, and note that if a > b then D(0, b) C E(a, b) C D(0, a). 
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Let T n (z) be the Chebyshev polynomial of degree n for the interval [—2,2], defined 
by T n (2cos(6>)) = 2cos(n6>). Equivalently, T n (z) is the unique polynomial of degree n for 
which T n (z + l/z) = z n + l/z n . For each R > 0, let T n , R {z) = R n T n {z/R) be the Chebyshev 
polynomial for the interval [— 2R, 2R]. Then T ntR (z) is monic of degree n with coefficients 
in R, and as noted in ( |48j ). 

(9.i) ^w = ^ n + E i(\_i K fe/l_2fc • 

fe=i ^ ' 

Furthermore, T n r(z) has the following mapping properties: 

First, T n , R ([-2R,2R]) = [-2R n ,2R n ] and T~ R ([-2R n ,2R n }) = [-2R,2R]. These facts 
follow from the identity T n (2cos(#)) = 2cos(n#), which means that T n<R oscillates n times 
between ±2R n on [—2R,2R]. Second, for each t > R, 

r>2 r>2 Tfl n T} 2n 

T n , R (E(t + ^,t-^)) = Edr + ^e-^-) 

Z?2n /?2n r>2 r>2 

and (T n , R y\E(t n + —,t n -—)) = E(t + -pi - -j) . 

Indeed, T U)R gives an n-to-1 map from E(t + R 2 /t,t- R 2 /t) onto E(t n + R 2n /t n ,t n - R 2n /t n ) 
(counting multiplicities). This follows from the definition of T n ^ R and the commutativity of 
the diagram 

C(0,t/R) -A C(0,t n /R n ) 

I z + \ 1 z+\ 

dE{t/R + R/t, t/R - R/t) T ^ dE(t n /R n + R n /t n , t n /R n - R n /t n ) . 

Theorem 9.1. Suppose K v = R. Let E v C C v (R)\3t be a K v -simple set. Let U v be an 
open set in C V (C V ) with U v n E v = E®, whose components are simply connected, and whose 
closure U v is disjoint from X. Let s £ V m (Q) be a K v -symmetric probability vector with 
positive rational coefficients, and let 1 < h v < r v < R v be numbers. 

Let 4> v (z) G K V (C) be an (X, s)-function of degree N whose zeros belong to E®, satisfying 

(1) ^- 1 ( J D(0,2<))CC7, ; 

(2) For each component E v i contained in C„(R), if 4> v (z) has T{ zeros in E v i, then 
4> v (z) oscillates n times between ±2R^ on E v ^. 

Letc Vt i be the leading coefficient of 4> v (z) at Xi, and put 

M v = max( max II Vi-j Ntt , max H^aIItt ) ■ 
l<i<m J Uv 1<A<A Uv 

Ni<j<2Ni 

Let k v > be the least integer such that 

(oo\ WNMy ,K^k v N 1 

1 j 1-QhWW < 4' 

and let k > k v be a fixed integer. Let B v > be an arbitrary constant. Then there is 
an integer n v , depending on (j> v (z), k, B v , r v , and R v , such that for each sufficiently large 
integer n divisible by n v , one can carry out the local patching process at K v as follows: 
Write n = m v n v . For suitable Ri,R2 with r v < R2 < R\ < Rv, put 



G i°Hz) = T mvM MT nv>n »(Mz))) 



(9-3) |A^.|„ < • kN 
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For each k, 1 < k < n, let {A^-- G C u }(jj) 6 Band A r(fc) ^ e an arbitrary K v -symmetric set of 
numbers given recursively in -<n order, subject to the conditions that for each i, we have 
A v iQ = and for each j > 

(fc) | ^ / B v if k <~k, 
h k v N if k>k . 

For k = n, let {A^ G C„}i<a<a be an arbitrary K v -symmetric set of numbers satisfying 
(9.4) lAgl, < ^ . 

Tfoen one can inductively construct (X, s) -functions G v (z), . . . , Gy (z) in K V (C), of com- 
mon degree nN , having the following properties: 

(A) For each k = 1, . . . ,n, there are functions $ v L(z) G L Wv (C), determined recursively in 
-<tv order, such that 

Gi k \z) = G^\z)+ Y. ^l/v}M) fork<n, 

(ij)SBandjv(fc) 
A 

G v n \z) = G^- l \z)+J2^lvx(z), 

A=l 

and where for each (i,j), 

(1) $^ L(z) has a pole of order nNi — j > (n — k — 1)N{ at X{ and leading coefficient 
c^~ ~ , a pole of order at most (n — k — l)iVj/ at each X{/ ^ x-i, and no other poles; 

(2) E(i>j)eAut c (C v /K v )(ij) A v %#v%( z ) belongs to K V (C); 

(B) For each k = 1, . . . , n, 

(1) the zeros of G v (z) all belong to E®, and for each component E v> j of E v , if 4> v {z) 
has Ti zeros in E v ^, then G v (z) has T{ = nri zeros in E v ^. 

(2) {z G C(C) : \G ( v\z)\ v < 2r™ N } C U v , and 

(3) for each component E Vj i contained in C V (M), G v (z) oscillates Ti times between 
±2r™ N onE Vyi . 

Remark. As in the patching construction when K v = C, a key feature of Theorem 19,11 is 
that by choosing n appropriately, the freedom B v in patching the coefficients for k < k can 
be made arbitrarily large. Again this is accomplished by using 'magnification'. The degree 
of 4> v (z) is raised by a two-stage composition with Chebyshev polynomials. 

The argument confining the roots of the Gv (z) to E v has two parts. One part, which 
goes back to Fekete and Szego ( |25j ) and uses the Maximum Modulus principle, confines the 
roots to U v and shows that the number of roots in each component of U v is preserved. Since 
U v r\E v = E®, if E Vj i is a component of E v which is disjoint from C V (M), this means that roots 
in E^ li must remain there. The other part, which goes back to Robinson ( |48j ). is based 
on oscillation properties of Chebyshev polynomials and the intermediate value theorem. It 
shows that the number of roots in each component E v j contained in C V (M) is preserved. 
The mapping properties of Chebyshev polynomials discussed before the statement of the 
Theorem enable to us carry out both confinement arguments simultaneously. 
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Proof of Theorem 19.11 Let k > k v and B v > be as in the Theorem. Choose 
n v G N large enough that n v > k and S" 1 /^^^ > r„. Put ^ = 2" 1 /KA r ) j R, u an d 
72 2 = ^/(""^f^, so that r„ < R 2 < Ri < R v and 2R^ N = R^ N , 4R^ N = R^ N . Set 

F v{z) = T nv ^{(p v {z)) . 
Let n be a multiple of n v , write n = m v n v , and put 

Gi vHz) = T mv ^ N (T nv ,^(Uz))) = T mv ^ N (F v (z)) . 

We will begin by investigating the mapping properties of F v (z) and G\ (z). We first 
show that all the zeros of F v (z) belong to E®, and that for each component E v j of E v , if 
<j) v has Ti zeros in E V j, then F v {z) has n v Ti zeros in 22,,^ (counted with multiplicities). 

Let t\ be the largest real root of 

fj2n v N 
.n v N , -"-1 _ A fin v N 

so that t^ N = (2 + V3)R^ N = ((2 + y/5)/2)R£> N . Put 



}2N n2n v N 

if + ^- , Ax = C* + ^-jr = 422^' : 222 



AT i -"T 4 _ i«»Af , fH AT? n v N — OT? n ^ N 

+ N ' ^1 - h T- TV 

p27V r>2n v N 

N -"T R _ f n„iV -"-1 _ n^/onn v N _ .foT>n v N 



then 



T n„,ijf(^(«i^i)) = E(A ll B 1 ). 

Here ai = 5(l/n„) • i?^ where 3(2;) = ((2 + y/5)/2) x + (2(2 + >/3))~*. Using Calculus, one 
sees that g(x) < 2 for < x < 1, so a\ < 2R^ . It follows that 

(9.5) E(a u bi) C 23(0, 222f) , 

(9.6) 25(0,7322^) <= 2?(Ai,5i) C 23(0,222^). 
As 222™ l,JV = 22^, (USD shows that 

(9.7) D(0,2R^ N ) C 2?(Ai,fii) . 

Since ^(DfO^i^)) C 17„ and T-i^Ai,^)) = E( ai ,h), ©3} g iv es 

For each component E v i of 2?„ contained in C V (M), the function <^>„ is real- valued and 
oscillates r< times between ±222^ on E v>i . Since [-222^, 222f ] C [-222^,222^] and T^ RN 

oscillates n v times between ±22?"" on [— 222^ , 222^ ], it follows that F v (z) oscillates n v Ti 
times between ±222™" on E V i. 

If E v i is a component of 2?^, disjoint from Cy(R), then U V C\ E v i = E®-. Since T gjy 

' ' "j* Tlf; ,2X1 

has n„ zeros in E(ai,bi), and 2?^ is simply connected with a piecewise smooth boundary, 
the Argument Principle shows that F v (z) has n v Ti zeros in E®^ On the other hand, if E„i 
is a component contained in C V (M), then by the discussion above F v (z) has at least n v Ti 
zeros in 2?^. Since X^ 77 "" 7 * = ra^iV and F„(z) has degree n v N, these zeros account for all 
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the zeros of F v (z). Thus all the zeros of F v (z) belong to E®, and F v (z) has exactly n v Ti 
zeros in each E V j. 

Next, let t% be the largest real root of 

rj2n v N 
t n v N *^_ = A £n v N 
* j.n v N * 

l 2 

so that t% vN = (2 + y/S)fi$° N . If we put 

n2n v N 
_ + n v N | -"-2 _ a r>n v N _ nn v N 

<"2 
f!2n v N /o 

b 2 ~ h - +nvN ~ W6K2 ~ -^~ K 1 

and 

A _ j.m v n v N , £^2 _ (-1 \ fn .py\2m v \ + nN 

l 2 
r>2m v n v N 

B2 = C n ^--b^r = (i-(2-V3)*"-)tr, 

c 2 

then r^^w (£1(02,62)) = E{A 2 ,B 2 ). 

Since r~i „(£(4,,B 2 )) = E(a 2 ,b 2 ) and £(a 2 ,6 2 ) C D(0,R^' N ) C £(4i,J3i), it 
follows that 

(9.8) (GW) _1 (S(A 2 ,S 2 )) C F~\E(A 1 ,B 1 )) C t/„. 

Since [-2^"^, 2-R^] C E(a 2 ,b 2 ) and T m ^ nvN oscillates m v times between ±2%^ on 

[— 2i?2" j 2i? 2 " ], an argument similar to the one for F v {z) shows that G v (z) oscillates nrj 
times between =t2i? 2 lAr on each E v j contained in C„(R), that all the zeros of G v (z) belong 
to E®, and that Gv (z) has Tj = nrj zeros in each E v> i (counting multiplicities). 

We now turn to the patching construction, which will be carried out in three phases. 

Phase 1. Patching the high-order coefficients. 

In this phase we carry out the patching for stages k = 1, . . . , k. The fact that E(a 2 , b 2 ) C 
D(0,R^ vN ), while D(0,2R^ vN ) C E{A 1 ,B l ), gives us freedom to adjust F v {z) while main- 
taining (|9.8p , and this is the basis for the magnification argument. Write T^z) for T, gn„jv (z) . 

Using the basis functions tpij(z), (f\{z) we can write 

m (n-l)JVi-l A 

(9.9) Gi°\z)=J^ J2 A »M ( Pi,nN i -j(z) + Y, A »>W*( Z )- 

%=\ j=0 A=l 

Here A V:i0 = c^j, for each i. The coefficients A Vi ij with j = 0, . . . , kNi — 1 will be deemed 
"high order". They will be patched a magnification argument similar to the one when 
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K v = C: we will sequentially modify the coefficients of F v (z), changing it from 

m (n v -\)Ni-\ A 

i=l j=0 A=l 

to 

m kNi-1 

F v (z) = F v (z)+^2 ^2 VvtiPhnvNi-jiz) , 
t=l j=l 

thereby stepwise changing G{, (z) = T mv (F v (z)) to G v (z) = T mv (F v (z)). We will require 
the r] v> ij to be K„-symmetric, so F v (z) is irrational. 

We claim there there is an e v > such that if the r] V ij are ^-symmetric and each 
l^fcijlt) < £ t)5 then F„ oscillates n t ,Tj times between ±i?™" on each £^j contained in C v 
and 

(9.10) ^(D^-H^)) CZ7„. 



To see this, put M„ = maxi<j< m ( max 1< ■ < ^ iV . H^n^-jll^ ) and take e„ small enough 
that e v -kNM v < R™ vN . Write 

m kNi-1 

Hv{z) = Y2, Yl Vv,ij^i,n v N t -j(z) , 
i=l j=l 

so that F v (z) = F v (z) + H v {z). Since the rj Vt ij and (fi^ nv N t _j{z) are i^-symmetric, H v (z) is 
if^-symmetric and in particular is real- valued on C W (R). At each z where |-F^(^)| W = 2R™ V 
we have \H v (z)\ v < e -kNM v < R™ vN , and so \F v (z)\ v > R™ vN . If E Vfi is a component of 
E v contained in C V (M), then since F v {z) oscillates n v Ti times between ±2i?™ u on E V i, it 
follows that F v (z) oscillates n v Ti times between ±R™ V on E V j. It remains to show (|9.10p . 
For this, put T = {z £ C V (C) : \F v (z)\ v = 2R^ vN }, and apply Lemma O to F v (z) and 
H v (z), taking R = 2R% vN and 8 = 1/2. Since F~ 1 (D(0,2R^ vN )) C U v , we conclude that 
F- l (D(0,R n ^ N ))cU v . 

Since [-2R^ N ' ,2R% vN ] C E(a 2 ,b 2 ) C ^(0,^^), the same argument as for Gi, 0) (z) 
shows that G„(,z) = T ^u v n(F v (z)) oscillates nTi times between ±2Ro N on each E v i 

contained in C V (M), that all the zeros of G v {z) belong to E®, that G v (z) has T, = nr^ zeros 
in each E V j (counting multiplicities), and that 

(9.11) G- 1 (E(A 2 ,B 2 )) cU v . 

Let B v > be the number in the statement of Theorem 19.11 We now show that by 

choosing the n and the r] Vy ij appropriately, we can achieve freedom B v in patching the high 

(k) — 

order coefficients. That is, the A^ t - ■ with 1 < j < kNi can be can be specified arbitrarily, 

(k) 
provided that they are ^-symmetric and satisfy |A^-.|„ < B v . 
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BydSH), 

G v °\z) = f mv (F v (z)) 

\m v /2\ . . 

= F v (z) m *+ V (-l) k ^( m \ )Rf n ^ 'F v {z) m *- 2k . 

k=i k \ k-l J 

When the right side is expanded in terms of the basis functions, only the pure power F™ v (z) 
can contribute to the coefficients of tpi,nNi—j{z) with j < 2n v Ni; in particular this holds for 
j < kNi. 

Since only F v (z) mv contributes to the high order coefficients, essentially the same ar- 
gument applies here as in the patching construction over C. By sequentially adjusting the 
numbers r\ v ^ we will modify the corresponding coefficients in the expansion of T mv (F v (z)). 
By (18, 8|) . the change in A V) ij induced by replacing a Vj ij with a Vl ij + rj Vt ij is 

A( fc ) _ m „ ..Wv-k+l 
(k) 

Conversely, if a desired change A^ [■ is given, then taking 

~TH,-fc-l A (fc) 

(9.12) r) V!ij = -H« H« 

m v 

will produce that change. 

Henceforth we will assume n is large enough that (with m v = n/n v ) 

(9.13) — -max(l, max (|c ui |,,)) n ' ; < e v . 

m v l<i<m 

If |A^ !.\ v < B v , and r] v ^j is defined by (|9.12p . then \rj Vy ij\ v < e v so our discussion about the 
mapping properties of F v (z) applies. 

For i = 1, . . . , m and j = 0, since A^ - Q = we have rj Vi io = 0. The remaining rj Vj ij will 
be determined recursively, in terms of the A^ 4 --, in -<n order; in particular, for each Xi the 
Vvij will be determined in order of increasing j. As F v {z) is changed stepwise to F v (z), 
then G v (z) = T mv (F v (z)) is changed stepwise to G v (z) = T mv (F v (z)), passing through 

G v (z), Gy (z), . . ., G v (z) at intermediate steps. 

Consider what happens as each rj v ^j is varied in turn. Suppose F v (z) is a function 
obtained at one of the intermediate steps, and at the next step F v (z) is replaced by F v (z) = 
F v (z) + r) v ,ij(pi 7 n v Ni-j(z). 

If Xi G C V (R), then (fi, nv Ni-j G K V (C) and c V)i G M. By hypothesis, A;^ G R, so 
r/u^j G R and 

F v (z) := Fv(z)+Vv,ij<Pi,n v Ni-j(z) 
is if „ -symmetric. Considering an expansion similar to (j8.9[) one sees that 

T mv (F v (z)) = f mv (F v (z)) + A^ v>ij (z) 

for a i^-rational (hence if^-symmetric) function , & v ^j{z) meeting the conditions of the 
theorem. 

If Xi G C„(C)\C U (R), let z denote the complex conjugate of z, and let i be the index such 
that xj = xi. As observed in the remark after Theorem 17.111 we can assume without loss 
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that (i,j) and (i, j) are consecutive indices under -<jy By our hypothesis of ^-symmetry, 

(k) (k) ~ ~ — 

A y v 4. = A y v Jj, and c vl = c V:i , so r] vlj = rJ^JJ and Nj = iVj. Hence, after two steps 

F"{z) = Fv(z)+T] Vtij ip i>nvNi - j {z)+r ]vrij ip-^ nvNi _ j {z) 

is _Rr„-symmetric. After grouping the terms in the multinomial expansions appropriately, 
one sees that 

T mv (Fl'(z)) = T m AF v (z)) + A^^(z) + A^^z) 

where $:, JAz),^ l.(z) E L W ,(C) meet the conditions of the theorem. 

The order -<n specifies the f] v ,ij in "iV-bands" with (k — X)N{ < J < fciVj, for fe = 
1,2,... , fc. When we have completed patching the fc*' 1 band, we obtain a function (?{, (z) 
which oscillates riTi times between ±2i?2 on each real component E®j, and satisfies {z : 

Gv (z) G i?(A2,i?2)} C U v . Since the A^,/- are ^-symmetric, each G v (z) will be ir- 
rational. 

The final function F v {z) thus obtained, for which 

Gf\z) = f mv (F v (z)) , 

will play an important role in the rest of the argument. Note that the leading coefficient of 
F v (z) at Xi is c^. 

Phase 2. Patching the middle coefficients. 

In this phase we will construct functions Gv (z) for k = k + 1, . . . , n — 1, setting 

m kNi-1 

(9-14) G[ k \z) = G v k ~ l \z) + Y, E A KA^) 



»=1 j=(fe-l)Afi 



(k) 



for the given A^ • and appropriate functions "d v ,ij{z) G L Wv (C), adjoining the terms in -<n 

(k) 

order. The conditions of theorem require that the A^ ■, G C be ^-symmetric; they also 
satisfy 

| A W I < h kN 

The , d Vt ij{z) will be Aut c (C„/-RT?,)-equivariant, so for each (i,j) 

E A i%<>v,ij(z) e K V {C) ; 

(i',j)eAut c (C v /K v )(i,j) 

consequently G v (z) G -K^(C) as well. 
Fix k, and write 

n — fc — 1 = £± + n v l2, with < l\ < n v , < £2 < m v . 

For each i, and each j with (/c — l)iVj < j < kNi, we can uniquely write 

nNi - j = rij + (n - k - l)Ni where iVj < r^ < 2iV, 

so nA^i - j = r# + £iJV< + £ 2 n^^. Put 

#v,ij(z) = ¥i,r ZJ (z) -T euR N((j) v (z)) -f h {F v {z)) . 
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Then $ Vi ij(z) has a pole of order nNi — j at Xi, and leading coefficient c^y ~ . Its poles at 
the x^ 7^ Xi are of order at most {n — k — l)iVj/, so it meets the requirements of the global 
patching process. Since the <fij(z) are Aut c (C 1 ,/-ftT 1) )-equivariant, and 4> v {z) and F v (z) are 
if„-rational, the "&v,ij{z) are Aut c (C 1) /i ; C l ;)-equivariant. 
Define 

Ex = {z G E„ DC„(R) : &,(*) G [-2^ uJV , 2^**]} , 
£ 2 = { 2 G ^nC„(R) : F v (z) G [-2R^ N ,2R% vN ]} 

= {z G C(M) : G®(z) G [-2%* 2flJ*]} . 
By construction, E2 C Ei C E v r\C v (M). Likewise, put 

t?! = ^(^(aiA)) = i^W^Bi)), 
t? 2 = F-\E{a 2 M)) = {G®)-\E(A 2 ,B 2 )). 

Then W 2 CWiCU v . 

We will now bound the change in |G„ (z) — Gj, (z)\ v on E 2 and W 2 . We first bound 
||G{, — G v ||g , and we begin by showing that for each (i,j) occurring in (|9.14|) . 

(9.15) \Wv,ijh 2 < 16M,i? 2 n - fe ~ 1)7V . 

To see this, note that by the definition of M v , we have \(pi^ ri \z)\ v < M v for all z G 

i£„ r\C v (M). Also, since £1 < n v , for each z E Ei, 

\T tl ,R»(Mz))\v < ^R[ lN < 8R 2 lN ■ 

by the definitions of R\ and i?2- Finally, by the properties of Chebyshev polynomials, for 
each z G E 2 . 

\T i2 (F v (z))\ v < 2R^ N 

Combining these, and using that E 2 C E\ C E v n C r (R), gives (|9.15j> . 
Since each \A V U v < h% N and 1 < r v < R 2 , it follows that 

m feJVj-l 



!!<#>- gS^iis, < E E i<Jmi<w-) 



1 £ 2 

t=l j=(k-l)Ni 



(9.16) < iV • ^ • WM v Rt k - 1)N = ^^ ■ R1 N -(^) kN 

2 R? ^R 2 J 



mN I """ 



< 16./VM„ • iff 7 " 

We next bound ||G{, — G{, ~ ||^ . We claim that for each (i,j) in (|9.14p . 
(9.17) ||^-||^ 2 <5M4 n - fc - 1)7V . 

To see this, recall that \ipi r (z)\ v < M v for all z G U v . Also, note that T p sn maps 
£?(ai,6i) to ^(A^),B^)) where J3&) < A^ and 

A«i) = t ^ N + \ r = (l + (2-v / 3) 2 ^)-4 lJV < 1.1- #". 
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Since t^ N = (2 + v 7 ^^, £?"* = 4^* and t^ N = (2 + v 7 ^"^, we have t™^ = 
4*™"^ and for < h < n v it follows that t[ lN < At e 2 lN . This means that E(A^\ B^) C 
D(0, 1.1 • 44 l7V ), so for each z G T?i = ^(^(ai, &i)), 

(9.18) |r 4i ^(^(^))|, < 1.1 -4$*. 

Similarly, since 7> 2 = T £ ^ nvN maps E(a 2 ,b 2 ) to S^ 2 ),^)) where I^ 2) < l^ 2 ) and 

n2£ 2 n v N 
A (h) = t hn v N + th__ = (1 + ( 2 _ V3) 2fe ) • t^ N < 1.1 • 4 in ^ , 



'2 



for each z £ W2 = F v 1 (E(a 2 , b 2 )) we have 

(9.19) \T i2 (F v (z))\ v < 1.1.4™" . 

Since W 2 cW ± C U v and 4 • (l.l) 2 < 5, combining (19TTKD and (|97T9j) gives (|9T7jh 
Since each |A^ ^|„ < /i„ and 1 < r v < R 2 < t 2 , it follows that 

m. kNi-1 



ii^-g^ii^ < E E iA$,i«ii<w*)iiff a 



i=l j=(k-l)Ni 



(9.20) < iV.^.5M4 n - fc - 1)7V = ^i.t^.(^) 

to \ t9 ' 



kN 
t 2 



< 5NM V ■ tt N ■ I ^ 



J^ • to 






Phase 3. Patching the low-order coefficients. 

In the final step we take 



A 



A=l 

with i^-symmetric A^ n jJ satisfying |A^ n jj„ < h™ N for each A. Since A < N, and each 
\<P\\v < JW« on ^"uj it follows that on E 2 



(9.21) HG^-G^-^llp < NM v h% N < 16NM v -R nA 



h v \n N 
E 2 ^ ±*±v± v n v v. lUiviu^iij -I I 

while on W2 

— ) • 

To conclude the proof, we show that if n is sufficiently large, then G[, (z) has the 
mapping properties in part (B) of the Theorem. A similar argument applies to Gy (z) for 
each k = 1, . . . ,n. 
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Consider the total change in passing from G v (z) = T mv {F v (z)) to G\, {z). By (|9.16p 
and (|9.2ip . for each z £ E 2 , 

|G(«>( Z )-G«(z)|„ < UW*;.^. £(£)"" < f J|g^ F .(^''.^. 

Since k > k v , assumption (19.2p in Theorem 19.11 shows that 
(9.23) || G W_ G W||^ < ^Ar 



Similarly, on W<< 



2 

(9-24) || G W_Gf)||^ < l^r. 

We first show that 
(9.25) {z G C(C) : |G^(z)|„ < i#"} C 17„ . 

Let f 2 = <9T? 2 ={z£ C„(C) : G v k \z) G a£(A 2 , S 2 )}. Since A 2 > B 2 and 

5 2 = (1 - (2 - V3) 2m v)t% N > 0.9$* , 

for each z G f 2 we have |c£ fc) (^)U, > 0.9*2*. B Y dSIMD, |Gi n) (z) - G v k \z)\ v < 0.25$*. 
Applying Lemma IQ1 with F(z) = G v (z) and H(z) = G v r ' (z) — G v (z), we see that 

{z G C V (C) : \G^(z)\ v < 0.65$*} C W 2 , 
which yields (1935JL 

If E v j is a component of E v which is disjoint from C V (M), then G v (z) has nTi zeros in 
£^. Put W 2 ,i = W 2 nE v>i . Since W 2 C 17„ and £7„n£^ = JSg iif it follows that Wjj,i C Eg fi . 

Applying Rouche's theorem to Gi, (z) and G v n (z) on dW 2j i, we conclude that Gi, (z) has 
nrj zeros in E^ as well. 

We next show that if E V i is a component of E v contained in C v (M) , then G v n (z) oscillates 
nTi times between ±(7/4)i?2 on E^j. Recall that (?{, (z) = T mv {F v (z)) oscillates nTi times 
between ±21$ on ^«,i- Equation (J9.23P shows that at each z% G i^ where G{, (zi) = 
±2R$ N , then G^, n) (^) has the same sign as G v k) ( Zi ) and \G v n) ( Zi )\ v > (7/4)%*. Hence 
Gy (z) oscillates nTi times between ±(7/4)^2* on E v i, and in particular it has nTi zeros 
in K,i- 

Since G v (z) has degree nN and ^2*nTi = nN, all the zeros of G v (z) lie in E%. Since 
t 2 > R 2 > r v , for all sufficiently large n we have (1/2)$^ > 2r™* and (7/4)%* > 2r£* 

For 
and 



For such n, G?{, (2) oscillates nrj times between ±2r™ on each E^j contained in C v ( 



{zeC v (C):\G v n \z)\ v <2r: N } C U v . 
Thus the construction succeeds for any integer n divisible by n v which is large enough that 
condition (l9TT3|) holds and n > k, (1/2)$* > 2r£* and (7/4)%* > 2r™*. D 



CHAPTER 10 

The Local Patching Construction for Nonarchimedean 

RL-domains 

In this section we give the confinement argument for Theorem 14.21 when K v is nonar- 
chimedean, and E v is a ^-rational i?L-domain. 

Let q v be the order of the residue field of K v . Let w v be the distinguished place 
of L = K(X) determined by the embedding K <^-> C v used to identify X with a subset 
of C V (C V ), and view L Wv as a subset of C„. Following the construction of the coherent 
approximating functions in Theorems 17.111 and 17.161 we begin with the following data: 

(1) A ^-symmetric probability vector s G V rn (Q) with positive rational coefficients; 

(2) A number N, a number R v G |C* \ v , and an (X, s)-function cp v (z) G K V (C) of degree 
N such that 

{z G C V (C V ) : \<f> v (z)\ v < <} = E v . 

If char(A^) = p > 0, we will assume that the number J from the construction 
of the L-rational and L sep -rational bases in E J3I3I divides Ni := Nsi, and that the 
leading coefficient c Vj i of 4> v {z) at Xj belongs to K v (xi) sep , for each i = 1, . . . , m. 

(3) Parameters /i^ and r^ such that < h v < r v < R v , which govern the freedom in 
the patching process; 

(4) An order -<n on the index set I = {(i,j) € Z, 2 : 1 < i < m,0 < j} determined by 
N and s as in (|7.4ip . which gives the sequence in which coefficients are patched. 

We will use the L-rational basis {<Pij,<f\} from £13131 to expand functions, and A = 
dmiR-(r(^'™ 1 Ni(xi))) will be the number of low-order basis elements, as in E J7I4J The 
order ^tv respects the A-bands (|7.42|) . and for each Xi G X, specifies the terms to be 
patched in decreasing pole order. 

When char(AT t ,) = 0, we will need the following the following patching theorem. 

Theorem 10.1. Suppose K v is nonarchimedean, and that char(A^„) = 0. Let s G V 
be a K v -symmetric probability vector with positive rational coefficients. Suppose R v G |C 
let < h v < r v < R v , and let 4> v {z) G K V {C) be an (X,s)- function of degree N satisfying 

{z G C(C) : \Mz)U < Rv) = E v . 

For each i = 1, . . . ,m let Ni = Ns^ and let c Vj i = lirn^^ 4> v (z) ■ g Xi (z) be the leading 
coefficient of 4> v (z) atxi- Put 

M v = max( max ||y«||E„, max H^aIIeJ • 

l<i<m 1<-^<A 

Ni<j<2N t 

Let k v > 1 be the least integer such that 

(lal) (t) ■ HW) K ' ■ 



261 



x I 
v \v> 
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and let k > k v be a fixed integer. Put n v = 1 . Then there is a number < B v < 1 depending 
on k, E v , and <j) v (z) such that for each sufficiently large integer n, one can carry out the 
local patching process at K v as follows : 

Put G { v\z) = <j) v {z) n . For each k, 1 < k < n, let {A^l G ^J^eBandjvOfc) be a 
K v -symmetric set of numbers given recursively in ^jy order, such that for each (i,j) 

fin 21 iA (fc) i < [ Bv if k - 1 > 

{w - 2) IA "« k - Uf if k>k. 

For k = n, let {A^V G -^«j„}i<a<a be a K v -symmetric set of numbers such that for each A 
(10-3) |Ag|„ < K N . 

Then one can inductively construct (X,s) -functions G\, (z), . . . ,G\, (z) G K v (C), of 
common degree nN , having the following properties : 

(A) For each k = 1, . . . , n — 1, 

(ij')SBandjv(fc) 

where $ vij (z) = <Pi,(k+l)Ni-j ■ 4'v(z) n ~ k ~ 1 , and for k = n 

A 
G^{z) = GM(z)+^AW.^(,). 

A=l 
In particular 

(1) Each &y ij( z ) belongs to K v (xi)(C), has a pole of order niVj — j > {n — k — l)iVj at x, 
with leading coefficient c^7 ~ , has poles of order at most (n — k — l)iVj> at each xy / xi, 
and has no other poles ; 

(2) The "& v L{z) are K v -symmetric ; 

(3) In passing from G\, (z) to G v (z), each of the leading coefficients A v ^q = c^ ti is 
replaced with c^ t + A$, • ^" 2 . 

(B) For each k = 0,...,n, {z G C V {C V ) : {G^ {z)\ v < R^ n } = E v . 

When ch&r(K v ) = p > 0, we will use the following patching theorem instead. The 
^-rationality assumptions in the theorem are addressed by the global patching process. 

Theorem 10.2. Suppose K v is nonarchimedean and char (if,,) = p > 0. Let sG V m (Q) 
be a K v -symmetric probability vector with positive rational coefficients. Suppose R v G |C* |„, 
let < h v < r v < R v , and let 4> v (z) G K V (C) be an (X, s)-function of degree N satisfying 

{z G C V (C V ) : \(f> v (z)\v < Rv } = E v . 

Let Ni = Nsi for each X{, and let c v ^ = lim^^^. <p v (z) • g Xi (z) * be the leading coefficient 
of 4> v (z) at Xi. Assume that J\Ni andc V) i G K v (xi) scp , for each i = 1, ... ,m. Put 

M v = max( max max ||^|b„, max ||<£aIUJ • 

K l<i<m N { <j<2Ni J 1<A<A ' 

Let k v > be the least integer such that 
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and let k > k v be a fixed integer. Then there are an integer n v > 1 and a number < B v < 1 
depending on k, E v , and (j) v (z), such that for each sufficiently large integer n divisible by 
n v , one can carry out the local patching process at K v as follows: 

Put G v (z) = <j) v (z) n . Then the leading coefficient of G v (z) at each X{ is c^ i , {z G 

C V (C V ) : \G V (z)\ v < R™ N } = E v , and when Gv (z) is expanded in terms of the L-rational 

basis as 

m. (n-l)Ni-l A 

i=l j=0 A=l 

we have A v ^ = for all (i,j) with 1 < j < fciVj. 

For each k, 1 < k < n - 1, let {A;^. G £«>„}(; j)eBand at (fc) be a K v -symmetric set of 
numbers satisfying 

' |A« |, < B v and A* 1 }, = for j = 1, . . . ,N t - 1, if k = 1 , 



(10.5) 



v.ij 
(k] 



Oforj = (k-l)N u ...,kN i -l, if k = 2,...,k , 



KAv<K N , if k = k + l,...,n-l 



V,l] 



such that A^ - G K v (xi) sep for each i and such that for each k = k + 1, . . . ,n— 1 

m kNi-l 

(10-6) ]T J2 A S "Pi^W-j G K V (C). 

i=l j=(k-l)Ni 

For k = n, let {A^ n jJ G I«,„}ka<a be a K v -symmetric set of numbers such that 

(10-7) |Ag|„ < K N 

for each X, and 

A 

(10.8) E A S-^ eK v (C). 

A=l 

Then one can inductively construct (X,s)- functions G v (z),. . . ,G v n (z) in K V (C), of 
common degree Nn, such that: 

(A) For each k = 1, . . . ,n, G v (z) is obtained from G v (z) as follows: 

(1) When k = 1, there is a K v -symmetric set of functions 6 V [ (z), . . . , 9 V ^(z) G Lw^(C) 
such that 

m 

,« .2X1) 



<#>(*) = gW(*)+£aw -O*). 



1=1 



where for each i = 1, . . . , m, 9^ } (z) G K v (xi) scp (C) has the form 

/or an (X, s) -function @ v iQ {z) with a pole of order at most (n — k)N{ at each Xi- Thus, in 
passing from G v (z) to G v (z), each of the leading coefficients A v ^q = c v L i is replaced with 
c^j + A^ iQ • c^ i; and the coefficients A v> ij for 1 < j < kN{ remain 0. 



(2) Fork = 2,...,k, we have G v k) {z) = G v k 1] (z). 
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(3) For k = k + 1, . . . , re — 1, we have 
(10.9) Gi k \z) = Gi k - l \z)+J v k \z)-F v>k (z) + Qi k \z) , 

where 

(a) Jv\z) = £(ij)eBandtf(k) A ^- ^i,(fc+i) AT, -j (^) 7 which belongs to K V (C) by fll06J); 

(b) F v ^(z) = 4> v {z) n ~ k ~ l is a K v -rational (X, s)- function whose roots belong to E v . 
For each Xi, it has a pole of order (n — k — l)Ni at Xi, and its leading coefficient 



d V: i = lim 2 _> Xi F v ^(z) ■ g Xi {zp n k l > Ni has absolute value \d v ^\ v 



K' 



\n—k—l 



v,i\ v 



(c) @ v (z) G K V (C) is an (X,s)- function determined by the local patching process 
at v after the coefficients in Bandjv(fc) have been modified; it has a pole of order 
at most (re — k)N{ at each Xi and no other poles, and may be the zero function. 

(4) For k = n 

A 

A=l 
(B) For each k = 1, . . . , n, 

{zeC v (C v ):\G<?\z)\ v <R n v N } = E v . 

Theorems 110.11 and 110.21 will be proved together. There are some differences in the 
way the leading and high-order coefficients are treated, but the underlying patching con- 
structions for the middle and low-order coefficients are the same. In Theorem 110.11 the 
compensating functions are "9 vi Az) = tpi^k+i)Ni-j{ z ) ' 4'v(z) n ^ k ~ 1 , while in Theorem 110.21 

we have J v k \z) = £ (i j)eBandN{k) A$j<Pi,(k+i)N t -j(*) and F v,k( z ) = Mz) n ~ h ~\ so as 
noted after Theorem 17.171 

£ 4&0*) = 4 k) (z)-F v , k (z). 

(i,j)6Bandjv(fc) 

To prove Theorems 110.11 and 110.21 we will need the following nonarchimedean analogue 
of Lemma 18.21 which is valid both when ch&r(K v ) = and when char(ET^) = p > 0: 

Lemma 10.3. Let F(z) G C V (C V ) be a nonconstant rational function, and let R > be 
an element of the value group of C* . Put 

U = {ze C V (C V ) : \F(z)\ v < R} . 

Suppose H(z) G C V (C V ) is a function such that \H(z)\ v < R for all z £ U, and whose polar 
divisor satisfies div^i?) < div 00 (i ? ). Then 

{z G C V (C V ) : \F(z) + H{z)\ v < R} = U . 

Lemma 110.31 depends on the following nonarchimedean Maximum Modulus Principle: 

Proposition 10.4 (Maximum Principle with Distinguished Boundary). Let f{z) G 
C V (C V ) be a nonconstant rational function, and let R > belong to the value group o/C*. 
Put 

U = {z G COC) : l/(*)l« ^ R } > 
dU(f) = {zeC v (C v ):\f(z)\ v = R}. 

Let g{z) G C V (C V ) be a function with no poles in U. Then \g(z)\ v achieves its maximum for 
z G U at a point zq G dU(f). 
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PROOF. See ([51], Theorem 1.4.2, p.51). □ 

Proof of Lemma 110.31 By the ultrametric inequality, if z G U then \F(z) + H(z)\ v < 
R, so 

U C {z £ C W (C„) : |F(z) + #(*)!«, < #} . 
To establish the reverse containment, put 

V = {z € C V (C V ) : \(l/F)(z)\ v < l/R} 

regarding 1/F as a rational function whose value is on the poles of F. The distinguished 
boundaries of U and V satisfy 

dU(F) = {z G C V (C„) : |F(*)|„ = R} 

= {z G C„(C„) : |l/F(z)|„ = 1/fl} = dV(l/F) . 

Put G(z) = H(z)/F(z) G C„(C). By hypothesis, G{z) has no poles in V, and |G(z)|„ < 1 for 
all z G dV(l/F) = 8U(F) C 17. By Proposition [103] |G(z)|„ < 1 for all z G V. Equivalent^ 
|iJ(z)|u < |.F(z)|,; for all z G y which are not poles of F, so by the ultrametric inequality 
\F(z) + i7(z)| v = |77(z)|„ for such z. In particular, for z ^ U we have |.F(z) + i7(z)| v = 
|F(z)|„ >i?so 

{zGC„(C„) :\F(z) + H(z)\ v <R} C [/. 

D 

PROOF of Theorems 110.11 and 110.21 The patching construction will be carried out 
in three phases. The proofs differ only in their treatment of the high-order coefficients. 

Phase 1. Patching the high-order coefficients. 

In this phase we carry out the patching process for stages k = 1, . . . , k. 

First assume char(7f t) ) = 0. Let the (X, s)-function 4> v {z) of degree N, and the numbers 
k v , M v , < h v < r v < Ry, and k > k v be as in Theorem llQ.il Take n v = 1, and put 

min(l,I4)^ +1 ) JV 

B„ = . 

2M V 

Assume n > k, and let G v (z) = (j) v (z) n . 

For each k = 1, . . . , k, we begin with a i^-rational (X, s)-function G|> (z) satisfying 

{« € C„(C„) : IG^^k < 1} = E v . 
Expand 

m (n-l)Ni-l A 

*=1 j=0 A=l 

We will patch the coefficients A v ^j with (k — l)iVj < j < kNi in -<yv order. Given (i,j) we 
can uniquely write 

nNi - j = r i:j + (n-k- l)iVj, with TVj + 1 < r tj < 2N t ; 

thus nj = (k + l)iVj - j. Put 

(10.10) 0<$.(z) = <Pi,r» ■ M*)^"- 1 = <Pi,(k+i)N i -rMz) n - 1 *- 1 - 
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Then $ v \Az) has pole of order nNi — j at Xi, with leading coefficient c^l ~ , and a pole of 

(k) 

order at most (n — k — l)Ni> at each x^ / x\. As a collection, the v~ v /■ (z) are ^-symmetric. 
By the definition of M v , for each (i, j) 

(io.il) ll<i(*)lk < M.i?^- 1 ^ . 

Since 1 < k < k, the definition of i?„ shows that B V M V < Rv ■ By hypothesis, 

{A; J- G £w„}(ij)eBandAr(fc) is a -^-symmetric collection of numbers such that |A^-|„ < B v 
for each (i,j). Thus 



(10.12) 


\\^i%€J^)\\E v < B v M v R{r~ k - 


Put 






m kNi-1 


(10.13) 


<%Hz) = <%-»{') +Y, £ 




i=l j=(fe-l)iV, 



Let -ff (z) denote the sum on the right in (110.13p . H(z) is ^-rational, since char(i^) = 
and the c V: i, AW- and "d v ^j{z) are defined over L mi) and are i^-symmetric. It follows that 

G v (z) is a ^-rational (X, s*)-function of degree niV. Clearly divoo(i?) < div 00 (G{, ). By 
(|10.12|) and the ultrametric inequality, we have \H(z)\ v < 1 for each z £ E v . Hence by 
Lemma 110.31 

{z£C v {C v ):\G v k \z)\ w <R n v N } = E v . 
This completes the patching process for the high-order coefficients when char(K v ) = 0. 

Next assume char(if„) = p > 0. 

Let the (X, s)-function 4> v {z) of degree N, and the numbers k v , M v , < h v < r v < R v , 
and k > k v be as in Theorem MM Let J = p A > max(2# + l,maxi([K v (xi) : K v ] inscp )) 
be the number from £ 13131 in the construction of the L-rational and L sep -rational bases. By 
assumption, J\N{ for each i. The leading coefficient of 4> v (z) at x% is c Vi i = lim 2 _ >a;i 4> v {z) ■ 
9xi(z) Ni ; by hypothesis, c„,j £ K v (xi) scp for each i. 

We will choose n„ and B v differently from the way they were chosen when char (if,,) = 0. 
Recall that k v is the least integer for which 

&) K -M V < 1, 
it,, 



r 



and that k > k v is a a fixed integer (specified by the global patching process). Let n v = p 
be the least power of p for which 

(10.14) p r > max(fciV 1 ,... ) jfcJV m ) , 

and let 

ffn v N 

(i°-i 5 ) B - = o rr^fi FT • 

2maxi(|c^.^||^ n „ArJ| £ J 

We now show that for all sufficiently large n divisible by n v , we can carry out the 
patching process imposing the conditions in the Theorem. In fact, we will see that we can 
take n = n v ■ Q = p r ■ Q for any integer Q > max(3, k). 

Given such an n, put Gi, (z) = 4> v (z) n . We first show that Gi, (z) has the properties 

in the Theorem. It is clear that E v = {z £ C V (C V ) : \G V (z)\ v < R™ N }- For each i, the 
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leading coefficient of G\, (z) at Xi is c^ i: which belongs to K v (xi) scp since c V: i S K v (xi) sep . 
If we expand 4> v (z)Q using the L-rational basis as 

m (Q-l)Ni-l A 

4>v(z) Q = E E B v,ijfi,QN^j(z) + ^Bxfxiz) , 

i=l j=0 A=l 

then since ch.ai(K v ) = p > and n v = p r it follows that 

m {Q-l)Ni-l A 

(io.i6) g<°>(*) = {u^) Q r = E E K^QNi-dzr- + E^^r • 

i=l j=0 A=l 

Since J|iVj for each i, Proposition 13.31( B) shows that 

<Pi,QNi(z) Uv = <Pi,nNi(z) 
belongs to the L-rational basis. On the other hand if D is the divisor 'Y^ILi^i{ x i)i then 
since n v > kNi for each i, and since Q > 2, all other terms in the expansion (I10.16P belong 
to Tic v ((n — k)D). Since J\N for each i, this means that when we expand Gv (z) in terms 
of the L-rational basis as 

m (n-l)JVi-l A 

(10.17) G^{z) = E E ^.ii^.n^-iW + EAaVa, 

i=l j=0 A=l 

then ^,ij = for all (i, j) with 1 < j < kNi. 

We next carry out the patching process for the stage k = 1. We want to modify the 
leading coefficients A v ^q and leave the remaining-order high coefficients A v ^ for 1 < j < kNi 
(which are 0) unchanged. By assumption, we are given a LT^-symmetric set of numbers 

{A;^- e L Wv }i<i< m; o<j<Ni, witri l^jok ^ B v for each i, and A;j^ = for all j > 1 and 

all i, such that A^ belongs to i^(xj) scp for each i, and we wish to replace A v> m = c^i 

with^. + A^o^'mdlalZD. 

Recall that n = n v Q. We claim that setting 

(10-18) ~6%{z) = ^m ■ Mz) nAQ ~ 1] 

in Theorem 110.21 for each i = 1, . . . ,m, and then putting 

m 

(10-19) <#)(*) = G(°)(z) + E A So?i(^) . 

i=l 

accomplishes what we need. Let H(z) denote the sum on the right side of (J10.19J) . 

First, adding H(z) to G v (z) adds /S. viQ c^ i to A v ^q, for each i. This follows from the 
fact that c^ V i<Pi,n v N t • <Au(.z) has a pole of order nN at Xi with leading coefficient c^,, 

and at each x^ ^ Xi its pole has order less than (n — k)Ni>. 

Second, adding H(z) to G v (z) leaves A v ^ = for 1 < j < kNi. This follows by 
considering an expansion of (pi >nv Ni • Wv{z) ) " like the one in (j!0.16[) : if we write 

(f) v (z) Q ~ l as 

m (Q-2)Ni-l A 

(pviz)®- 1 = E E c v,em,QN e -j(z) + ^2C\<p\(z) , 

£=1 j'=0 A=l 
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then 

m (Q-2)N e -l A 

(10.20) = E E C v}j ■ Vi.nvNi ■ VlXQ-DNt-ji*)"* + E C X" ■ W^Ni ■ V U X , 

l=\ J=0 A=l 

and since n v > kNi and Q > 3, all the terms in (|10.20j) besides the one with (£,j) = (i, 0) 
belong to Tc v ((n — k)D). On the other hand, since J\N{, Proposition 13. 3f B) shows that that 
term coincides with c^"/ ~ <Pi, n Ni(z). Note that (fi,n v Ni = ¥i,n v Ni is rational over K v (xi) sep 
by Proposition !3.3f B). since J\N{. Since the c Vi i and (pi,n v Ni are ^-symmetric, and 
(j)v{ z ) nv is i^-rational, the O v l Q (z) are ^-symmetric. This discussion also shows that 

each 9 v l J (z) belongs to K v (xi) sep (C) and has the form 0^ o (z) = c%^i,nN t { z ) + @v,io(X)( z ) 

for an (X, s)-function 0„ l (z) with poles of order at most (n — fc)iVj/ at each Xj/, as asserted 
in Theorem 110.21 

Third, G v (z) is ^-rational. Indeed, the cj^j and ^ 4 - (z) are L^-rational and K v - 

symmetric, so H(z) is ^-rational. Since Gj, (z) is ^-rational, so is G{, (z). 

Finally, E v = {z £ C V (C V ) : \G V {z)\ v < R™ }. To see this, note that our choice of .B„ 
in (|10.15|) . and the fact that |A^ < \ v < B v for each i, means that ||i?(z)||^ < ^R™ N ■ Hence 
the claim follows by applying Lemma 110.31 to F(z) = G v (z) and H(z), taking R = R% . 

For k = 2, . . . , k, we have A^ \- = for all (i,j), and we take Gv (z) = G v (z). 

Phase 2. Patching the middle coefficients. 

In this phase we carry out the patching process for k = k + 1, . . . ,n— 1. The construction 
is the same regardless of char(ET^), and coincides with the one in Phase 1 when char(iC„) = 0, 

(k) 

except that for each k, instead of |A^ ~\ v < B v we have 

I a(*) I < ukN 

Since k > k v , if we take v vi Az) = Vi^k+VjNi-j ' < fiv{z) n ~ k ~ 1 , then by condition (|10.ip (resp. 
condition (jITH|) ) 

l|A<S<W*)lk < h k v N M v R v ^^ N < (^) m ^-K N < K N - 
Hence if 

m kNi-l 

(10.21) G«(z) = G v k ~ 1 \z) + Y J E *$&■*«*(*)> 

i=l j=(k-l)N, 

then as before, by Lemma 110.31 

E v = {zeC v (C v ):\Gi k \z)\ v <R% N }. 

When char(K v ) = 0, the sum on the right in ()10.2ip is ^-rational for the same reasons 
of ^-symmetry as in Phase 1. When char(i^„) = p > 0, it can be written as 

m kNi-l 

(E E *i% ■ <Pv,(».i)N t -j(*J) - m*)*-*- 1 

i=l j=(k-l)Ni 
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which is ^-rational by assumption (|10.6p . Thus G\, (z) is ^-rational. 

Phase 3. Patching the low-order coefficients. 

In the final step we take 

A=l 

with ^-symmetric A v> \ G L Wv satisfying |A^a|u < h™ N for each A. When char(i^) = 0, 

the sum X^a=i ^iTaVa is ^-rational by the ^-symmetry of the A^V and the ip\. When 

char(i^j,) = p > 0, it is ^-rational by assumption (|10.8j) . Thus Gi, (z) is if„-rational. 
Since n > k v , condition (jlO.ip (resp. condition (|10,4p ) shows that for each A 

l|A^ A (*)|k < K N -M V < (h v /r v ) nN M v .R n v N < R n v N . 
Hence by Lemma llO. 31 as before, 

E v = {zeC(C v ):\G^(z)\ v <R^ N }. 
This completes the proof. D 



CHAPTER 11 

The Local Patching Construction for Nonarchimedean 

K v -s'imp\e Sets 

In this section we give the confinement argument for Theorem 14.21 when K v is nonar- 
chimedean, and E v C C V (C V ) is if„-simple, hence compact. This construction is the most 
intricate of the four confinement arguments, and uses results from Appendices ICl and ID1 It 
breaks into two cases, when char(A^) = and when ch.ai:(K v ) = p > 0. 

Let q v be the order of the residue field of K v . Let w v be the distinguished place 
of L = K(3L) determined by the embedding K <^-> C v used to identify X with a subset 
of C V (C V ), and view L Wv as a subset of C„. Following the construction of the coherent 
approximating functions in Theorems 17.111 and 17.161 we begin with the following data: 

(1) A ^-symmetric probability vector s£ T >m (Q) with positive rational coefficients. 

(2) A compact, i^-simple set E v C C V (C V ) equipped with a A„-simple decomposition 

E v = U^Ji {B(ap, rg) nC v (F We )) such that U v := U^=i B(a>£, re) is disjoint from X. 
(To ease notation, we henceforth write D for D v .) In particular 

(a) the balls B(ai,ri),. . . ,B(aD,ro) are pairwise disjoint and isometrically 
parametrizable; each B(ae,re) is disjoint from X. 

(b) the collection of balls {B{ai,re)}\<i<D is stable under Aut c (C v /K v ). For 
each a G Aut c (C v /K v ), if a(B(a,j,rj)) = B{ak,rk), then a(F Wj ) = F Wk . For each 
£, F W£ is a finite separable extension of K v , ae S C v (F We ), re G l-^Jw, and B(ae, re) 
has exactly [F We : K v ] conjugates under Aut c (C v /K v ). 

(3) A number A and an (X, s)-function 4> v (z) E K V (C) of degree A such that 

(a) the zeros 9±,...,6n of 4> v (z) are distinct and belong to E v ; 

(b) 4>~ 1 {D(G, 1)) = \J h= i B(9h,Ph), where B(9 t , pi),..., B(9 N , p N ) are pairwise 
disjoint, isometrically parametrizable, and contained in \J e=1 B(ag,ri). 

(c) H v := <fi~ 1 (D(0, 1)) n E v is ^-simple, with a AVsimple decomposition 

N 



H v = (J (B(9 h ,p h )nC v (F Uh )) 



h=X 



which is compatible with the A^-simple decomposition (J^=i {B( a £i r i) ^C v {F Wl )) 
of E v , and move-prepared (see Definition [UTTUD relative to B(a±, ri), . . . , B(a£),r£>). 
For each I = 1, . . . , D, there is a point uJ^ G [B{ae, re) n C v (F We )) s )\H v . 

(d) For each /i = 1, . . . , A, </>„ induces an .F^ -rational scaled isometry from 
B(0 h ,p h ) onto £>(0, 1) with 0„(^) = 0, which takes B(0 h , p h )C\C v (F Uh ) onto C Ufe . 
(4) Put Aj = As,j e N for each z = 1, . . . , m. 

If char(A^) = p > 0, the number J from the construction of the L-rational and 
L sep -rational bases in ^3l3l divides iVj, and the leading coefficient c^j = lim 2 _j. Xi <p v (z)- 
g Xi (z) Ni of 0«(,z) at Xi belongs to K v (xi) scp , for each i = 1, . . . ,m. 
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(5) Parameters < h v < r v < 1 satisfying h„ < r^ < q^ '^ qv ~ < 1. 

(6) An order -<jy on the index set I = {(i,j) £ 1? : 1 < i < m, < j} determined by 
N and s as in (|7.4ip . which gives the sequence in which coefficients are patched. 

We will use the L-rational basis {(fij, v?a} from §3131 to expand functions, and A = 
dinii^(r(^™ =1 Ni(xi))) will be the number of low-order basis elements, as in §7141 The 
order ^n respects the A-bands (|7.42p . and for each X{ £ 3t, specifies the terms to be 
patched in decreasing pole order. 

As in Definition 13.391 let the Stirling polynomial of degree n for O v be 

n-1 

(ii-i) s n , v (x) = H(x-Mj)) , 

j=0 

where {ip v (j)}o<j<oo is the basic well-distributed sequence in O v . 

When char(AT 1) ) = 0, we will prove the following patching theorem. 

Theorem 11.1. Suppose K v is nonarchimedean, and char(A„) = 0. Let E v be K v - 
simple, with a K v -simple decomposition E v = [j i=1 (B(a£,re) nC v (F We )^j such that U v := 
U^=i B(ae,ri) is disjoint from X. Let s£ V" m (Q) be a K v -symmetric probability vector with 
positive coefficients, and let (f> v {z) £ K V (C) be an (X, s) -function of degree N with distinct 
zeros #i, . . . , 9 i\r £ E v , such that 

(1) (j)~ l {D(Q, 1)) = Ufc=i B(9k, Pk), where the balls B(9\, p\), ... ,B(6n,Pn) are pairwise 
disjoint, isometrically parametrizable, and contained in \Ji = iB(a£,ri) ; 

(2) The set H v := (f>~ l {D(Q, 1)) n E v is K v -simple, with a K v -simple decomposition 

N 

H v = \J {B(9 h ,p h )nC v (F Uh )) 

h=l 

compatible with the K v -simple decomposition \J e=1 (B(a£,r£)nC v (F We )^ of E v , and is move- 
prepared relative to B{a\,r\), ..., B(arj,rrj). In particular, if 9h £ B(ai,ri)nC v (F We ), then 
F Uh = F wv p h £ \F* ( \ V) and B(9 h ,p h ) C B(a£,rg). For each £ = 1,...,D, there is a point 
wi£ {B{ ai ,n)f\C v {F m )j)\H v . 

(3) For each h = 1,. .. ,N, </> v induces an F Uh -rational scaled isometry from B(9h,Ph) 
onto -D(0, 1), which takes B(9h,Ph) (^C v (F Uh ) onto Uh . 

Let < h v < r v < 1 be numbers satisfying 

(11.2) h£ < r? < g-VC^-i) < 1 . 
Put 

(11.3) M v = max( max ||^,-||c/„, max ||</?a||i/J , 

l<i<m 1<A<A 

Ni<j<2Ni 

and let k v > be the least integer such that for all k > k v , 

(n.4) h^- Mv < ,;-- l0 - (fc+1) . 

Let k > k v be a fixed integer, and put B v = h^ N . Then there is an integer n v > 1 such that 
for each sufficiently large integer n divisible by n v , the local patching process at K v can be 
carried out as follows: 
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For each k, 1 < k < n, let {A^-- G < C v }^j^-Ba.nd N (k) be an arbitrary K v -symmetric set 
of numbers given recursively in -<n order, subject to the condition that for each (i,j) 

(ii - 5j |A ^> - \ h k v N if k>k. 

For k = n, let {A^ G ( C t) }i<A<A be an arbitrary K v -symmetric set of numbers satisfying 
(H-6) |Ag|, < K N . 

Then one can inductively construct (X, s) -functions G\, (z), . . . , Gy (z) in K V (C), of com- 
mon degree Nn, such that 

{A) For each k = 1, . . . , n — 1, 

Gf\z) = Gf~V{z) + £ A« • *<» (z) + e «( z ) , 

(i,j)6Band]v(fc) 

w/iere #^(2) = ^.(fe+i)^-^ ' F v ,k( z ) with an (^>f) function F Vjk (z) G i^y(C) o/ decree 
(n — A; — 1) independent of (i,j) whose roots belong to E v , and OJ, (z) G K V (C) has a pole 
of order at most (n — k)Ni at each Xi and no other poles. For each i, the leading coefficient 
dv,i of Fk(z) at X{ belongs to K v (xi) and has absolute value \d v ^\ v = \cv,i\Z~ ■ F° r k = n 

A 
G^(z) = G^- 1 \z)+Y / ^l^x(z). 

A=l 

In particular 

(1) Eachd vi Az) belongs to K v (xi)(C), has a pole of order nN{ — j > (n — k—l)Ni at Xi 
with leading coefficient c^~ ~ , has poles of order at most (n — k — l)iVj/ at each xy ^ X{, 
and has no other poles ; 

(2) The ~& vi j{z) are K v -symmetric ; 

(3) In passing from G v (z) to G v (z), each of the leading coefficients c% { of Gv (z) is 
replaced with c^- + A^] • c^~ 2 . 

(B) For each k = 0,1, ... ,n, the zeros of G v (z) belong to E v , and for k = and k = n 
they are distinct. Furthermore 

{z G C V (C V ) : Gto(z) G O v and \G v n \z)\ v < r£ n } C E v . 

When chax(K v ) = p > 0, we have the following patching theorem. The ^-rationality 
assumptions ([11. lip . (|1 1. 13|) in the theorem are addressed by the global patching process. 

Theorem 11.2. Suppose K v is nonarchimedean, and ch&r(K v ) = p > 0. Let E v be 
K v -simple, with a K v -simple decomposition E v = U^ =1 (B(ai,re) n C v (F Wi j\ such that 
U v := [Ji = iB(ai,ri) is disjoint from X. Let s G "P m (Q) be a K v -symmetric probability 
vector with positive coefficients, and let <j) v (z) G K V (C) be an (X, s)- function of degree N 
with distinct zeros 9±, ... ,9n G E v , such that 

(1) 4>~ 1 (D(0, 1)) = U/i=i B(0h,Ph), where the balls B(9\, pi), ..., B(6n, pn) are pairwise 
disjoint, isometrically parametrizable, and contained in |j£=i B(a£,rg) ; 
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(2) The set H v := </>~ 1 (.D(0, 1)) n E v is K v -simple, with a K v -simple decomposition 

N 

H v = (J (B(9 h , Ph )nC v (F Uh )) 

h=l 

compatible with the K v -simple decomposition U^=i {B(a^,r£)r\C v (F wl )) of E v , and is move- 
prepared relative to B(ai,n), . . . , B{aD-,ro)- In particular, if Oh £ B(ae, ri) nC v (F W[ ), then 
F Uh = F Wl , ph G |-F£Ji>, and B(6h,ph) C B(a^r(). For each £ = 1, . . . ,D, there is a point 
w e e (B(ai,r e )nC v (F We )))\H v . 

(3) For each h = 1, . . . ,N, (f) v induces an F Uh -rational scaled isometry from B(9h,Ph) 
onto D(0,1), which takes B{9y l ,pf l ) C\C v (F Uh ) onto Uh . 

Let < h v < r v < 1 be numbers satisfying 
(11-7) C < r? < g-V(*.-D < i , 

and let 

(11.8) M v = max( max ||</?«||t/„, max ||^a||i/J • 

l<i<m 1<A<A 

Ni<j<2Ni 

Let k v > be the least integer such that for all k > k v , 

(n.9) h ™. Mv < ,;-- l0 - (fc+1) . 

Let k > k v be a fixed integer. Then there are an integer n v > 1 and a number < B v < 1 
such that for each sufficiently large integer n divisible by n v , the local patching process at 
K v can be carried out as follows: 

PutG { °\z) = S n , v (Mz)). 

Then the leading coefficient of Gy (z) at xi isc^ i; the zeros of G[, (z) are distinct and 

belong to E v , and when G v (z) is expanded in terms of the L-rational basis as 

m (n-l)iVi-l A 

G vH Z ) = Yl Yl A v,ijfi,nN i -j(z)+'^A Vt x'PX , 
i=\ j=0 A=l 

we have A Vj ij = for all (i,j) with 1 < j < kN{. 

For each k, 1 < k < n - 1, let {A;^- G Lw v }(i,j)<sBa,nd N (k) be a K v -symmetric set of 
numbers satisfying 



(11.10) < 



' | A^ |, < B v and A<J = for j = 1, . . . , JV, - 1, if k = 1 , 
A { v % = 0forj = (k-l)N i ,...,kN i -l ! if k = 2,...,k, 



M?]A v <h™, if k = k + l,...,n-l, 



V,IJ\ 



.W 



such that A^ ' iQ £ K v (xi) sep for each i and such that for each k = k + 1, . . . ,n — 1 

m fciVj-1 

(11.11) A^OO := J2 E A £i ■ Vi^Wi-j G K V (C) . 

i=l j=(k-l)Ni 

For k = n, let {A^J £ -^io„}i<a<a be a K v -symmetric set of numbers such that 
(11-12) |A^| U < K N 
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for each X, and 

A 

(11.13) A Vjn (z) := J>$'^ EK V (C). 

A=l 

Then one can inductively construct (X,s)- functions G v (z), . . . ,G v n (z) zn K V {C), of 
common degree Nn, such that: 

{A) For each k = 1, . . . ,n, G v (z) is obtained from G v (z) as follows: 

(1) When k = 1, there is a K v -symmetric set of functions V { (z), . . . , 9 V „ ( z ) e L^(C) 
such that 

m 

where for each i = 1, . . . , m, 6^ l (z) G K v (xi) sep (C) has the form 

for an (X,s)- function & v Iq{z) with a pole of order at most (n — k)N{/ at each xy . Thus, in 
passing from G v (z) to G v (z), each of the leading coefficients A v ^q = c^ i is replaced with 
c^ j + A^ - • c^j, and the coefficients A v ^j for 1 < j < kNi remain 0. 

(2) Fork = 2,...,k, we have G v k] \z) = G v k ~ 1] {z). 

(3) For k = k + 1, . . . , n — 1, we have 

(11.14) G v k \z) = G v k ~ l \z) + A v>k (z) ■ F Vjk (z) + Q v k \z) , 

where 

(a) A v>k (z) = E(ij) 6 Band^(fc) A S^,(fc+i)^-j(^) belongs to K V (C) by (HLHJ); 

(b) F V)k {z) G K V (C) is an (X, s)- function determined by the local patching process 
using G v (z), whose roots belong to E v . For each xi, it has a pole of order 

(n — k — l)Ni at Xi, and the leading coefficient d Vt i = lirn^^ F V:k (z) ■ g Xi (zp n ~ k ~ 1 ' Ni 
has absolute value \d V) i\ v = \cv,i\v _1 • 

(c) @ v (z) G K V (C) is an (X,s)- function determined by the local patching process 
after the coefficients in Bandjv(£;) have been modified; it has a pole of order 

at most (n — k)N{ at each Xi and no other poles, and may be the zero function. 

(4) For k = n 

G v n \z) = G^- 1 \z) + A v>n {z) . 

(B) For each k = 1, ... ,n, the zeros of G v (z) belong to E v , and for k = n they are 
distinct. Furthermore 

{z G C V (C V ) : G v n \z) G O v and \G v n \z)\ v < r? n } C E v . 

Remark. In both theorems, we will have @ v (z) = for all but one value k = k\. For 
k = ki, after computing 

G^\z) = G v k ^\z)+ £ A$*<$(z) 

(ij)eBandjv(fcl) 



276 11. THE LOCAL PATCHING CONSTRUCTION FOR NONARCHIMEDEAN AVSIMPLE SETS 

we 'move the roots of G\, 1 (z) apart', constructing an (X, s)-function G\, 1 (z) whose 
patched coefficients are the same as those of Gv' 1 (z), but whose roots are well-separated, 
and replace G v kl) \z) by G v kl \z). The function { v kl) {z) = G {kl \z) - G {kl \z) is chosen to 
accomplish this change: see Phase 3 in the proof, given in £111131 below. 

Theorems II 1.11 and II 1.21 will be proved together. There are some differences in the way 
the leading and high-order coefficients are treated, but the underlying patching construc- 
tions for the middle and low-order coefficients are the same. 

Given a positive integer n, we begin the patching process by composing (fi v (z) with the 
Stirling polynomial S ntV (x). This yields the i^-rational function 

71-1 

G<?\z) := Sn, v (M*)) = \{{4>v{z)-MJ)) ■ 

3=0 

An important observation is that S ntV (4> v (z)) is highly factorized, and by taking products 
~Jj e s(4>v(z) — ipv(j)) corresponding to subsets S C {0, . . . , n — 1} we can easily obtain ir- 
rational functions dividing Gv (z). On the other hand, by restricting S n ^ v (4> v {z)) to one of 
the isometrically parametrizable balls B(0h,Ph) and composing it with a parametrization, 
we obtain a power series which behaves much like S n>v (x). The key to the construction is 

the interaction between these global and local ways of viewing G v (z). 
Before we can give the proof, we must develop some machinery. 

1. The Patching Lemmas 

In this section, we consider aspects of the construction involving power series. 

For each zero Oh of <f> v (z), let ah : D(0,ph) — > B(0h,Ph) be an F^ -rational isometric 
parametrization with o"^(0) = Oh- Let dh £ F* h be such that \dh\ v = Phi an d define 
d h :D(0,l)^B(0 h ,p h )by 

a h (Z) = a h (d h Z) . 

Put $>h(Z) = ( Pv^h{Z))- Thus <&h(Z) is a power series converging on D(0, 1) which induces 
an F Uh -rational distance-preserving isomorphism from D(0, 1) to itself and takes Uh to 
Uh . It satisfies $h,(0) = 0, and |$^(0)|„ = 1. After replacing dh by Phdh for an appropriate 
Ph £ C« h ) if necessary, we can assume that ^(0) = 1. Hence we can expand 



$ fc (z) = z + Y J c hi z i G Uh [[Z]] 



8=2 

where ord„(C/ l j) > for each i > 2, and ovd v (Chi) — > oo as i — > oo. Let <&h(Z) be the 
inverse power series to $^(Z), so &h{&h(Z)) = <&h(®h{Z)) = Z. 

The restriction of S niV (4> v (z)) to B(0h,Ph) corresponds to the function S n>v (^h(Z)) on 
D(0, 1). There is a 1 — 1 correspondence between the zeros Ohj of S n ^{4> v {z)) in B(0h, Ph) and 
the zeros a h j of S ritV (^ h {Z)) in D(0, 1), given by hj = a h (a h j); the h j belong to C v (F Uh ), 
and the a^ belong to Uh . Since the zeros of S n , v {z) are the ip v (J) for j = 0, . . . , n — 1 we 

have $h(.<*hj) = i>v{j) (or equivalently, $h(ipv(j)) = a hj) for each j, < j < n - 1. Thus 
the power series 

n-1 

Gf (Z) := 5 n ,,($,(Z)) = H($ h (Z)-MJ)) 

3=0 
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can be factored as 

n-1 

Gf{Z) = ]J(Z-a hj )-n h (Z) 

3=0 

where Hh{Z) is an invertible power series in Uh [Z]. Write q = q v . By (|3.53p . since &h(Z) 
is distance-preserving, for all < j, k < n with j ^ k 

(11.15) ord v (a hj - a hk ) = oid v (ip v (j) - ip v {k)) = val q (\j - k\) . 

We will now consider how to modify the functions G h (Z), while keeping their zeros 
in Uh . To do this, we establish a series of lemmas concerning power series, analogous to 
those proved for polynomials in ( [53] ). For the rest of this section, F u /K v will denote a 
finite extension in C^, with ring of integers O u . 

Definition 11.3. Let F u /K v be a finite extension. Supposed = {ji, ji+1, • • • ,ji+£—l} 
is a sequence of £ consecutive non-negative integers, and that <3? : D(0, 1) — > D{0, 1) is a 
distance-preserving automorphism defined by an i^-rational power series, so &(O u ) = O u . 
A ij) v -regular sequence of length t in O u attached to S and &(z) is a sequence {aj}j^s C O u 
such that 

ord t ,($(a i )-^(j)) > log w (*) 
(or equivalently, ord„ (ay — &(ip v (j))) > log„(£)), for each j £ S. 

In particular, for each h, {ahj}o<j<n is a ^-regular sequence of length n in Ufi relative 
to &h(Z). In the applications, we will have <&{Z) = &h(Z), and S will be a subsequence of 
{0, 1, . . . , n— 1}. However, often the precise power series defining the ^-regular sequence in 
O u is not important (generally all that is used is the fact the power series is an isometry), 
and we will frequently speak of a T/Vregular sequence of length £, or just a ^-regular 
sequence, if S, $(Z), and O u are understood from context. Note that each subsequence of 
a f/'ii-regular sequence consisting of consecutive elements, is itself a ^-regular sequence. 

For the rest of this section, we will assume that <&(Z) G C U [[Z]] as in Definition 111.31 
has been fixed; let &(Z) denote its inverse. If {ajj-jes is a Vvregular sequence of length £ 
in O u for &(Z), then for each k ^ j £ S, 

(11.16) ord^afe - ay) = val g (\k - j\) 
because 

ord v (a k -®(iJj v (k))) > log„(£) , ord„(a j - $(^„(j))) ^ log„(£) , 

while by formula f|3.53|) . since &(Z) is distance-preserving, 

ord„(5C0„(A:)) - $(^(j))) = ord„(^,(fc) - ip v (j)) 

= val g (|fc-j|) < log w (£). 

Lemma 11.4. Let {ctj}j 1 <j < j 1 +e be a ij) v -regular sequence of length £ in O u . Given 
z G D(0, 1), let J be an index for which ord 1) (z — aj) is maximal. Then for each j ^ J with 
ji < j < j\ + £, we have 

ord v (z - aj) < ord v (aj - aj) = val 9 (| J - j|) . 
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Proof. Fix j ^ J. By hypothesis ord„(,z — ay) < ord^(2: — aj). By the ultrametric 
inequality 

ord v (aj — aj) > mm(ord v (z — aj), ord v (z — aj)) = oid v (z — aj) . 

By (|11.16p . ord^aj — aj) = val g (| J — j\), so we obtain the result. □ 

Recall from (J338]) that 



(11.17) X>L#) = JL-JL £*,(*) 



(7—1 q 

k=l * H jr>0 

The following lemma generalizes the parts of Proposition 13.401 we will need: 

Lemma 11.5. Let {aj}j£s be a i{j v -regular sequence of length £ in O u . Put P$(Z) = 

U j& s( Z - a j)- Then 

(A) For each J G S 

£ 

ord v (Y\_(aj - aj)) < — — . 
jeS q 

(B) For each z G D(0, 1), if J G S is such that ord„(z — aj) is maximal, then 

£ 
oid v (Ps(z)) < + ord v (z - aj) . 

Proof. Suppose S = {j±, . . . ,ji + I — 1}. To prove (A), fix J G S and recall that if 
j G S and j ^ J then ord„ {aj — aj) = val g ( | J — j \ ) . Hence 

J-l ji+£-l 

ord v (Yl(aj - aj)) = ^ val,(| J - j\) + ^ val g (|J-j|) 

j-ji h+e-j-i 

(11.18) = Y^ vai q (k) + Y2 val 9 (&) 

fc=i fc=i 

( J -Ji)-Ej>o d i( J -ii) 



+ 



q-1 

(j 1+ e-j-i)-Y: j > d j (j 1 +e-j-i) 

q-l 

^- + E j > d j (J-ji) + ^: j > Q d J Ui+i-J-i) e 



q — 1 g — 1 g— 1 

For (B), let J G S be such that ord^z — aj) is maximal, or equivalently \z — aj\ v is 
minimal. By Lemma lll.4l 

ord^(P,s(z)) < oid v (z - a j) + or d v (Y\_(a j - aj)) . 

Applying part A), we get 

£ 

ord v (P s (z)) < + ord„(z - aj) , 

q-l 

as required. □ 
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We now come to the basic lemma governing the patching process. If Q(Z) G <Cy[[Z]] 
converges in D(0, 1), write 

I|S||d(o,i) = sup \Q{Z)\ V . 
zeD(o,i) 

for its sup norm relative to the absolute value \x\ v . The lemma will be applied to functions 
of the form Q(Z) = Qs,h(Z) = T\j£s($h(Z) — ip v (j)), for appropriate (usually short) 
subsequences S C {0, 1, . . . , n — 1}. 

Lemma 11.6 (Basic Patching Lemma), Let F u /K v be a finite extension in C v , and 
let Q(Z) G F U [[Z]] be a power series converging on D(0, 1), with ||Q||o(o,i) = 1- Suppose 
that Q(Z) has exactly £ roots in D(0,1), and that these roots form a ip v -regular sequence 
{otj}j£s of length £ in O u with respect to &(Z). Let M > log„(^) be given. Then for any 
power series A(Z) G F U [[Z]] converging on D(0, 1), with sup norm 

— ir-Af 

||A|| D ( ,i) < q v q , 

the roots a* of Q*(Z) = Q{Z) + A(Z) again form a ip v -regular sequence of length £ in O u 
with respect to $(Z). They can be uniquely labeled in such a way that 

ord„ (a* — Q.j) > M 

for each j G S. 

Proof. If Q(Z) = TT=o B i z ^ then since l|2lb(0,l) = l [t follows that ord v {Bi) > 
for all i and ord v (Bi) = for some i. Since Q(Z) converges in the closed disc -D(0, 1), 

lim ord^(i?j) = oo . 

i— >OD 

Hence there is a largest index K for which ord v (Bx) = 0, and the theory of Newton Polygons 

shows that K = £ is the number of roots of Q(Z) in D(0, 1) (see Lemma f3.35|) . 

Similarly, if A(Z) = X^o ^*-^ 1 ' ^ ne f a °t that A(Z) converges in D(0, 1), with ||A||o(o,i) — 

t M 

q v 9_1 , tells us that ord^(Aj) > -^ + M for all i. 

Now consider Q*{Z) = Q{Z) + A(Z). Writing Q*(Z) = J2Zo C i Z ^ we have C i = 
Bi + Aj, so ord„(Cj) > for all i, ord^(C^) = 0, and ord„(Cj) > for all i > £. By the 
theory of Newton Polygons, Q*(Z) also has exactly £ roots in D(0, 1). 

By Lemma 13.351 

Q{Z) = B-T(Z)-H(Z) 

where B G F u is a constant, V{Z) G F U (Z) is the polynomial 

V(Z) = VsiZ) = H(z- aj ), 

and H(Z) G O u [[Z]] is an invertible power series with constant term 1. 

Since Q(Z) has only finitely many roots aj, there is a point zq G D(0, 1) with \zq— a,j\ v = 
1 for all j. At each such point |2(zo)|u = ||Q||d(o,i) = 1- Using |"P(jzo)|u = \T~i-{ z o)\v = 1, we 
find that \B\ V = 1. 
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Now fix a root aj, and expand Q(Z) and A(Z) as power series in Z — aj: 

Q(Z) = B { ,) +B { 1 ,) (Z-aj) + Bi J \Z-aj) 2 + --- , 

A(Z) = A { J) + A { V J J(Z - aj) + A { 2 J \Z - aj) 2 + ■ ■ ■ . 

We will use the theory of Newton Polygons to show that Q*(Z) has a unique root a*j £ O u 
satisfying ord„(a} — aj) > M. 

By Lemma 13, 351 the initial part of the Newton Polygon of Q(Z) (expanded about aj) 
coincides with that of the polynomial V(Z), while its remaining sides have slope > 0. Here 

V{Z) = JJ((Z- aj)-(a 3 -aj)) = ^^(Z-oj)*. 

j&S i=l 

Up to sign, the coefficients A\ are elementary symmetric polynomials in the ay — ocj. In 
particular A Q = and 

A[ J) = ±l[(aj-aj). 

Since {ctj}je5 is a V ; ^ _re g u l ar sequence of length £, Lemma lll.5l tells us that 



ord,^) < 



q-1 



For each i > 2, considering the expansions of A\ and A\ as elementary symmetric 
functions in the aj — aj gives 

/ \ 



A^ = ±4 J > 



E 



(a,-, — aj) ■ ■ ■ (aj. , — aj) 
\0<ji< -<ji-i<£ y n JJ K 3l - x J ' j 

\ each ji + J / 

For each j ^ J, we have ord„(a!j — aj) = val g (|j — J\) < log^(^). Hence 

ordviAf) > ord„(4 J) ) - (« - l)log„(*) . 
Returning to the Newton polygon of Q(Z), we see that Bq = 0, 

ord v {B[ J) ) = ord t ,(4 J) ) < 



-1 ' 

and for each i > 2 

oid^B^) > ord v (B 1 ) - (t - 1) bg„(€) • 

(This holds trivially for i > £.) 

For the power series A(Z), elementary estimates show that for each i 

ord„(Aj J) ) > -J— + M. 
1 q-1 

In particular ord„(A^ 1 ) ) > -^ > ovd v (B 1 ), and ord„(A 4 (J) ) > ord„(.Bi) - (i - l)log„(£) for 
each i > 2. 

Now consider the Newton polygon of Q*(Z) = Q(Z) + A(Z), expanded about aj: 

Q*(Z) = C { J) +c[ J \z-aj) + C { 2 J \z-aj) 2 + --- . 
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By the discussion above, 

ord v (C { J) ) = ord^A^) > -J— + M , 

q—1 

ord v (C[ J) ) = ord v (B[ J] ) < -L- , 

q-1 

and for each i > 2, 

ord„(C^ J) ) > ard^B^) - (i - 1) log„(*) . 

Since M > log„(£), the Newton polygon of Q*(Z) has a break at i = 1, and its initial 
segment has slope < —M. Hence Q*(Z) has a unique root a*j satisfying 

ord v (a*j — aj) > M . 

Since Q*(Z) S i J1 u [[Z']], the theory of Newton Polygons shows that Z — a j is a linear factor 

in the Weierstrass factorization of Q*(Z) over F u (see Proposition 13.36T B)) . Thus a*j G O u . 

This applies for each J. Since M > log l ,(£), the £ roots {a*}j^s are distinct and form 

a f/Vregular sequence of length £ in C M attached to S. □ 

Lemma 111.61 will be applied roughly as follows: 

We begin with the function G v (z) = S n%v {^ v {z)) = n?=o(^( z ) ~~ V^(j))- The early 
stages of the patching process seek to preserve this factorization as much as possible. Sup- 
pose that at the beginning of the k th stage, k > 1, there is a sequence of k + 1 consecutive 
integers 

•Sk = {ji,Ji + 1,--- ,ji + k} C {0,1,..., n- 1} , 

such that Gv (z) = ]lje-S fe (^( z ) ~~ ^v{j)) ■ F V:k (z) for some (X, s)-function F V:k (z) G 
X«(C). Expand 

m (n-l)JVj A 

i=l j=0 A=l 

where the A Vt ij,A Vt \ £ L Wv . We must patch the coefficients A V jj in the range (k — l)iVj < 

j < fcJVi. 

Given (i,j) with (A; — l)iVj < j < kNi, write nNi — j = (n — k — l)iVj + 7y where 
JVi < r.j < 2iVi (so r 4j = (k + l)N t - j), and put 

#W(z) = <Pi, riJ (z)-F Vtk (z). 

Then ^ L( z ) has a pole of order niVj — j at x% and a pole of order at most in — k — l)iVj/ 
at each xy ^ X{. By construction, the v^lAz) are K„-symmetric. 

Let {A^ ^ .} for 1 < i < m, (ft — l)iVj + 1 < j < kN% be a i^„ symmetric set of numbers 
belonging to L Wv , as given by the global patching process. Patch Gv (z) by setting 

m feJVj-1 

GW(z) = G^'W + E £ A« *<&(*)■ 

i=l j=(k-l)Ni 

Then the coefficients A^y with j < (k — l)Ni are unchanged, the coefficients A^y with 
(k — l)Ni < j < kNi are adjusted by the A„ „•, and the coefficients A v ^j with j > ftiVj are 
changed in complicated ways that are unimportant to us. 
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If ch&r(K v ) = 0, then since the A v [■ are i^-symmetric, the sum 

m kNi-1 

E E <ICw 

i=l j=(k-l)Ni 
is ^-rational. If char (2^) = p > 0, then 

m kNi-1 m kNi-1 

E E a&O*) = (E E <W + i)W*))-^(*) 

i=l j=(k-l)N t i=l j=(k-l)Ni 

is ^-rational by assumption (|11.11|) and the fact that F v ^{z) is ^-rational. It follows 
that Gv (z) is 2f„-rational. 

Put G k (z) = ll jf z Sk {4>v(z) - 4>v(j)), so G4 ~ J (z) = Gfe(z) -Fv.jfc^). By our choice of the 

G ^) + E E A ^- • *w*) • F W)fc (z) . 

i=l j=(fc-l)JVi+l / 

Thus the changes in the roots of G{, (z) have been localized to Gk(z). Put A„fc(.z) = 

E*Li T, k j=lkli) Ni A <w ■ Vwi*), and let G K Z ) = G k{z) + &v,k(z). 

Observe that Gk(z) = Yljes (4>v(z) — V^(j)) has sup norm 1 on each ball B{9h,Ph)- 
Fixing h, when we compose Gk(z) with the parametrization ah '■ 25(0,1) — > B(6h,Ph), 
we obtain a function Qk,h{Z) whose roots in 25(0, 1) form a ^-regular sequence of length 
k + 1 in Uh attached to Sk- Taking A/ Cj / l (Z) = A Vt k(ah(Z)), we can apply Lemma Til .61 to 

G t,h( Z ) = Qk,h( Z ) + A k,h(Z). If the \A^l\ v are small enough, the roots of Q% >h (Z) will 
form a ^-regular sequence of length k + 1 in Uh . Since dh{Z) is 2^ -rational, the roots 
of G\, >(z) in B(a h ,p h ) belong to C(F U; J. 

The actual patching argument will be more complicated, because we eventually we will 
run out of "new" subsequences Sk to use in patching, and we must deal with roots which 
have been previously patched. 

In the latter steps of the construction, we will use the following lemma: 

Lemma 11.7. (Refined Patching Lemma) Let Q(Z) E F U [[Z]] be a power series 
converging on 25(0,1), with sup norm \\Q\\d(q,i) = 1- Suppose the roots {ctj} of Q(Z) 
in 25(0, 1) belong to O u and can be partitioned into r disjoint ip v -regular sequences in O u 
attached to index sets S\ , . . . , S r of respective lengths £±, . . . , £ r . Put £ = Ylk=i ^k ■ Suppose 
further that there is a bound T > maxj(logj, (£.;)) such that 

ord„(aj - a k ) < T 

for all j ^ k. 

Then for any M >T , and any power series A(Z) £ F U [[Z]] converging on 25(0, 1) which 
satisfies 

--^--(r-l)T-M 

||A|| D (o,i) S q v , 

the roots {a*A of Q*(Z) = Q(Z) + A(Z) in 25(0,1) again form, a union of ip v -regular 
sequences in O u attached to S±, . . . ,S r . They can uniquely be labeled in such a way that 

ord^ (a* — ctj) > M 
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2n:-1 



for each j G UI=i -%■ 

Proof. By the Weierstrass Preparation Theorem (Lemma 13.35 j) . we can write 

Q(Z) = B-T(Z)-H(Z) 
where B £ F u is a constant, V(Z) € O u [Z] is the polynomial 

V(Z) = flH(Z-a 3 ), 

k=ijeS h 

and 'H(Z) € O u [[Z]] is an invertible power series with constant term 1. As before, \B\ V = 1. 
We are concerned with the roots of 

Q*(Z) = Q(Z) + A(Z) . 

As in the proof of the Basic Patching Lemma, the theory of Newton Polygons shows that 
Q(Z) and Q*(Z) both have exactly £ roots in D(0, 1). 

Fix a root atj, and expand Q(Z) and A(Z) as power series in Z — aj: 

Q(Z) = B { J) +B[ J \Z-aj) + B { 2 J \Z-aj) 2 + --- , 

A(Z) = Ai J) +Ai J 1 ) (Z-a J ) + A( J) (Z-a J ) 2 + --- . 

The initial part of the Newton Polygon of Q(Z) (expanded about aj) coincides with 
that of V(Z), while its remaining sides have slope > 0. Here 

V(Z) = H((Z - aj) - (aj - aj)) = j^A^iZ-aj)' . 

j i=0 

The coefficients A\ are symmetric polynomials in the ay — aj. In particular A^ = and 

A[ J) = ±l[(a j -aj). 

Suppose J £ Si. By part (A) of Lemma H 1.51 



ord„( JJ(aj-aj)) < 










q-l 



For each k ^ i, by part (B) of Lemma lll.5| 

ord„( J J (aj-aj)) < ——r + T 

jes k q 

since maxj e ,5 fc (ord„(aj — aj)) < T. Summing these, we see that 



ord„(4 J) ) < 



q-l 



+ (r-l)T . 



For each i > 2 



A 



U) 



±A 



(J) 



£ 



I 



each j k ^ J 



(a jl -aj)--- (aj^ - aj) 



J 
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just as in the Basic Patching Lemma. We have oid v (aj — aj) < T for each j ^ J. Hence 

ord t ,(4 J) ) > ord v (A[ J) ) - (i - \)T . 
Returning to the Newton polygon of Q(Z), we see that Bq = 0, 



and for each i > 2 



ord„(5J J) ) = ord t ,(4 J) ) < ——r + {r-l)T 



ord u (Bf ) ) > ord„(fi{ J) ) - (t - 1)T . 

(Note that T > unless £ = 0, in which case there is nothing to prove.) 
For the power series A (Z), elementary estimates give 

ord„(Aj J) ) > — e — + {r-l)T + M 
% q — 1 

for each i. In particular ord„(A^ {) > — j + (r — 1)T, and ord„(A> ) > ordy(-Bx) — (i — 1)T 
for each i > 2. 

Now consider the Newton polygon of Q*(Z) = Q(Z) + A(Z), expanded about aj: 

Q*(Z) = C^ ,) +c[ J \Z-aj) + C { 2 , \Z-a J ) 2 + --- . 

By the discussion above, 



ord t ,(C^0 = ord„(A^ ; ) > — -^ + (r - 1)T + Af , 
ord„(cf } ) = ord v (B[ J) ) < -£- + (r-l)T, 



and for each i > 2, 

ord t ,(Cf J) ) > ord t ,(s{ J) )-(i-l)T. 

Since M >T, the Newton polygon of Q*(Z) has a break at ? = 1, and its initial segment 
has slope < —M. Hence Q*(Z) has a unique root a} satisfying 

ord v (a*j — aj) > M . 

Since Q*(Z) € i ?1 u [[Z']], the theory of Newton Polygons shows that Z — a j is a linear factor 

in the Weierstrass factorization of Q*(Z) over F u (see Proposition 13.36T B)). Thus a*j £ O u . 

This applies for each J. Since M > T, the roots a* are distinct and form a union of 

^-regular sequences in O u attached to S\, . . . ,S r . □ 

2. Stirling Polynomials when chav(K v ) = p > 0. 

In this section, assume that char(isT„) = p > 0. 

In Proposition 111.91 below, we will show that by requiring that n be divisible by a 
sufficiently high power of p, we can make arbitrarily many high order coefficients of the 
Stirling polynomial S ntV (z) = YYjZo( z ~ tyvij)) De 0- This fact plays a key role in the 
degree-raising argument in the proof of Theorem 111.21 in §11131 

We begin with a lemma concerning homogeneous products of linear forms over a finite 
field. 
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Lemma 11.8. Let ¥ q be the finite field with q elements, let r > 1 be an integer, and put 

r 

(11.19) Q r (z;T x , . . . ,T r ) = [] (z-J2<H T i)- 

ai,...,a r e¥ q i=l 

Then Q r has the form 

r 

(11.20) Q r (z;T u ...,T r ) = z? + J^ P r ,e{T u . . . ,T r ) ■ z qT ~ l 

f.=i 

where P r ^(T\, . . . ,T r ) is a homogeneous polynomial of degree q r — q r ~ i in ¥ q [T\,... ,T r ] 
which is symmetric in T\, . . . , T r , for each £ = 1, . . . , r. 

Proof. Since Q r is symmetric in T±, . . . ,T r and is homogeneous of degree q r , if Q r has 
the form (I11.20J) . necessarily the P r ^{T\, . . . ,T r ) are symmetric in T\, . . . , T r and homoge- 
neous of degree q r — q r ~ l . 

We now prove (|11.20p by induction on r. When r = 1, 

Q l (z;T) = l[( z -aT) = Ti-H(^-a) 

a& q a£¥ q 

(11.21) = 2*. ((£)«_£) = *-T*-i-z. 

Now suppose that (|11.2U|) holds for some r. Then for r + 1, 

r+l 

Q r+ i(z;T u . . . ,T r+1 ) = ]J ( II '" II (( z - a i T i)-^ aiTi 

aiSF, a 2 eF 9 a r+ i6F g i=2 

= _ Q r (z - aiTi;T 2; ... ,T r+1 ) . 

aiSF, 

Using (|11.20p for Q r (z — a\Ti;T 2 , . . . ,T r+ i), noting that (z — a\T\) q = z q — a±Tf, and 
applying (J11.21J) . we see that Q r+ ±(z;Ti, . . . ,T r+ i) has the form 

r 

Qr+i(*;Ti, . . . ,T r+1 ) = J] ((X - ai Tf) + Y, {*?" ~ ailf ~y r /T 2 , . . . ,T r+1 )) 

aiSF, £=1 

= \Qr(z;T 2 ,... ,T r+ i) - a 1 Q r (Ti;T 2 ,...,T r )) 

aiSFq 

= Q r (z;T 2 , . . . ,T r+1 ) q -Q r (z;T 2 ,...,T r+1 ) ■ Q r {T\\ T 2 , . . . ,T r ) 9_1 . 

Using (|ll,20p for Q r (z;T 2 , . . . , T r+ \), then expanding the q-th power and collecting terms, 
we obtain 

r+l 

Q r +i(z;Ti, . . . ,T r+1 ) = z ql + ^P r+1>i (T 1 ,...,T r+1 ) ■ z qT . \j 

i=i 

Now let tt v be a uniformizer for the maximal ideal of O v . Let q = q v = p* v be the order of 
the residue field O v /n v O v . By the structure theory of local fields in positive characteristic, 
O v = ¥ q [[-K v ]] and K v = ¥ q ((iT v )). The following proposition uses the fact that in the basic 
well-distributed sequence {ip v {k)}o<k«x> for O v , the representatives tp v (0), ■ ■ ■ ,ip v (q — 1) for 
O v /ir v O v are the Teichmiiller representatives, the elements of ¥ q . 
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Proposition 11.9. Let K v = W q ((ir v )) be a local field of characteristic p > 0. If q r \n 
for some r > 0, then S n)V {z) can be expanded as 



(11.22) S n>v (z) = z n + Yl C J zn ~ 



with each Cj € O v . 

Proof. First suppose n = q r for some r > 0. The numbers ip v {k), for k = 0, . . . , q r — 1, 
run over all possible sums a^ + a\-K v + • • • + a r _i7r£ _1 with a , . . . , a r _\ £ ¥ q . By Lemma 

EEBl 

(11.23) S q r yV (z) = Q r (z;l,ir v ,. . . ,nl~ l ) = z qT + A r z qT + terms of lower degree , 

where A r = P r i(l,7r v , . . . , 7r£ _1 ). Now suppose n = q r £. If < k < £ and we write 
k = jq r + s with < j < £, < s < q r , then ip v (k) = tpv(j)^v + V^( s )- It follows that 

£-lq r -l £-1 

Sn,v( Z ) = II II ( Z ~ ^v(j)K - ^v(s)) = Y[ S q r A Z ~ ^v(j)K) 

t-\ 

(11.24) = J ((z - ipv(j)K) qr + A r ■ (z - ipvi^K) 9 ^ 1 + terms of lower degree") . 

3=0 

Since (z — ip v (j)irl) q = z q — tp v (j) q 7r qr , upon multiplying out ()11.24p we see that 

S n ,v{z) = {z qr ) e + £ ■ (z qr f- 1 {A r z q1 " 1 ) + terms of lower degree , 
which yields fllL22J). □ 

3. Proof of Theorems flTTI and [TO 

In this section we prove Theorems 111.11 and 111.21 The construction is a generalization 
of those in ([52]) and ([53]). 

We begin the construction with 

n-l 

G^(z) = s n , v (Mz)) = l[(M*)-M)) 

3=0 
m (n-l)JVi-l A 

= 2_j 2_^ Ay^j^nNj-j + 2 ,A Vt \ip\ , 

i=l j=0 A=l 

whose leading coefficient at Xi is A v ^q = c% i - 

The roots {0hj}i<h<N,o<j<n of GVOz) b elong to H v := E v n ( U/Li B (^ ; Pfe)), and are 
distinct. Indeed, as noted at the beginning of JEHU for each h there is a 1 — 1 correspondence 
between the roots Ohj of S n>v (cj) v (z)) in B(8h, Ph) and the zeros a/y of S ntV ($>h(Z)) in -D(0, 1), 
given by 6hj = Phicthj) for j = 0, . . . , n — 1. Moreover, the a^j belong to Uh , and form a 
^-regular sequence of length n in Uh . Put 

AT D 

(11.25) C/° := (Js^,^) c U v = \jB(a e ,r e ). 

h=i e=i 
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For suitable n, the patching process will inductively construct ^-rational (X, s)-functions 
Gv (z), for k = 1, . . . , n, whose roots belong to H v for all k. For each k, there will be a 
natural 1 — 1 correspondence between the roots of G v ~ (z) and Gv (z), and the roots of 
Gv (z) will be distinct. The conditions on n needed for the construction to succeed will be 
noted as they arise; they will all require that n be sufficiently large, or that it be divisible 
by a certain integer. Only a finite number of conditions will be imposed, so there is an 
n v > 1 such that the construction will succeed if n is sufficiently large and divisible by n v . 

Recall that 
(11.26) M v = maxfmax max (\\(pij\\ Uv ),max(\\(px\\u v )) ■ 

We have defined k v to be the smallest integer such that for all k > k v , 



[11.27) h£ k -M v < qv 



(^r+iog„(fc+i)) 



The global patching process specifies a number k > k v , the number of bands of coefficients 
considered "high-order" . 

Phase 1. Patching the leading and high-order coefficients, for k = 1, . . . , k. 

The patching constructions for the leading and high-order coefficients are different when 
oh.ax(K v ) = and when char(l^) = p > 0. 

Case A. Suppose char(K v ) = 0. 

In this case, the leading coefficient is patched along with the other high order coefficients. 
The bound for the high order patching coefficients in Theorem 111.11 is B v = h% . Since 
< h v < 1 and k > k v , it follows from (I11.27P that 

(11.28) B v -M v = h k v N -M v < q^^ 1 < q v "^ 

for each k = 1, . . . , k. 

When k = 1, we are given a K„-symmetric set of numbers {Aj, :. € -kto„}(i,j)eBandjv(i)' 
determined recursively in -<n order, such that for each (i,j), 

(11-29) |A^.|, < B v . 

Put Si = {0,1}, and let 

n-l 

p x (x) = Y[(x-i/> v v)), Pi(s) = H(x-au)) 

jeSi j=2 

so S ntV (x) = P\{x) ■ P\(x). Set Qi(z) = P\((j) v (z)); then 

Gf\z) = Q 1 (z) ■ P^z)) . 
For each (i,j) € Bandar (1), put 

Thus v v L(z) has a pole of order nN{ — j at X{ with leading coefficient c^~ , and a pole of 
order (n — 2)iVj/ at each xy ^ xi. By construction the $ v L(z) are ^-symmetric . Since 
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the A V L are i^-symmetric as well, for each (i,j) 

E A v}>/$j e KM ■ 

x t i eAut c (C„ / K v )(xi) 

This assures that when the global patching process determines the patching coefficients 
Aj--(z) recursively in -<tv order, the partially patched function G v (z) is ^-rational after 
each Aut(K/.ff )-orbit of coefficients is chosen. 
Patch G v (z) by setting 

t=l j=0 

Then G v (z) is a fQ,-rational (X, s)-function of degree Nn. 

Now consider how the roots {0/y} change in passing from to G{, (2) to G{, (2). If we 
write A vA (z) = YZi Ef=o' A S, ' <Pi,2Ni-j(*)> and P ut 

G\{z) = Q 1 (z) + A„,i(z) , 

then by our choice of the $ v L(z) 

G v l \z) = G\{z)-P l (Uz)). 

Hence the roots 9hj with j > 2 are all preserved. 

For each ball B(9h, ph), let at '■ D(Q, 1) — > B(9h, Ph) be the F Ufi -rational parametrization 
from §11111 recall that 9hj = &h(&hj)- By abuse of language, we will refer to both the 9hj 
and the a hj as "roots". By pi.2f)|) . IJIT251) and (J11.29J) . 

II^i^IIbj < 5,-M„ < g -(V( 9 -D+iog„(2)) . 

Put Q 1)h (Z) = Qi(a h (Z)) = Py{® h (Z))) and Ai, h (Z) = A«,i(a h (Z)). The roots {a M ,a W } 
of Qi,h(Z) form a ^-regular sequence of length 2 in U/i , and HAi^H^o.i) ^ g - ( 2 /« -1 )+ lo 8w( 2 )). 
By Lemma [11.61 the roots of Q\ h (Z) = Q\ t h(Z) + Ai^(Z) form a ^-regular sequence 
{o:^ , a* hl } of length 2 in O w , with 

ord ^(«ho - «/io) > log„(2), ord v (a* hl - a hl ) > log„(2) . 

Thus the roots of G v (dh{Z)) in -D(0, 1) are 

{a* h0 , a* hl1 och2, • • • , «/i,n-i} , 

a union of a ^-regular sequence of length 2 and the remaining n — 2 elements of the original 
V^-regular sequence of length n. Transferring this back to G v (z), put 9* hQ = Gh(a* hQ ), 

9* hl = a h (a* hl ). Then 9* h0 ,9* hl e B(9 h , Ph ) n C(F Uh ) C E v . The roots of G v X \z) in B(9 h ,p h ) 
are 

{^hO'^ft.l'^2, ■ ■ • ,9h,n-l} ■ 

Let E Vt i = 1 + A^ iQ . Since the A^ iQ are ^-symmetric, with |A* iQ \ v < 1 for each i, the 
e V) j form a if„-symmetric system of units in 0* v . The leading coefficient A v ^o = c^ i of 
Gv (z) at Xi is changed to s v ,iC^i in G„ (2). (From the global patching process, we know 
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XN _ ,,«/"() 



that £ v> iC^ i = n i where the m are the S'-units from Theorem I7.11J however, from a local 
standpoint, this is irrelevant.) The leading coefficient of Q\{z) at Xi is e„,j. 

Next we construct the G v (z) for k = 2,...,k. Each G\, (z) will be a ^-rational 
(X, s)-function of degree nN, having a pole of order nNi and leading coefficient £ v ,iC%i at 
X{, and with a factorization into i^-rational (X, s)-functions of the form 

Gi k \z) = Ql(z)Q* 2 (z)...QUz).P k (Mz))- 
The properties of the Q* k {z) will be discussed below. 

Recall that S\ = {0,1}. Put £2 = {2,3,4}, £3 = {5,6,7,8}, and so on, through S^, 
where S k consists of the next k + 1 integers in {0, 1, . . . ,n — 1} after S k ^i. Explicitly, 

(11-30) S k = {j k ,...,j k + k} 

where j k = (k 2 + k — 2)/2. For this to be possible we need 

(11.31) n > (k 2 + 3k-2)/2 

which we henceforth assume. 

In the k step, the roots corresponding to S k will be moved. Put 

(11.32) Pk(x)=H(x-MJ)), h{x)= J] (x-M)), 

jeS k 0<j<n-l, j<£SiU...S k 

so that S n ,v(x) = Pi(aj) • • • P k (x) ■ P k (x) and Pk-i(x) = P k (x) ■ P k (x). Set 

(11.33) Q k (z) = P k (Mz)) ■ 

For each k, 2 < k < k, the function Q* k {z) will have the following properties: 

(1) Q k (z) is obtained by perturbing Q k (z); 

(2) Q k (z) is a if^-rational (X, s)-function of degree (k + 1)N, with a pole of order 
(k + l)N{ and leading coefficient c v ~\ at xf, 

(3) For each ball B(9h, Ph), the roots {a^ Jfc , . . . , a* hjk+k } of Q* k (dh{Z)) in Z?(0, 1) form 

a V\>-regular sequence {a^}^^ of length k + 1 in C Ufc relative to $/,(Z), and for 

each j £ S k 

k + 1 
ord„(c4,- - a hj ) > —— + log„(A; + 1); 

(4) For each ball B(6 h , Ph ), \\Q%\\ B (6 h ,p h ) = 1- 
Inductively suppose £?{, (2) has been constructed, with 

Gi k -V(z) = QU*)---Ql-i(*)-Pk-i(<t>v(z)) 

(11.34) = Ql(z) • • • Ql_ x {z) ■ Q k (z) ■ P k (Mz)) ■ 
Expand 

m (n-l)TVi-l a 

G^Hz) = ^ J2 ^v,i j 'Pi,nN l - j (z)+Y, A ^^ Z ) ■ 
i=l j=0 A=l 

The A v ^j and A v ^\ belong to L Wv and are i^-symmetric. 
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We are given a i^-symmetric set of numbers {A^-- G -^w^}(ij)eBand JV (fc)) determined 
recursively in -<n order, such that for each (i,j) 

(H-35) |A^.|, < B v . 

For each (i,j) € Band^A;), we have {k — l)iVj < j < fciVj. Let Vij = (k + l)iVj — j, so 
^i < r ij < 2iVj and nNi — j = (n — k — l)iVj + rjj , and put 

fc-i 
(H-36) tfg> ("*) = e~l • Vi , rtf (z) • J] Q}(z) ■ P k (Mz)) • 

e=i 

Then v vi Az) has a pole of order n./Vj — j at Xj. Its leading coefficient at Xi is c^y ~ , 
because the leading coefficient of Q\{z) is e„i, while for 2 < I <k — l the leading coefficient 
of Q\{z) is c^ . It has a pole of order at most {n — k — l)Ni> at each xy ^ xi. 

Since the c^j, e^, and (fij(z) are ^-symmetric, and P k ((j) v (z)) is i^-rational, the 
VyiAz) are ^-symmetric. Thus for each (i, j), 

E A $/$; G ^ • 

We patch G{, (z) by setting 

m fciVj-l 

(H-37) G«(z) = G^W + E £ A S^(*)- 

i=l j=(k-l)Ni 

The coefficients A^y with j < (A; — l)iVj remain unchanged. In particular, Gl, (z) has the 

same leading coefficients £ v ,iC^i as G|, (z). Each G« (z) is a ^-rational (X, s)-function of 
degree nN, so its roots are i^-symmetric. 

Put 

m kN{ 

(11.38) A v>k (z) = E E <*T e «,i*W*) « 

i=l j = (fc-l)AT I + l 

(11-39) Q* k (z) = Q k (z) + A v>k (z) . 

Then A v k (z) and Qt(z) are K v rational. Since Qk{z) has a pole of order (fc + l)iVj at each 
Xj, with leading coefficient c^ , while A Vjk (z) has a pole of order at most 2N{ at xi, Q* k {z) 
has the same leading coefficients as Qk(z). 

By (|11.34|) and the definition of the "& v L{z), changes in the roots of G\, (z) are 
localized to the factor Qk{z) = Pk{<j>v{z))\ 

(11.40) Gi k \z) = Ql(z)Q* 2 (z) • • • Ql(z) • P k (Mz)) - 

Furthermore, by (fTl~26]) . (fTL28|) . and (fTL35]) 

In particular, for each ball B(0 h ,p h ), we have \\A v>k (z)\\ B ^ hiPh ) < 1 while \\Qk(z)\\ B (e h , Ph ) = 
1, so \\Q* k (z)\\ B( htPh) = 1. 
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Let a^ : D(0, 1) — > B(6h,Ph) be the chosen F Uh -rational parametrization; recall that 
9hj =Ma hj ). Apply Lemma US] to Q k , h (Z) = Q k {a h {Z)) = i\(8 h (Z))) and A k>h (Z) = 
A Vt k(cfh(Z))- The roots of Q k ,h(Z) in D(0, 1) are {oihj}jeS k -, which is a ^-regular sequence 
of length k + 1 in C U;j in attached to 5 fc , and ||A fej/l ||£, (0jl) < g-( fc + l )/(9- l )- l °s 1 >( fe + 1 ). By 
Lemma f"l 1,6 1 the roots {c*jL}jes fc of Q* k h (Z) = Q kt f l (Z)+A kt h(Z) form a ^-regular sequence 
of length k + 1 in C Uh , with 

(11.41) ord„(a^ -a hi ) > log v (k + l) 

for each j £ S k - 

Thus the roots of G„ (dh(Z)) in .D(0, 1) are 

{a* h0 ,a* hl , a* h2 ,a* h3 ,a* h4 , ...,a* h j k+k , ath,j k+1 , ■ ■ ■ ,oth,n-i} , 
which is a union of k ^-regular sequences of lengths 2, 3, 4, . . . , k + 1, together with the 

(k) 

remainder of the original ^-regular sequence of length n. Transferring this back to G v (z), 
put 0? ■ = ah{a* h -) for each j £ S k . The roots of Gv (z) in B(9h, Ph) are 

( q* q* q* q* a* q* a a \ 

\ v hQi a hli a h2i a h& a h4:i • ■ • i°h,j k +ki U h,j k+X i ■ ■ ■ > °h,n-ll i 

and they all belong to C v (F Uh ) n B(9 h ,p h ). 

Case B. Suppose char(i^) = p > 0. 

In this case the goals of the high-order patching process are different. First, we need to 
choose n v so that if n v \n, then when G v (z) = S ntV ((j) v (z)) is expanded using the L-rational 
basis as 

m (n-l)iVj-l A 

(11.42) G v °\z) = Y, E A v ^ hnNi . 3 {z) + Y,K^x(z), 

i=l j=0 A=l 

we have A v ^j = for all (i,j) with 1 < i < m, 1 < j < fciVj. Second, when we patch the 
leading coefficients A^jo = c^ j , we must carry out the patching process in such a way that 
the A v jj with 1 < i < m, 1 < j > < £;iVj remain 0. 

To accomplish these goals, we will choose n v and L? t , differently from how they were 
chosen when char(LT„) = 0. Recall that q = q v = p* v is the order of the residue field of O v , 
and that k v is the least integer for such that for all k > k v , 

(ii.43) h N v k -M v < q -(m+ io ^ k +^ . 

Recall also that J = p is the least power of p such that 

p A > max (2g + 1, max ([K( Xi ) : K] inscp )) , 

l<i<m 

(see §3l3j) and that we have chosen iV in such a way that J\N,- t for each i. By the construction 
of the L-rational and L sep -rational bases, this means that <Pi t nNi(z) = <Pi,nNi(z) is L scp - 
rational for each i = 1, . . . , m. 

Let k > feu is a fixed integer specified by the global patching process. We will take 
n v = q r to be the least power of q such that 



: iL44 ) 1 „r „r-l 



q r > m.SiX.(kNi, . . . ,kN„ 
q r -q r ~ l > k, 
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and take 

(^+io g „K)) 
(11.45) B v 




2 ' maxi (\c^%\\(p ijnvNi \\ Uv ) 



Note that J\n v , since n v > kNi > J and both n v and J are powers of p. 

We will that for see all sufficiently large n divisible by n v , we can carry out the patching 
process described in Theorem 111.21 

Given n divisible by n v , write n = n v Q = q r ■ Q, and put G v (z) = S n ^ v ((j) v (z)). We 
first show when G v (z) is expanded as in (jll.42p . then the high-order coefficients A v ^j are 
for 1 < i < in, 1 < j < kNi, as required. For this, we apply Proposition 111.9] which says 
that S ntV (x) has the form 

(11.46) S n , v (x) = x n + J2 C J xn ~ J 

j = q r- q r-l 

with each Cj 6 O v . 

For each i, the leading coefficient of G v (z) at Xi is c^ i , which belongs to K v (xi) sep 
since c v ^ S K v (xi) scp by the construction of (/) v (z). If we expand (f> v {zp using the L-rational 

basis as 

m (Q-l)JV^-l A 

<Pv{z) Q = E E B v,im,QN t -j(z) + ^B X (p\{z) , 

i=l j=0 A=l 

then since c\\ax{K v ) = p > and n v is a power of p, it follows that 

m {Q-l)Ni-l A 

Mz) n = {Uz) Q r = E E ^^h(*) b ' + E 5 A>A(*r • 

i=l j=0 A=l 

Here for each i, since J\Ni, Proposition 13.31( B) shows that P™q n . = ^Pi,nNi, and since the 
leading coefficient of (f> v (z) is c V)i , we have B^- = ^-. Each term B^ ij ip^Q Ni ^j(z) Uv for 
j i > 1 has a pole of order at most nNi — n v at Xi and no other poles, and the B^ v ip\(z) nv 
have poles of order at most n v Ni> at each Xj/. Thus if n > n„ + 1, which we henceforth 
assume, then 

m 

(11.47) (f) v (z) n = y^c^ : ifi,nNi(z) + terms with poles of order < (n — n v )Ni at each Xi . 

i=l 

Now consider 

n 

(11.48) Gi°\z) = S n , v {4> v {z)) = Mz) n + E c M*T~ j ■ 

j=q r -q r ~ 1 

By (|11.44ft . (I11.46P and (111.471) . when g{?\z) is expanded as in (|11.42p the coefficients A Vjij 
for 1 < i < m, 1 < j ' < fciVj are all 0. 

We next carry out the patching process for the stage k = 1. We want to modify the 
leading coefficients A v> iQ and leave the remaining-order high coefficients A v ^j for 1 < j < kNi 
(which are 0) unchanged. By assumption, we are given a ET^-symmetric set of numbers 
{A;j G L Wu }i<i< mfi <j < N i -, with |AW | W < B v for each i, and A;^. = for all j > 1 and 
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all i, such that A^ belongs to K v (xi) sep for each i, and we wish to replace A V; io = c%i 

with^+A^o^'mdnaz!). 

We claim that taking 
(H-49) 9%(z) = r v ^ nvNi (z).S n . nv ^ v {z)) 

in Theorem 111.21 for each i = 1, . . . , m, and then putting 

m 

(H-50) GM(z) = G<g\z) + J>g o 0«(z) , 

i=l 

accomplishes what we need. Let H(z) denote the sum on the right side of (|11.50|) . 

First, adding H(z) to G{, (z) adds A^ ^c^ *° A>,«o = c%n f° r each i. This follows 
from the fact that ^ V i { Pi,n v N i {z) • 5n-n,,,«(0t;(^)) has a pole of order niVj at Xj with leading 
coefficient c^ i5 and at each Xj' ^ Xj its pole has order less than (n — k)Ni>. 

Put £ Vj j = 1 + A^ ' i0 ; then the leading coefficient of G v (z) at Xj is £ Vl iC^ i - Since the A^ < Q 

are ^-symmetric, with A^ G ET„(xi) sep and |A^ |„ < B v < 1 for each i, the £„,$ form a 
^-symmetric system of O^f-units with e v ^ £ K v (xi) sep for each i. Since c Vj i belongs to 
K v (xi) scp , so does £ v ,i^i- 

Second, adding H(z) to G v (z) leaves A v ^j = for 1 < i < m, 1 < j < feTVj. To see 
this, note that if n = n v Q then n — n v = n v (Q — 1). Since n v \(n — n v ), Proposition 111.91 
and an argument like the one which gave (]11.48p show that 



n—n v —j 



(ii.5i) s n . nv , v (Mz)) = Mz) n ~ nv + E C 'M Z ) 

j= q r- q r-l 

for certain C' £ 0„. Likewise, by an argument similar to the one which gave (111.47p . if 
n > n v + 2 (which we henceforth assume) , then 

m 

(11.52) ^(Z)"^- = Y,<r V ^(n-n v )N l (z) 

i=\ 
+ terms with poles of order < (n — 2n v )Ni at each Xj . 

Finally, since J\N{ for each i, Proposition 13.3( B) shows that for each basis function ifij(z) 
we have 

(11-53) <Pi,n v Ni(z) -<Pij(z) = ip i)nvNl+j (z) . 

Combining (|11.5ip . (J11.52J) and (lll.53p . and using that q r — q r ~ l > k, we see that 

0v,io( z ) = ^i<Pi,nvNi(z) ■ S n - nv ,v(Mz)) 

(11.54) = c£ itpi,nNi(z) + terms with poles of order < (n — k)Ni> at each x\ . 

Thus { v J o (z) = cZ ti LPi,nNi(z) + ® v }o( z ) l° r an (^' ^-function ® v J (z) with poles of order at 
most (n — k)Ni> at each av, as asserted in Theorem 111.21 

Third, v Iq{z) is rational over K v (xi) sep for each i, and the viQ {z) are ^-symmetric. 
To see this, note that (pi^N^z) = ^>i )nv Ni{z) is rational over K v (xi) sep by Proposition 
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13.3( B). since J\Ni. Furthermore, c v ,i G K v (xi) sep by hypothesis, and S n - nv ^ v ((p v (z)) is K v - 
rational, so 9 v l (z) is .K„(:Ej) scp -rational. The 9 viQ {z) are ^-symmetric since the c Uj j and 
¥>i,n v Ni(z) are if„-symmetric and S n - nv>v {(j) v {z)) is ^-rational. 

Fourth, G v (z) is ^-rational. To see this, note that c^\ belongs to K v (xi) sep , and the 
6 V Iq{z) are rational over L,^ -rational and ^-symmetric as remarked above. It follows that 
H(z) is ^-rational. Since Gi, (z) is ^-rational, Gv (z) is ^-rational as well. 

We will now show that the roots of Gv (z) belong to E v . Let 
S\ = {n — n v ,n — n v + 1, . . . ,n — 1} , 
and put Pi(x) = H jeSl (x - ip v (j)), Pl(x) = S n ^ nv:V (x) = iYjZo^i 00 ~ AU)), so 

S n ,v(x) = Pi(x) ■ S n - nv>v (x) = P\(x) ■ Pl{x) . 

Since G v (z) = S n ,v{(/>v(z)), using (I11.49P we can write (jll.50|) as 

m 
<#>(*) = G v °\z) + (j2 A %-^;i<Pi,n v NM)-Sn-n v A<t>v(z)) 

8=1 

PiiMz)) + &vA z )) ■ MM*)) 

Ql(z) ■ Pi(Uz)) , 

where A v>1 {z) = Igi^ ^.^W and Q\(z) = P 1 (^(z))+A 1) , 1 (z). Since |A$,|„ < 
B v for each i, by (|11.45p and the ultrametric inequality we have 

In particular, for each ball B(9 h ,p h ), we have \\A vA (z)\\ B{0htPh) < q ~n v /( q -i)-\o gv (n v ) < L 
Since \\P 1 ((f) v (z))\\ B{0htPh) = 1, it follows that \\Q\{z)\\ B{ e h) p h ) = 1. 

For each /i = 1, . . . , iV, let Gh : D(0, 1) — > B(9h, ph) be the F Uft -rational parametrization 
chosen at the beginning of E jlllll recall that the roots of S ntV (4>v(z)) in B(6h, ph) are 6hj for 
j = 0, . . . ,n - 1 and that 6> hj = a h (a hj ) where a ftj = § h (ip v (j )) G C Uh . 

Just as when char(iT^) = 0, we can apply Lemma [11.61 to Q\^{Z) = Qi(Bh(Z)) and 
Ai t h(Z) = A v ,i(dh(Z))- The roots of Qi,h(Z) in .D(0, 1) are {ahj}jESn which is a ^-regular 
sequence of length n v in Uh in attached to S\. By Lemma [11.61 the roots {aL}^ of 
Q^ ^(Z) = Qi,h(Z) + Ai t h(Z) form a ^-regular sequence of length n« in C Uft , with 

(11.55) ovd v (a* hj - a h j) > log„(n„) 

for each j G <Si . 

Thus the roots of Gi, (Sh(Z)) in .D(0, 1) are 

r * * i 

\ a /i0) C^/ilj • • • j Olh,n—n v — lj a h,n-n v ' ■ ■ ■ ' a h,n~l J 1 

which is the union of the initial part of the original ^-regular sequence of length n and a 
T/Vregular sequence of length n v . Transferring this back to Gi, {z), put Q* h - = ah{a* h -) for 



each j G S\. Then the roots of G v (z) in B(8^,ph) are 

{9h0>0hl,---,9h,n~-n v -l> ^h,n-n v i ■ ■ ■ i@h,n-l} > 

and they all belong to C v (F Uh ) n B(9h, ph) C .E,,. 
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For k = 2, . . . , k, we have A^ i ■ = for all (i, j), and we take G v (z) = G[,~ (z) . For 
notational compatibility with Case A, for each k = 2, . . . , k let S k be the empty set and put 
Q* k {z) = 1, P k (z) = Pi(z). Thus for each k 

Gi k \z) = Ql(z)Q* 2 (z)...QUz).P k (Mz))- 
Note that the leading coefficient of Q\{z) at Xi is e v ^\. 

Phase 2. Patching for k = k + I, . . . ,k\. 
Since k > k v , for each k > k + 1 we have 

Let fci be the least integer such that for all k > k±, 

(11.56) h k v N ■ M v < g-i^-^W . 
If n is large enough that 

(11.57) g -|±T-log,(n) < h kN . Mt; ^ 

which we henceforth assume, then k\ > k. Since h^f < q~ 1 'y q ~ 1 > , there is a constant A\ > 
such that 

fei < Ailog„(n) , 

so if n is sufficiently large, then n> k\ which we also assume. 

The purpose of Phase 2 is simply to "carry on" until k is large enough that (|11.56[) 
holds, at which point Lemma [11.61 preserves the position of the roots a/y within balls of size 

q v ogv . Equivalently, in patching steps for k > k± , each pair of patched and unpatched 
roots will satisfy 

oid v (a* hj - a hj ) > log„(n) . 

The patching process in Phase 2 is the same as the one for steps k > 2 in Case A of Phase 

,(fc) 

v,ij 



1 , except that in place of (|11.35j) we require that each A;, • ■ satisfy 



(11-58) |AW|„ < h kN . 

When chax(K v ) = 0, for each k = k + 1, . . . , k\ we put S^ = {jk, ■ ■ ■ ,jk + k} as in ([11. 301) . 
When ch&r(K v ) = p > 0, we put <% +1 = {0, 1, . . . , k} and for k = k + 2, . . . , k\ we let Sk be 
the set consisting of the next k + 1 integers after Sk-i- These Sk will be subsequences of 
{0, 1, . . . , n — 1} if n is large enough that 

(11.59) n > n v + {Ay log v (n) + 1)(A 1 log v (n) + 2)/2 , 

which we henceforth assume. 

Let the P k (z), P k (z), Q k (z), and Q* k (z) be as in (TTQ2J) . (TTOal) . and (fTQ9]) . Inductively 

suppose G« (z) has been constructed with 

Gi k -V(z) = Q* 1 (z)---Qt_ 1 {z)-P k -i(M*)) 

(11.60) = Ql(z) ■ ■ ■ Ql^(z) ■ P k (Mz)) ■ h(Mz)) 



■ (fe) ^) 
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When cha.T(K v ) = we patch Gi,~ (z) by setting 

m kNi—1 

Gi k \ z) = (%-%)+ j: e ^h<i 

i=lj=(k-l)Ni 

= Ql(z)--- Ql^(z) ■ {P k (Mz)) + *vM) ■ h(M*)) , 
where the compensating functions are 

4%(z) = ^}<Pi,(k + w i - j (z)-QUz)---Qk-i(z)-Pk(Mz)), 

and where as in (jll.38p . 

m kNi—1 

&vA z ) = E E A S' e «,.Vi,(fc+i)iv i -j(z) . 

i=l i=(fe-l)JVi 

It is easy to see that the $ v [■ (z) have the properties required by Theorem 111.11 Including 

the factor of e~ i makes the leading coefficient of $ v (Az) at Xj be c^y _ . 
When c\iai(K v ) = p > 0, we put 

m kNi-l 

A v>k {z) = E E A £y " W+iW-iC*) ' 

i=l j=(k-l)N t 

which is fC„-rational by the hypotheses of Theorem 111.21 and let 

FvM = Ql(z) ■ ■ ■ Ql-i(z) ■ h(Mz)) ■ 
We patch Gi, (z) by setting 

GW(z) = Gi k - 1 \z) + A v , k (z)-F Vtk {z) 

= Ql(z) ■ ■ ■ Ql_ x (z) ■ (P k (Mz)) + A„, fc (z)) • Pk(Mz)) 
By induction F V)k {z) is K ^-rational, its roots belong in E v , and it has a pole of order 
{n — k — l)Ni with leading coefficient d Vi i = £ v ,iC^^ ~ at each X{. In particular \d v ^\ v = 
\c™~ ~ \ v . Thus F v k (z) satisfies the conditions of Theorem 111.21 

The two patching constructions are the same except for a minor difference in the choice 
of A 1)j fc(z), and in both cases 

\\Av,k\\u2 ^ max(A kij |„)-max(||^ (fc+1)Ar ._J^o) < h k v N ■ M v < g-^T"^^ 1 ) . 

The same argument as in Phase 1, using Lemma 111.61 shows that Qt.(z) = P k (4> v (z)) + 
A Vt k(z) is ^-rational and has its roots in E v . For each h = 1, . . . , N, the roots of Q%{z) in 
B{6h-,Ph) are &hj = ^hi&hj)-, f° r 3 ^ $k- Since for each h 

fc+1 



II A II ^ -^-^ogJk+1) 

\\K,k\\B{e,p h ) < Q "- 1 , 

the a* h - form a i/^-regular sequence of length k + 1 in O n ^ , and for each j G 5^ 

(11.61) ord t ,(a^- -q/jj) > log,, (fc + 1). 

After patching, we have a factorization 

Gf\z) = QUz)---QUz)-P k (Uz)), 
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so the induction in (jll.60p can continue. 

Phase 3. Moving the roots apart. 

At this point we have obtained a .fQ-rational (X, s)-function G v 1 (z) of degree nN 
whose coefficients A v ,ij with 1 < i < m, < j < k\N{ have been patched, and which has 
the factorization 

G^\z) = Q* 1 (z)---Qt 1 (z)-P kl (Mz))- 

Its zeros belong to E v , and it has n roots in each ball B(6h,Ph)'- when char(K v ) = 0, these 
are 

jo* n* n* a* a* a* a a \ 

\ a WiVhli a h2> a h3> a h<ii ■••) v hJ hl +kv ^h,j kl +ki+l, ■ ■ ■ > °h,n-lf ■ 

When the zeros in B{0h,Ph) are pulled back to D(0, 1) using a^, they become 

\ a h0i a *hl' Q h2; a h3> a h4> ■■■■> a *h,j kl +k 1 ^ a h,j kl +k 1 +l^ ■ ■ ■ , Ot-h,n-l} j 

a union of the ^-regular sequences in C Uh corresponding to 5i , . . . , 5/ Cl , together with the 
unpatched roots. For each k = 1, . . . , k\ the "patched" roots {aL}j65 fc satisfy 

ord v (a* hj - a hj ) > log v (#(S k )) 

relative to the original "unpatched" roots a^ for j € S k - 

Although the patched roots corresponding to S k are well-separated from each other, 
they may have come close to (or even coincide with) roots corresponding to some other 
Si or to unpatched roots. The purpose of Phase 3 is to move the patched roots a* h , to 
new points a^* which are well-separated from each other and the unpatched roots, while 

preserving the coefficients of G v {z) that have already been patched. 

We accomplish this in two steps. First, we move the patched roots away from any roots 
they have come too near to. This changes the high order coefficients. Second, we restore the 
high order coefficients to their original values, by re-patching using a new sequence of roots. 
We allow these new roots only to move in such a way that they stay well-separated from 
the other roots, which in turn limits how far the original a* h - can be moved. A computation 

shows that for a suitable constant A4, the roots a*^- of the re-patched function G v 1 (z) can 

be required to satisfy \a* h * - a* h * e \ v > u~ Aa (or equivalently ovd v (a* h * - a* h * e ) < A 4 log^(n)) 

for all h and all j / l. We then replace G { v kl \z) with G { v kl \z). 

There are several obstacles to carrying this out. Moving the roots a* h ■ generally results in 
a non-principal divisor. To compensate, we choose a collection of roots in "good position" 
which are well-separated from the patched roots, and move them to regain a principal 
divisor. (It is here that we use the assumption that H v is 'move-prepared'.) In Lemma 
Ill.lOl below. we construct a function Y(z) E K V (C) whose zeros are the moved roots, whose 

poles are the original roots, and which is very close to 1 outside U v . Multiplying G v 1 (z) 

by Y(z) yields a function G v (z) with the desired new roots. By standard estimates for 
Laurent coefficients, the amount the high-order coefficients are changed in passing from 
Gv {z) to G v 1 (z) depends on how close Y(z) is to 1 at the points x t , which in turn 
depends on how far the roots were moved. 

To restore the high-order coefficients to their previous values, we apply the basic patch- 
ing lemma but use a carefully chosen, previously unpatched sequence of roots to absorb the 
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resulting movement in the roots. We prove an estimate giving the "cost" of independently 
adjusting each coefficient. This tells us how far the a* h - can be moved. 

We now give the details of the construction, postponing the proofs of the three Moving 
Lemmas HUH ECU] andEHto 3TTM1 Put 

x _ -RoguMl 

For each a G D(0, 1), we will call the disc D(a, 5 n ) the "5 n -coset" of a, and we will refer to 
elements of{0,l,...,ra — l}as "indices". 

Let S = S\ U 5 2 U • • • U Sk x be the collection of indices which have already been used in 
the patching process; we will call it the set of "patched" indices. We will call its complement 
S® = {0, 1,... , n — 1}\5 A the set of "unpatched" indices. Let S^ C S^ be the collection 
of unpatched indices which Steps 1 and 2 of the patching process have "endangered" : the 
set of indices £ G 5^ for which some patched root a* h ■ has moved too close to an unpatched 
root ahf- 

S* = {£ G S : ord„(aL — aw) > log„(n) for some j G S\ U 5 2 U • • • U S^ 
and some h, 1 < h < N} . 

This set of indices must be "protected" until later in the patching process; we will call the 
corresponding roots "endangered" . Finally, put 

This is the set of indices which are "safe" to use in re-patching: for each £ G S , there is 
no h for which any a* h - belongs to the J n -coset of olm- 

We have #(<S ) < A2 ■ (log^(n)) 2 for an appropriate constant A-i- Since each patched 
root a* h ■ can belong to the <5 n -coset of at most one unpatched root ay, it follows that 

(11-62) #(5 A U5t) < (iV + lL4 2 (log») 2 . 

We view S US' as a collection of marked indices which partitions its complement in 
{0, 1, . . . , n — 1} (the set of "safe" indices S ) into a collection of sequences of consecutive 
integers. Let S° be the longest such sequence (to be specific, the first one, if there are two 
or more of the same length) . The Pigeon-hole Principle shows that by taking n sufficiently 
large, we can make S° arbitrarily long. If 

(11.63) n > {(N + l),4 2 (log») 2 + 1) • {A 1 log» + 2) , 
which we will henceforth assume, then 

(11.64) #(5°) > A 1 log v {n)+2 > h + 2. 

We will call S° the "long safe sequence". Write 5° = {jo,ji, ■ ■ ■ ,Jl}- The index jo will 
be used to provide the roots in "good position" needed to recover principal divisors when 
the a* h j are moved in the first step of the process. Let 

S°[ki] = {j!,...,j kl+ i} 

be the subsequence of 5° consisting of the next hi + 1 integers. This is the sequence of 
indices that will be used for "re-patching" in the second step. 

Our first lemma describes the properties of the divisor D and the function Y(z). It 
relates e, the distance we can move the roots, to C^e, a bound for the size of \Y(z) — 1| 



IV 
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Lemma 11.10. (First Moving Lemma) 

Let S n = q v ogv[ - n >\ S A , jo, and {0L G C v (F Uh )} l<h<N j<=s A be as above. Then there 
are an E\ > and constants C\,Ci > 1 (depending on (p v (z), E v , H v , and their K v -simple 
decompositions, but not on n), with the following property: 

For each < e < £\ such that 

(11.65) de < 6 n ■ min (p h ) , 

l<h<N 

given any K v - symmetric set {9* h * G C v (F Uh )llB(9 h , p h )} 1 ^ h ^ Nj£S A with ||6>£*, #^||„ < e for 
all (h,j), there is a K v -symmetric collection of points {#"• G C v (F Uh ) n B(9h, Ph)}i<h<N 
satisfying 

\\9*h,j i®h,j \\v < Cl £ < ^nP/i 

/or eac/i h, such that 
(A) The divisor 

N N 

(0h,j )) 



V = 


N 


N 




jeS A h=l 


h=l 



zs K v -rational and principal; 

(B) Writing U® = Uh=i B(9h,Ph) C £4, as before, we have 

(1) |y(z)|„ = 1 /or a// z G C„(C„)\£/°; 

(2) \Y(z) - 1|„ < C 2 e for all z G C V (C V )\U$. 

For now, let e > and {@h*j}i<h<N,jes A \J{j } be any number and collection of points 
satisfying the conditions of Lemma 111 .101 and let T> and Y(z) be the corresponding divisor 
and function. We will explain the rest of the construction, then make the final choice of e 
and the 9J* at the end. 

Put G v 1 (z) = Y(z)G v 1 (z). We first consider how the coefficients of G v 1 (z) change 
in passing from Gv 1 (z) to G v x (z). Write 

m {n-l)Ni-l A 

(11.66) G^(z) = J2 E A v , imnNi -j(z)+Y,AxMz), 

i=l j=0 A=l 

m (n-l)Ni-l A 

(11.67) G { v kl \z) = E E A v ^ hnNt . 3 (z) + Y,Ax^x(z). 

%=\ j=0 x=l 

Because G v 1 (z) and G v 1 (z) are ^-rational, the A V) ij and A Vi ij belong to L Wv and are 
^-symmetric. 

Lemma 11.11. (Second Moving Lemma) There are constants £2 > and C^,C^ > 1 
(depending on E v , X, the choices of the L-rational and L sep -rational bases, the uniformizers 
g Xi (z), and the projective embedding of C v ), such that if e and Y(z) are as in Lemma 
111.10), and in addition e < £2 and n is sufficiently large, then for all i = 1, . . . ,m and all 
< j < k\Ni, we have 
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We next ask about the largest change in the coefficients A Vj ij we can correct for, by 
re-patching. Write 

7(*l), 



G ( v kl \z) - Y{z)-G^\z) = Y(z)Ql(z)---Ql 1 (z).P kl (Uz)). 

9* hj for j G S A to the 9* h *, 



Multiplying g\ j 1 \z) by Y(z) moves the 6* hj for j G S A to the 6* h *, moves the 6 h j to the 



Oh* , and leaves all other zeros unchanged. Recalling that x — tp v (jo) is a factor of P kl (x), 
write 

P kl (x) = (x-ip v {jo)) ■ P klJo (x) 
and put 

Q kl (z) = Y(z)Ql(z)...Q* ki (z)(Mz)-Mjo)) 
so that 

(11.68) G { v kl \z) = Q kl (z) ■ P kl , jo ,(Mz)) ■ 

The function Q kl (z) accounts for the change in passing from G v \z) to G v 1 (z). It has 
the following properties. 

First, Q kl (z) is a i^-rational (X, s)-function, and it extends to a function defined and 
finite on B^^^ph), for each 1 < h < N. Indeed, the zeros of Q kl (z) are those of Y(z), and 
the poles of Q kl (z) are those of Q\{z) ■ ■ ■ Q* k (z)(4> v (z) — ip v (jo))'- the poles of Y(z) cancel 
with the zeros of Q\{z) ■ ■ ■ Q* ki (z)((f) v (z) - ip v (jo))- 

Second, ||Qfc 1 ||B(6»;j,p h ) = 1 f° r each 1 < h < N. To see this, fix h and restrict Q kl (z) 
to B(9h,pi l ). Let {rihe}i<e.<T h be a list of the zeros and poles of Y(z) and the Q* k (z) in 
B(6 h ,p h ),jind write rj M = a h {r M ) for each h,t For all z G B{e h ,p h )\{\J^ 1 B{r] U ,p h )-) 
we have IQfci (-^) 1^ = 1> since this is true for each of the factors in its definition. Pulling 
this back to D(0, 1), we see that Q kl (dh{Z)) is a power series converging in D(0, 1), with 
absolute value 1 except on the finitely many subdiscs -D(r^, 1)~. By the Maximum Modulus 
principle for power series, \\Q k; ^B{e h , Ph ) = 1- 

Third, when the zeros of Q kl (z) in B(9h,Ph) are pulled back to D(0, 1) using dh(Z), 
they form a union of t/v regular sequences of lengths 1, #(S\), . . . , #(S kl ) attached to the 
sets {jo},Si, . . . ,S kl . This holds by construction, since the zeros of 4> v (z) — tp v (jo) and 
Q*(z), . . . , Q* k (z) have this property, and multiplying by Y(z) moves each root only by an 
amount which preserves its position in its ^-regular sequence. 

Fourth, Q kl {z) has degree Nt, where t = #(<Si U • • • U S k+ i). For each x% G X, the 
leading coefficient of Q kl (z) at xi has the form p V) i ■ q, i where p V) i G 0£ v ■ Indeed, the 

leading coefficient of (<p v (z) - ip v (jo))Qi( z ) ■ ■ ■ Q*kS z ^ at Xi is £v > i ' ^v,u wnile Y ( x i) G ^w v 
by Lemma H3QKB2). 

Our plan is to replace G v 1 (z) with a new function Gv l (z) with the same high-order 

coefficients as the original Gv 1 (z), and whose zeros are well-separated from each other. 
To do this, we will use the basic patching lemma via the sequence of 'safe' indices 5°[fei] of 
length k\ + 1. 
Put 

pim= n (x-mj)), p% 1 (x)= n (p-m)), 

i£5<>[fci] j650\({io}u5"[fe 1 ]) 
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noting that P kl j (x) = ^"fei ( x ) ' ^k ( x )- Then write 

(H-69) K M (z) = Q kl (z) - PKMz)) , 

so that 

(11-70) G { v kl \z) = P° kl (Mz))-F v , kl (z). 

Thus F vkl (z) is a i^-rational (X, s)-function of degree N ■ (n — k\ — 1), whose roots form 
a union of ^-regular sequences accounting for the indices in {0, . . . ,n — l}\S°[ki]. It has 
a pole of order (n — k\ — l)Ni at each Xj, with leading coefficient Pv^l 1_ . Furthermore 

\Wvm\\u2 ^ 1' since WQkMs = l and W^kMs = L 

Lemma 11.12. (Third Moving Lemma) There are constants £3 > and Cq,Cj > 
1 (depending only on (j> v (z), E v , H v , their K v -simple decompositions Uf=i {B{ a £^ r t) n 
Ct,(.F^)) and Uh=i {B(0h,Ph) H C v (F Uh )) , the choices of the L-rational and L scp -rational 
bases, the uniformizers g Xi (z), and the projective embedding ofC v ), such that ifO < e < £3, 
then there is a K v -rational (3t, s)- function A V)kl (z) of the form 

m fciATj-1 

A v ,ki(z) = 2^ 2^ ^.^^.(Jki+^ATi-jC^) , 
i=l j=0 

and /or which 

\\A v ^(z)\\uo < CeC^e , 

suc/j i/zai w/ien G^ (z) from Lemma [ll.ll\ i s replaced with 

(H-71) G^\z) = G { v kl \z) + A vM (z)F vM (z) , 

r kl \ 

then for each (i,j) with 1 < i < m, < j < k\Ni, the coefficient A v ^j of G v (z) is restored 

to the coefficient A v ^j of Gy 1 (z) in Gv l (z). 

Finally, we consider the amount of movement in the roots caused by (lll.7ip . Since 

G kl (z) = (P^iMz)) + A vM (z)) -F vM (z) , 

the movement is isolated to the roots of P k (4> v (z)). 
Write Q° ki (z) = P^iMz)), put 

(H-72) Ql\{z) := Q° ki (z) + A vM (z) , 

and consider Q k (z) and Q k *(z) on each ball B(6h,ph). Pull them back to D(0, 1) using 
ah{Z), and apply the Basic Patching Lemma (Lemma II 1.6|) . The roots of Q k (&h(Z))) 
in D (0, 1) form a Vvregular sequence of length ki + 1 in Uh attached to 5°[/ci], namely 
{ a hj}j£S°[ki]- We have chosen 5°[fci] to be a 'safe' sequence, which means these cthj are the 
only roots within their <5 n -cosets. 

If we can arrange that the roots only move within their <5 n -cosets, they will remain 
separated from all the other roots. To assure this it is enough to require 

(11.73) C 6 C^e < of T^ lo ^ n ) . 
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Under this condition, Lemma [11.6l shows that for each h the roots {(Xhi}j£S°\ki] °f Qk\ (&h(Z))) 
form a ^-regular sequence of length k\ + 1 in Uh , satisfying 

ord v (a* hj - achj) > log„(n) 

for each j G 5°[A;i]. 

We will now specify e and the 9J*. 

We want e to be as large as possible. For the construction to succeed, we must have 
e < min(e 1 ,e 2 ,£3), and (|11.65p and (|11.73|) must hold: 

C l£ < g-riog„(n)l . min l p ) CtCpe < ^W- 10 ^") . 

Since k\ < A\ log„(n), then for an appropriate constant ^3 we can choose e so that 

(11.74) -log„(e) = A 3 log» , 

provided n is sufficiently large. 

We next choose the 0% for 1 < h < N, j G S A . 

Fixing h, let a^ : D(0, 1) — > B(0h,ph) be the parametrization used before; specifying 
the 9^* is equivalent to specifying numbers a*^* G Ufi such that &h(ot* h *) = 8^*. Recall 
that \\&h(x),&h(y)\\v = Ph\z — x\ v for all x,y G D(0, 1). Put p = maxi</ l <7v(/5/ l ) and let 
£0 = z/p, noting that £0 < &n by (|11.65|) . In Lemma fl 1.101 we can move the ajL for j G S 
to arbitrary points a*y*- G Uh such that |aK — a* h A v < Eq (provided the collection {c^*} 
is ^-symmetric), while only moving the a.hj within their <5 n -cosets. However, we need to 
choose the a^* in such a way that they become well-separated from each other and from 
the unpatched roots. 

For a given a G Ufi , consider the eo-coset of a in Uh , 

D Uh (a,e ) := Uh n D(a,e ) = {z G O n;i : \z - a\ v < e } . 

The roots a* h - (which correspond to the indices j G S A = S\ U • • • U S kl ) , form a union of t/\,- 
regular subsequences of respective lengths #(<Si), . . . , #(5^). At most one aL from each 
subsequence can belong to Z? Uh (a,eo)- Since the original sequence {ahj}o<j<n-l was a ip v - 
regular sequence of length n in Uh there is at most one unpatched root aihj' in D Uh (a, Eo). 
Thus D Uh {a, eo) contains at most fci + 1 roots. Furthermore, if a^*, G -D Uh (a,£o)> then 
since £0 < <5m our choice of jo means that .D Uh (a,£o) does not contain any of the a* h -. 
Put 5 = g-nogjfcx+i)^ Since Jog^jfej) < bg v (Ailog„(n)), it follows from (fTTTFlD that 

(11.75) -log„(<5 £o) = -log,,((5oe/p) < A 4 log„(n) 

for an appropriate constant A\ . There are at least q"°&v{ k i+ l )\ > k\ + 1 distinct <5o£o- 
cosets D Uh ({3,SoEo) C D Uh (a,5o) with /3 G Uh . By simultaneously adjusting all the a* h - 
belonging to D Uh (a,Eo) we can choose new roots a^* G D Uh (a,Eo) = Uh n D(a,Eo) which 
are separated from each other and from the unpatched root othj' (if it exists), by a distance 
at least 5oEq. Do this for each h and each D Uh (a,£o), making the choices for different h in 
a galois-equivariant way. 

It follows that for each h, and each j G S± U ■ • • U S kl , we can choose the a*^- G Uh so 
that |a£*- - a* hj \ v < e and 

(1) for each £ G <Si U • • • U S kl with I / j, 

OTd v (a* h *j - a* h * e ) < A A \og v (n) , 
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(2) for each £e {hjUS ^} 

ord v (a* h *j - a* M ) < A 4 log„(rt) , 

(3) for each t e {0, 1, . . . , n - l}\({jo} U S\ U • • • U S kl U S°[ki]) 

ord v (a* h * - a M ) < A A \og v (n) . 
Property (2) holds because {iolU^fc C S^ . Fix such a choice of the «£*-, and define 
Gi, 1 (z) by means of Lemma 111,121 

Given a, a' £ C v , we will say that a and a' are "logarithmically separated by at least 
T" if 

ord„(c/ — a) < T 

or equivalently, if \a' — a\ v > q~ T '. 

To ease the notation in subsequent steps, relabel the roots a£*- as aL-, and replace 

Gi, 1 (z) with Gi, 1 (z). In the statements of Theorems 111.11 and 111.21 this is accounted for 

by adding Q { v hl) (z) := d{ kl) (z) - G { v kl) (z) to G { v kl) (z). Thus, the new function G {kl) (z) has 
the same high-order coefficients as the old one, and its roots are logarithmically separated 
from each other by at least A A log,, (n) . 

Phase 4. Patching with the long safe sequence for k = k\ + 1, . . . , &2. 

We have now arrived at a function G v 1 (z) with "patched" roots a* h - for j G Si U • • • U 
<5fci U {jo} L)S°[ki], and 'unpatched' roots ahj for all other j. By the construction in Phase 
3, for all h, and all j ^ £, the roots satisfy 

ord t ,(a^- - a* hi ), ord v (a* hj - a M ), ord t ,(a fej - - a M ) < A±\og v (n) . 

as appropriate for each j, t. 

The number k\ has the property that for all k > k\ 

(11.76) h kN < g-^T- lo ^(") . 

The purpose of Phase 4 is to carry on the patching process until h^ is so much smaller 
than q~ k /y q ~ l > that the "endangered" roots ahj for j G S' can be included in the patching 
process: this will allow us to apply the Refined Patching Lemma (Lemma lll.7p in Phase 5. 
Let &2 be the least integer such that for all k>k2, 

(11.77) h k v N -M v < g -^T-3^4logJn) _ 
Thus, for an appropriate constant A$, 

(11.78) k 2 < A 5 log v (n) . 

As in Phase 3, we will use the "long safe sequence" of roots 5° in patching. We will now 
impose a condition on n which means that 5° is actually much longer than was required 
by (111.64p . By (jll.76p . patched roots only move within their <5 n -cosets, so they maintain 
their position within a ^-regular sequence of length n. This means that instead of choosing 
a new ?/vregular subsequence of length k to use in patching at each step, we can simply 
extend the previous one. 

Recall (|11.63p . If n is large enough that 

(11.79) n > ((N + l)A 2 (log v (n)) 2 + 1) • (A 5 log» + 2) . 
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which we will henceforth assume, then by the Pigeon-hole Principle, the long safe sequence 
satisfies 

#(5°) > A 5 log v {n)+2 > k 2 + 2. 

Recall that we write 5° = {jo,ji, ■ ■ ■ ,Jl}- For each k = hi + 1, . . . , &2, put 

S°[ k ] = {jx,h,---,jk+i} ■ 
Also recall that S° = {0, 1, . . . , n - l}\(«Si U • • • U S kl ), and that 

Gi kl) (z) = Q kl (z) ■ Ql\{z) ■ PliUz)) . 

(k—1) (k) 

For k = k\ + 1, . . . , A?2 we will patch G v (z) to Gv (z) as follows. Noting that 
S°[k]=S°[k-l]U{j k+1 }, define 

PkW = n (x-mj)) = Pk-iWKx-Mk+i)). 

j&so\({j }uso[k]) 
Then P®_ 1 (x) = (x — ip v (j k +i)) • P k {%)i an d if we set 

Ql(z) = QlUW-iM^-MJk+i)) , 
then 
(11.80) Gf-^iz) = Q kl (z) ■ Q° k (z) ■ Pg(M*)) ■ 

By construction, when the roots of Q k (z) in B(8h,Ph) are pulled back to -D(0, 1) using 
ah(Z), they form a ^-regular sequence of length k + 1 in Uh . For notational simplicity, 
we will relabel these roots (the ajL- for j G S°[k — 1], together with (Xh,j k+1 ) as {Q^j}jeS [fcl- 

When char(i^ tl ) = 0, we are given a fC„-symmetric collection of numbers {A V y G 
^tu«}(j,j)eBand JV (fc) determined recursively in -<jv order, and we patch G v (z) by setting 

m kNi-l 

G v k \ z) = cg^w+E E <h< 

»=i i=(fe-i)JVi 
= Ql(z) • • • Q^) • (PfcOM*)) + A, ifc (z)) • P fc (&,(*)) , 
where the compensating functions are 

€}j(z) = ^.Vi.Cfc+D^-i W • Qi(*) • • • Q3U(*) • PfcOM*)) , 
and where as in (|11.38p . 

m kNi-l 

&v,k{ Z ) = E E A S- £ «,.Vi,(fc+l)iV i -j(2) . 
i=l j=(k-l)Ni 

We claim that the leading coefficient of $ v [■ (z) at Xj is c^~ ~ . To see this, note that 

the leading coefficient of G v (z) at x\ is A v ^q = e v ^c^ i , while the leading coefficient of 

Pf!(Mz)) at m is ^t 1 - % dUSQD, the leading coefficient of Q kl {z)-P k {((> v {z)) is e,,,^* -1 , 
which gives what we want. Note also that 

Indeed, \\Q kl {z)\\ uS < 1 and \\P%(<l>v(z))\\uo < h while ||</Vyllt/° < M v . 



■ W *) 
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Clearly the $ v L(z) are ^-symmetric. It follows that A Vjk (z) and Gj, (z) are K v - 
rational, and for each (i,j) 

x it eAut c (C v / K v )(xt) 

is .fCy-rational. 

When char (if u) = p > 0, let 

F V)k {z) = Ql(z) ■ ■ ■ Ql-Az) ■ Pk(Mz)) ■ 
By arguments similar to those above, F vk (z) is ^-rational, its roots belong in E v , and it 
has a pole of order (n — k — l)iVj with leading coefficient d„,i = £ V: iC^~^ ~ at each xi. In 
particular |d Vj j|,, = \c^~ ~ \ v . Thus F v ^{z) satisfies the conditions of Theorem 111.21 

By the hypotheses of Theorem 1 1 1 . 2 1 we are given a ^-symmetric collection of numbers 
{A V:ij E ^J(j j)eBandjv(fc) such that the function 

m kNi-l 

»=i i=(fe-i)JVi 
is K^-rational. We patch G v (z) by setting 

Gf\z) = Gi k - 1 \z) + A Vtk (z)-F Vtk (z) 

= Ql(z) ■ ■ ■ Ql^iz) ■ {P k (Uz)) + A Vtk (z)) ■ P k {<p v {z)) 

The two patching constructions differ only in the choice of A vk (z), and in both cases 

\\Av,k\\u° < h k v N ■ M v < ^(fc/(9+i)-iog„W. Write 

QT(z) = Q° k (z) + A v , k (z) . 
The change in passing from Gv (z) to G v (z) is localized to G k ) *(z), and 

G v k) {z) =Q kl (z)-Ql*(z)-P k (Uz)). 

By Lemma fl 1.6 1 when the roots of Q k > *(z) in B(8h,Ph) are pulled back to D(0, 1) using 
dh{Z), they form a ^-regular sequence {atjL-} of length k + 1 in O lLh attached to «S° [/c] . 

Since k > k\ we have h% ■ M v < (/ F 7 ! - "^^^ which means that 

ord v (a* hj - a hj ) > log v (n) 

for each j. The fact that 5° consists only of "safe" indices means that the a* h - for j G S°[k] 
remain the only roots within their <5 n -cosets, and have not moved nearer to any of the other 
roots. Thus 

{ a *hj}jes [k} U {ahj}s°\S°[k\ 

is again a ^-regular sequence attached to 5°, and the induction can continue. 

Phase 5. Patching using the remaining unpatched indices. 

At this point we have constructed a ^-rational (X, s)-function 
G v h2) (z) = Q kl {z).Q%{z)-Pl{Uz)) 
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whose coefficients A v ij have been patched for all (i,j) with 1 < i < m, < j < k 2 Ni. 
When the roots of G v 2 (z) in B(8h,Ph) are pulled back to D(0, 1) using dh(Z), they form 
a union of ^-regular sequences consisting of patched roots ajL- corresponding to the sets 
{jo}, Si,... , «Sfci, and S°[/c2], together with unpatched roots a^j for j in the set 

5°\({jo}u5 [fc]) = {0,l,...,n-l}\(Oo}U5 1 U---U5 Jfel U5°[fc 2 ]). 

As the roots of G v (2) were logarithmically separated by at least A4 log u (n) and since Phase 

4 only patched using "safe" roots, the roots of G v 2 (z) remain logarithmically separated 
by at least A± log„ (n) . 

Note that S® = {0, 1, . . . , n — l}\(«Si U • • • U S k% ) is a sequence of consecutive indices, 
both when chav(K v ) = and when chax(K v ) = p > 0. Since {jo} US ^] C S° C S® is also 
a sequence of consecutive indices, its complement in S® consists of at most two sequences of 
consecutive indices. Recalling that {jo} U £°[7c2] = {Jo> ji, • • • ; jk 2 +i}i P u * ^3 = #(S ) — 3 
and list the elements of S^\({jo} U S ^]) in increasing order as {jk 2 + 2 , ■ ■ • jife 3 +i}- For 
each k with k 2 < k < £3, put 

s^k] = s°[k 2 }u{j k2+2 ,...j k+1 } . 

By the discussion above, S^[k] is a union of most 3 subsequences of consecutive indices. 
Recall from gmH the 

Lemma 111.71 (Refined Patching Lemma) Let Q(Z) £ i<T„[[Z]] be a power series 
converging on D(0,1), with sup norm ||S||d(o,i) = 1- Suppose the roots {aj} of Q{Z) in 
D(0, 1) can be partitioned into r disjoint ip v -regular sequences in O w attached to index sets 
Si, . . . ,S r of respective lengths £\, . . . ,£ r . Put £ = J2k=i ^k- Suppose further that there is a 
bound T > maxj(log t ,(£j)) such that 

ord„(aj - Q fc ) < T 

for all j 7^ k. 

Then for any M >T, and any power series A(Z) G i^[[z]] converging on D(0, 1) with 

II A II / l —-(r-l)T-M 

II a I|d(o,i) < Q i- 1 

the roots {a*A of Q*(Z) = Q{Z) + A(Z) in D(0, 1) again form a union of ip v -regular 
sequences in O w attached to S\, . . . ,S r . They can uniquely be labelled in such a way that 

ord„ (a* — aj) > M 

for each j . 

The number k 2 was chosen so that if r = 3 and T = A^ log„ (n) , then for all k > k 2 , 

(11.81) h k v N -M v < q-^~ rT . 

This means that when we apply the Refined Patching Lemma using at most 3 sequences of 
roots, all roots will remain logarithmically separated by at least y44log„(n). 

When k = k 2 write 

<*(*) = Qk» , Pi(z) = P° k2 (z) , 

so that with this notation 

<%*\z) = Q kl (z) ■ Qtl{z) ■ P&iM*)) ■ 
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For k = &2 + 1) • • • , &3, inductively suppose that 

Gi k ~ l Hz) = Q kl (z)-Qt 1 (z)-Pl 1 (Mz)) 
where the roots of Q?*_i(z) correspond to S^[k — 1]. Put 

p%(z) = n (*-m)) = *£-i(*)/(*-^c**+i)) 

je5<>\(0o}u50[fe]) 
and put 

Qi(z) = QiL^-faW-Mk+i)) 

so that 

Gi'-'Kz) = Q kl (z) ■ Qi(z) ■ PS(M*)) ■ 

The patching argument in Phase 5 is very similar to that in Phase 4. 

When char(i^ t ,) = 0, we are given a ^-symmetric collection of numbers {A V y G 

^tu«}(i,j)eBand JV (fc) determined recursively in -<jy order, and we patch G v (z) by setting 



m kNi-1 

(11.82) G«(z) = Gr i '(z) + ^ £ A«tf«(*) 

j=l j=(k-l)Ni 

= Q kl (z) ■ {P k (Mz)) + A,, fc (z)) • ^ (&,(*)) , 
where the compensating functions are 

(H-83) 0$(*) = e-^ h(k+1)Ni ^{z)-Q kl {z)-P^Uz)) 

and where as in (lll.38p . 

m feJVi-l 

A„, fc (z) = J^ J^ A Sr £ S^,(fc+i)iV;-i(>) ■ 

i=l j=(k-l)Ni 

As in Phase 4, the $ v L(z) are K„-symmetric. Each v^ L{z) has a pole of order nNi — j 
at Xi with leading coefficient c^~ ~ , and poles of order at most (n — k — l)iVj/ at each 
av 7^ Xi\ furthermore ||$„ A-Hc/o < M v . G v (z) is /^-rational by the K„-symmetry of the 
A; h and l d v jj{z), and for each (i,j) 

/ j v,i 'j v,i j 

x i ,eAut c (Cv/K v )(x i ) 

is ^-rational. 

When chai(K v ) = p > 0, let 

F v , k {z) = Q kl (z) ■ P^(Mz)) ■ 

By arguments similar to those before, F vk (z) is ^-rational, its roots belong in E v , and it 
has a pole of order (n — k — 1)N{ with leading coefficient d V) i = e Vt {c^~ ~ at each X{. In 
particular Id^ilu = |c^7 ~ If T nus F Vjk (z) satisfies the conditions of Theorem 111.21 
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By the hypotheses of Theorem II 1.21 we are given a ^-symmetric collection of numbers 
{A„,y G £iu„}(i,j)eBaadjv(fc) such that the function 

m fciVj-1 

A Ujfc (z) = Y^ Yl A X? ' V>i,(k+i)Ni-j(z) , 

i=lj=(k-l)Ni 

(k—1) 
is ^-rational. We patch G v (z) by setting 

G v k \z) = G^iz) + A v>k (z) ■ F Vjk (z) 

= Q\{z) ■ ■ ■ Ql_ x {z) ■ {P k (Uz)) + A Vtk (z)) ■ P k (Mz)) 

The two patching constructions differ only in the choice of A vk (z), and in both cases 

IIA^HtfO < h kN ■ M v < q -^l-^lo gv (n)_ ^ 

Ql*{z) = Qi(z) + A Vtk (z). 

In passing from Gv (z) to Gv (z), the change is isolated in the factor Qt(z), and we 
have 

G v k \z) =Q kl {z).Ql*{z)-P^v{z)). 

When the roots of Q k (z) in B(9h,Ph) are pulled back to D(0,1) using dh{Z), then 
Lemma lll.7l applied with r < 3 and 

M = -log(h!f-M v )-^-(r-l)) > T, 

shows they form a union of at most three ^-regular sequences in Uh attached to S^[k] 
and 

ordv(a* hj - a h j) > T = A^log^n) 

for each j. Hence the roots of Q k ) *{z) have not moved closer to any of the other roots of 
G v \ z )) an d the induction can continue. 

Phase 6. Completing the patching process 

We have now obtained a function G v 3 (z) whose roots have all been patched. When 
the roots in each ball B{9i l ^pf l ) are pulled back to -D(0, 1) using er^Z), they form a union 
of at most r := k\ + 4 ^-regular sequences in Uh , with total length n. These roots are 
logarithmically separated from each other by at least T = A^ log„ (n) . 

We must now include all the roots in the patching process. To be able to apply Lemma 
111.71 we need that for all k > k 3 

(n.84) h k v N -M v < q ;^- {kl+i)T . 

However k 3 is quite large: k 3 = #(S°) - 3 > n - A 2 {\og v {n)) 2 - 3. Thus (jll.841) will hold 
if 

(11.85) n > A 6 ■ (log v (n)) 2 

for a suitable constant Ak, which we henceforth assume. 
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When char(i^„) = 0, for k = k% + 1, . . . ,n — 1 we patch as follows. For each (i,j) with 
1 < i < rn, (k - l)Ni <j< fciV», put 

n—k—l 

(H-86) 0<J£.(z) = ^ l( *+i)jvi-i(2) ■ II (M*)-M))- 

3=1 

The i?^, j ■ are ET^-symmetric. It is easy to see that each $^ ^- has a pole of order nNi — j 
at Xi with leading coefficient c^7 ~ > an d nas a P°l e OI " order at most (re — fe — l)iVj> at each 
Si/^Si, with ||0<J>,(z) Huj <M V . 

By Theorem 1 11.1 1 we are given a if„-symmetric set of numbers {A^, [■ G £tu„}(i,j)eBandjv(fc)' 



determined recursively in -<jy order, such that |A^-|„ < h% for each i,j. Put 



i=\ j=(k-l)N x +l 

Here Gj, (z) is ^-rational by the fCy-symmetry of the A^ !. and $ v \- (z), and for each (i, j) 

E *&/& e ^(c) . 

x i ,eAut c (C„/ii" 1 ,)(a;,) 

Furthermore h kN M v < g~~~ r ; so Lemma fl 1 .71 shows that the roots of G{, (z) belong to 
E v and have the same separation properties as those of G v {z). 

When k = n, we are given a i^-symmetric set of numbers {A„^}i<^<a with |A V] ^|„ < 

h% N for each A. Put 

A 

A=l 

Clearly G v n (z) is ^-rational. Since ||<^a||i/° 5; M v for each A, Lemma 111.71 shows that the 

roots of Gv (z) belong to E v and have the same separation properties as those of G v n (z) . 
In particular, they are distinct. 

When char(J^ t) ) = p > 0, for k = k$ + 1, . . . , n — 1 we patch as follows. For each k, put 

n—k—l 

(11-87) F v , k (z) = J] (M*)~M)) ■ 

3=1 

Then F v k(z) is ^-rational, its roots belong in E v , and it has a pole of order (re— k — l)iVj 
with leading coefficient d Vj i = c™7 at each Xj. In particular (d^^l^ = |c^7 ~ \v- Thus 
Fv,k( z ) satisfies the conditions of Theorem 111.21 

By the hypotheses of Theorem 1 1 1 . 2 1 we are given a ^-symmetric collection of numbers 
{A V)i j G £^}(ij) £ Band^(fe) such that the function 

m feJVi-1 

a^^z) = E E A £S- • ^(k+ijjvi-iC*) > 

i=l j=(fc-l)JVi 
is ^-rational. We patch Gv (z) by setting 

G v k \z) = G v k - 1 \z) + A v>k (z)-F v , k (z) 
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Here G v (z) is ^-rational since A V: k{z) and F v ^{z) are ^-rational. Since HA^H^o < 

h^ N M v < q~'^ T ^ r and ||-F„,fc||t/o < 1> D Y Lemma UTTfl the roots of G v (z) belong to E v 

and have the same separation properties as those of G v {z). 

When k = n, by the hypotheses of Theorem 111.21 we are given a ^-symmetric set of 
numbers {A^a}i<a<a with |A„,a|.u < h™ N for each A, such that 

A 

&v,n{ z ) = ^Z^v^xiz) 
A=l 

is ^-rational. Put 

G v n \z) = Gi n - 1 Hz) + A v>n (z). 

Clearly G v n (z) is ^-rational. Since 1 1 V^A 1 1 c/° — M v for each A, Lemma 111.71 shows that the 

roots of Gv (z) belong to E v and have the same separation properties as those of G v n (z). 
In particular, they are distinct. 

The final assertion in Theorems 111.11 and 111.21 is that 

{z G C V (C V ) : G v n \z) e a n D(0, r% N } C E v . 
To assure this, we must assume that 

(ii.8 8 ) c" < ,;*- (l,+4,T . 

which holds for all sufficiently large n since r^ < q v by (I11.2P and (lll.7p . 

Given (111.881) . for each h = 1, . . . ,N when we restrict G v (z) to B(9h,ph) and pull it 
back to D(0, 1) using dh(Z), the Refined Patching Lemma (Lemma I11.7P shows that for 
each k v G O v with \k v \ v < r" , the function G v n (ah(Z)) — k v has n distinct roots in Uh . 
Correspondingly G v n (z) = k v has n distinct solutions in C v (F Uh ) n B(9h,Ph)- Since there 
are N balls B(9h,Ph) an d G v n (z) has degree nN, this accounts for all the solutions to 
Gv (z) = k v in C V (C V ). It follows that 

N 

{z g ccc) : gW(z) g a n £>(0,r^)} c (J c v (F Uh ) n J3(0 h ,/> h ) C E v . 

h=\ 

This completes the proof of Theorems 111.11 and lll.2[ subject to the proofs of the three 
Moving Lemmas below. 

4. Proofs of the Moving Lemmas 

In this section we give the proofs of the three Moving Lemmas. Our notation and 
assumptions are the same as in ^11131 For the convenience of the reader, before giving the 
proofs we restate the lemmas making the hypotheses more explicit. 

Lemma 111.101 (First Moving Lemma) Let E v and 4> v (z) be as in Theorems 111.11 and 
111.21 : E v has the K v -simple decomposition E v = \J i=1 (B(ae,re)nC v (F We )') such that U v := 
Ue=i B( a li r i) i- s disjoint from X, and H v := (j)~ l (D(0, 1)) has the K v -simple decomposition 
H v = [j h=1 (B(0h,ph) (1C„(F U J) which is compatible with [J i=1 (B(ag,r£) DC v (F We )^ and 
move-prepared with respect to B(a\,r\), . . . ,B(az>,rz)). For each £, there is a point wi G 
(C v {F m )C\B(a h n))\H v . 
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Let S^ = «SiU. . ■U5fc 1 , so the set of patched roots from Phases 1 and 2 is {#L}i<h<ArjeS A • 
Let jo be as in Phase 3, so {9hj G C v (F Uh ) n B[9h, Ph)}l<h<N i> s a se t °f "safe" roots. 

Then there are constants £\ > and C\,Ci > 1 (depending on 4>v{z), E v , H v , and their 
K v -simple decompositions) , with the following property: 

Put S n = q v ogt,wl . Then for each < e < S\ small enough that 

C\E < 5 n ■ min (p h ) , 

l<h<N 

given any K v -symmetric set {9* h * G C v (F Uh )nB(9 h , ph)}i<h<N,jeS* with Phj^hjh < £ f or 
all (h,j), there is a K v -symmetric collection of points {#"? e C v (F Ufi ) n -B(^,Pft)}i</i<Ar 
satisfying 

\\0h*jo>Qh,j o \\v < C\E < 5 n ph 

for each h, such that 

(A) The divisor 

N N 

(11.89) V = J2 E(TO " (fa)) + £((*&,) - ('**>)) 

is K v -rational and principal; 

(B) Writing U® = \Jf l= iB(9h,Ph) C U v as before, we have 

(1) \Y(z)\ v = 1 /or all z G C„(C)\L/J; 

(2) jr(z) - 1|„ < C 2 e /or aM z G C(C)\l7j. 

Remark. Although the statement of this lemma is rather technical, it is a deep result 
which depends on the theory of the Universal Function developed in Appendix O and the 
local action of the Jacobian studied in Appendix [Dj It is the key to the local patching 
construction for nonarchimedean ^-simple sets. 

Proof. Consider the K^-simple decompositions E v = (J^=i {B(ae,re) nC v (F We )) and 
H v = Uh=i \B(9h,ph) H C v (F Uh j). Since these decompositions are compatible, we have 
F Uh = F Wl for each h and £ such that B(9h,Ph) C B(ai,ri). 

We first reduce the Lemma to a similar assertion for a single ball B(a^,r^). For each 
£ = 1, . . . , D, let Xi be the set of indices 1 < /i < iV such that B(9h, Ph) <= -B(o^, r^). Suppose 

(£) (£) (£) (£) 

that for each £ there are constants e^ > and C-J , C\ > 1 such that if < e < e\ and 



C} • e < 6 n ■ min(p fe ) , 



Ml 

then given any set of points {9* h * G C v (F We ) n B(9 h , p h )} heXe j eS A satisfying ||0£*-,0/y||„ < e 

for all /i, j, there are points {6»^ o G C^F^) n B(9 h ,p h )} he x e with ||0**. o , ^ J0 ||„ < cf'e < 
5 n Ph such that the i 7 ^ -rational divisor 

(11.90) V i= ]T (TO " W) + E (TOb) - faub)) 

h£l e ,j£S A h£X e 

is principal, and if we put [/^ = U/iex B(9h,ph), then there is an F Wf -rational function 
Yn(z) with divisor P^ such that 

(1/) \Y e (z)\ v = 1 for all z G C(C)\E^ ; 

(2 e ) \Y e (z) - l\ v < Cf e for all z G C V '(C V )\U^ . 
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Put £\ = min^(e^ ), C\ = max^(C} ) and C2 = max^C^ ). Let ~p = min 1 <^<jv( / 9/ l ). 
Take < e < e± small enough that C\e < 5 n p, and let {0J*- G C v (F Uh )nB(0f l , Ph)}i<h<N,jes A 
be a ^-symmetric set of points satisfying \\0f**, 0L||u < e for all /i, j. 

We now construct the ^-symmetric set of points {0f\*j o G C v (F Uh ) n B(6h, Ph)}i<h<N, 
the divisor 2?, and the function l"(z) in the Lemma, by using galois equivariance: we keep 
the divisors T>i and functions Y^(z) for a set of representatives of the galois orbits for the 
balls B(ag, r^), then throw away the others and replace them with the galois conjugates for 
the representatives. 

To be precise, write Ky ep for the maximal separable extension of K v . Since E v = 
U^=i {C v (F We ) n B(a,£,re)) is a K v -simple decomposition, F W JK V is separable for each £, 
and the orbit of B{ag,rg) under Ga\{K^ p / K v ) has exactly dg := [F Wl : K v ] elements; this 
means there is an action of Ga\{Ky Cp / K v ) on the index set {£ G N : 1 < £ < D} such that 
^( a a(e)^ r a(£)) = <7(B(ag,re)) and F W(t( = a(F We ) for each £ and each a G Gal(i^ ep /-Ku)- 
Similarly, since -fft, = Ufe=i ip v (F Uh ) r\B{9h, Ph)) is a ^-simple decomposition, there is an 
action of of Gal(Xf p /^) on {h G N : 1 < h < N} such that B(0 a{h) , p a{h) ) = a(B(0 h , p h )) 
and F Ua = a(F Uh ) for each h and a. The fact that the 0^ are /^-symmetric implies that 
@a*(h) ' = a (^hi) ^ or au ^' <J - The compatibility of the decompositions of H v and E v means 
that I a (e) = Wih) '■ h e ^} f° r each a, and that for each /i such that B(9h,Ph) != B(ag,re), 
we have <r(/i) = /1 if and only if <t(£) = £. 

Let £ = {£1, . . . ,£ r } be a set of representatives for the distinct galois orbits of the balls 
B(ai,ri), . . . , BiflDifD). For each if. G C, we have F Uh = F We for all h G X4 . Let 

{0jy e Cv(F Wlk ) n B(0 h ,p h )} heX ^ jeS A 
be the corresponding subset of {#£* G C v (F Uh )(lB(0f l , Ph)}i<h<N,jes A - By hypothesis, there 
is a collection of points {0* h * jo G C v (F Wlk ) n B(0 h , p h )} heXlk with ||0£* io Ajolk < cf fc) e < 



(^p/j such that the -F W£ -rational divisor 

v*. = E (TO - TO) + E ((*&») - (***)) 

is principal; let l^ fc (2) G F W( (C) be the corresponding function. For an arbitrary 1 < £ < D 
there are an4s£ and a a £ Gal(Ky ep / K v ) such that £ = <r{£k)', redefine 

D e = a(D ik ), Y e (z) = a(Y £k )(z) 

and redefine the 0* h * jo for h G T t by putting 0*( ft ) Jo = o"(0£* io ) € C„(F Wf ) n B(a e ,r e ) for 
each /i G I4. By the discussion above, all of these are well-defined, the set {9f\*j }i<h<N is 
^-symmetric, and for all £ and a we have D a u\ = cr(D^), Y a ig\{z) = a(Yg)(z). 
Finally, define 

D D 

£> = £>, Y(z) = l[Y e (z). 

e=i e=i 

Since T> is i^ ep -rational and is fixed by G&l(K v ep / K v ) , it is ^-rational; similarly Y(z) is 
^-rational. Clearly div (Y(z)) = V. By construction, {#£*■ }\<h<N is -ff^-symmetric, and 

by galois equivariance, 0* h * jo G C v (F Uh ) DB(0 h ,p h ) and \\0* h * jo ,9h,j o \\v < C['e < 5 n p h for 
each h. 
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Since the original sets {0%}i<h<NjeS A > {9hj}i<h<N,jeS A > and { e t*j h<h<N were K v - 
symmetric, T> has the form (I11.89J) . Clearly U^£ C B(ae,re) C £/„ for each £. For each 
2; ^ C/°£, we have |Y^(^)|„ = 1, so for each z ^ U® = U^=i U® e we have |y(z)| t , = 1, and 
(Bl) in the Lemma holds; similarly, for each z ^ U®p, we have |i^(z) — l\ v < C2& ; so since 

D 

Y(z) - 1 = ^(Y e (z) - 1) 
i=\ 

the ultrametric inequality shows that for each z ^ U® we have |5^(z) — 1|„ < C^e, and (B2) 
holds. 

Now fix £; we will construct T>e and l^(z) for B(ae, re), and show they satisfy properties 
(If) and (2i). The proof has two steps: first we use the local action of the Jacobian, 
from Appendix D, to construct the principal divisor T>e', then we use the theory of the 
Universal Function, from Appendix C, to construct Yg(z). Put E v e = E v n B(ae,rg) = 
C v {F We )nB(ai, re) and put H v> e = H v C\B(ae, re) C E V) g. As noted above, we have F Uh = F Wi 
for each h G l e , so H Vj e = \J h&e (C v (F We ) n B(9 h ,p h )) = C v (F w/ ) n C/^. By hypothesis, 
there is a point We G (C v (F We ) n B(ae, rej)\H Vj e; clearly ^ ^ C/^. 

We begin by constructing X^. 

First assume that g = g(C v ) > 0. By hypothesis, the -ftT„-simple decomposition 
#i> = \Jh=i{Cv{F Uh ) C\ B(0 h ,p h )) is move-prepared relative to B(ai,r 1 ), . . . ,B(a D ,r D ). 
For simplicity, relabel the roots 9\,...,9n of ^(z) so that B(9i,pi), . . . , B(9m,Pm) are 
contained in S(o^, r^); thus 2^ = {1, . . . , M}. Suppose also that B(9\,p\), . . . , -B(6> 9 , p ff ) are 
the distinguished balls corresponding to B(ae,re) in the definition of move-preparedness 
(Definition I6.10P . This means there is a number re with p\ , . . . , p g < re < re such 
that B(9i,re), ■ ■ ■ ,B(9 g ,re) are pairwise disjoint and contained in B(ae,re), and if we put 
9 e = {9 1 ,...,9 g ) then 

Wf t fc) ■= ^(n^ 

h=l 

is an open subgroup of Jac(C„)(C„) satisfying the properties in Theorem 16.91 



Since E Vt e is compact, by Proposition [LX3] there are constants e Q > 0, Cq > such that 
if < e < Eq , then for all x,y6 E Vj e with ||x,y||„ < e, the divisor class j x (y) = [(y) — (%)] 
belongs to Wg (Cq £ ■ re). 

In the Lemma, we will take 

ef=ef, cf=max(l, <#¥,). 

Put pe = uiiiif l& x l (Ph) , an d let < s < e\ be small enough that C{ e < 5 n ~pe- Thus 
B(9 hj ,c[ £) e) C B(9 hj ,5 n p h ) for aU 1 < h < M, 1 < j < n. The balls B(9 hj ,S n p h ) are 
pairwise disjoint and isometrically parametrizable, hence the same is true for the balls 
B(9hj, C{ e). Using the "safe" index jq, put 9ej = (9ij , ■ ■ ■ , 9 g j ). By Theorem 16. 9l fD). 

We(C?e) := W ff (ClPe) = J^ ( ]J I?(^ ,cfV 

h=l 
is an open subgroup of Wg (re). By our choice of CJ it contains Wg (Cq e ■ re). 
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Suppose we are given a set of points {0^* G C v (F Wt ) n B(9h, Ph)}i<h<M,jes A with 
[|#j£!jj0L[|u < e f° r eacn (h,j). Since 0L belongs to B(0h,ph) and g < p/j, we have 
0* h * G B(6 h , Ph ) as well. Thus, 0** G C(F W J D B(6 h ,p h ) C ff^ for each fc, j. 

Using the action + of the group Wg (C{ e) on 11/1=1 B{9h,j , C[ e) from Theorem 
16.91 we will construct points 0* h *- G C v (F We ) n B(9hj , C[ e), for /i = 1, . . . , <?, such that 

je5 A ^eZf /i=i 

is F W( -rational and principal. Consider the divisor class 

x = E ETO-W)] G Jac(C)(^). 

As noted above, the 0j£*- and 0L belong to H v> e C t/j^. By our choice of e, we have 

Who) ~ K^ G W eS c o £ ■ n) C ^, J0 (cf £ ) fOT a11 ^ Since ^,, (^ )£ ) is a S rou P< ^ 
follows that x G Wg> . {cf ] e) n Jac(C„)(i^). Define 



■jo 

.9 

/i=l 



(^•••-O = (-z) + (0iJo,---Aio) e [S(0 h)A) ,cfe) 
By Theorem EHC), 

h=\ 

so 2^ is principal. By Theorem 16.9( E). the action + preserves F Wl rationality, so each 
9 k *j G C v (F Wl ), and Vi is F Wi -rational. Finally, our choice of e required that C[ e < 5 n ph, 
so 0* h * jo G C v (F Wi ) n B(0 h)jo ,5 n p h ) for each h=l,...,g. 
For /i = 5 + 1, . . . , M, put 0j£ o = hjjo . 

We next construct Yg(z). For this, it will be useful to relabel the h - and 0H by 
gathering them in groups of size g. For simplicity, first assume that g divides M • #(5 ). 
Put T = M ■ #(S A )/g and write 

{6hj}i<h<M,jes A = i c k }i<fe<g,i<t<r • 
Using the same correspondence between indices, write 

{6hj}i<h<M,j£S A = i c k }±<k<g,i<t<T ■ 
Put a<*> = (cf, . . . , cf), c<*) = (cf , . . . ,cf). Clearly 

M T g 

( 1L91 ) E Ei^) - W)i = EE^) - (4 t} )] • 

jg^A /i=l i=l fe=l 

If g does not divide M • #(5 A ), put T = \M • #(S A )/g\ and set r = T ■ g - M ■ #(5 A ). 
Fix an element j\ G S and augment the lists {0L} and {0£!} by adjoining r copies of 0* - x 
at the end of each, then break down the lists into groups of size g as before. In this way the 
final vectors c- \ c- ' have their last r components equal to 0* • , and (lll.9ip still holds. 
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Put dt°) = 9 ejo = (9 ltjo , ..., 9 g , jo ) and write $0) = (d[ 0) , . . . , 4° } )- We will inductively 
construct vectors dS*' = (d\ , . . . ,d g ) G Y\h=i {Cv(F We ) n B(9hj ,C[ e)) such that for each 
£ = 1, . . . , T, the divisor 

*f = E((^ ) )-(i t) ))+E(rf ) )-(4 f - 1) )) 

h=l h=\ 

is i^ £ -rational and principal, and such that 

T 



t=i 



Suppose dy ^ has been constructed. Put 



*(*) = J2[(f)-(4 } )] e J a c(c v )(F We )nw^jc[ e) e). 

j=l 

Using the operation + of the group Wg (C[ s) on \\ g h=1 B(9f l j , C{ e) in Theorem 16. 9\ 
define 

<?*> = (-*<*>) + d^> G nS(^ JO) Cf £ ). 

/l=l 
By Theorem EHC), 



X>?> - 


- (4 t_1) )] = 


-xW = 


-EKfV 


- (of)] 


i=i 






i=i 





so P^ is principal. Since C[ e < <5 n /^, Theorem !6.9l fE) shows that d^ belongs to 
Tl/Ui {C v (F Wl ) r\B(e hijo ,S n p h )), and P^ is F m -rational. 

Since x^- 1 ' + . . . + x' ' = x, the fact that + is an action assures that when t = T, we 
have dJ T ^ = (9* *■ , . . . , 0g*, o ) with the points #£*■ constructed earlier. Thus the divisor class 

t=i j=i 

telescopes to X^i=i[(^*i ) ~~ (^j'o)]) an d P^ = £t=l^ as chimed. 

If <?(C) = 0, we can again assume the roots of 4> v (z) are labelled so that T% = {1, . . . , M}. 
The divisor P^ := ^,, eiS A X}/i=i(^/w) ~~ (@hj) ^ s already principal, so we can take #£*■ = 
0/i JO for each /i = 1,...,M. For compatibility with the notation above, put T = M ■ 
#(5 A ), and relabel the sets {Ohjh<h<M,jeS A > {0hjh<h<M,jeS A > as i c(t) }i<t<T, {c^ji^T, 
respectively. For each t = 1, . . . , T, put T>\ = (c^) — (c^). Then each P^ is F W£ -rational, 

andP^EL^^- 

We can now construct Yt{z). Recall that 

C{ e < 5 n ■ p e = 8 n - vain ph . 

h£X t 
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For each (h,j) with 1 < h < M and j G S A we have ||0Jy,0L||i> < e and in particular 9^* G 
B(6 h j,8 n p h ) since C\ > 1; while for j = j and h = 1, . . . ,M, we have ||^* io ,^j ||^ < 

We now apply Theorem IC2I of Appendix C to the set H^, taking ci = max(l,2g), 

r = p£, and replacing e in the Theorem with C[ e < 5j{pe- Let D(H V: e, d) be the constant 
from the Theorem, and take 

Mi) Ml) D ( H v/,d) 
2 " l ' "l^F" 
in the Lemma. Let HJ^ G (C„(-F<^) n i?(a^, re))\H v = (C v (F We ) n S(a^, re))\U^ be the point 
from the statement of the Lemma. For each p £ U® » we have ||p,TZ^||u > r = J>e- 

For each t = 1, . . . , T, by specializing the Universal Function /(z, io;p, <^) of degree <i in 
Theorem lC.il of Appendix C, taking w = We, and letting p (resp. q) be vectors consisting 
of the zeros (resp. poles) of £>) , we obtain a function Y} (z) for which div(ly ) = T>^ 
and ly (We) = 1. Each ly (z) is F^ -rational, since 2?^ is i* 1 ^ -rational and xZJ^ G C v (F We ). 

The sets ((jj =1 Bfe^U (IjLi^fe^)-)) and (|J J =1 fl(p;,r)-)U (U-=i B( qj ,r)-) 
from Theorem IC.2f A.B) are both contained in U® ^ = U/ieJ B(9h,Ph)- Hence for each 
t = l,...,T, 

(l e , t ) \Y e {t \z)\ v = 1 for all z G C\,(C,)\t/°, ; 

(2, jt ) ly^^-ll^cfeforallzGC^C,)^ . 

Put Ye(z) = \\ T t=1 Y^{z) G F Wi (C v ). Then div(^) = V e , and |Y^)|„ = 1 for all z $ U^. 
Thus assertion (L) holds. Since 

Y e (z)-1 = £(lf(*)-l)- n l? -) (*) 

t=l s=t+l 

and (1^ t) and (2^ t ) above hold for all t, the ultrametric inequality shows that |i^(^) — l|u < 
cf>£ for all z ^ C7° f . Thus assertion (2 £ ) holds. □ 

Lemma 111.111 (Second Moving Lemma) There are constants £2 > and Cj,,C/^ > 1 
(depending on E v , X, the choices of the L-rational and L sep -rational bases, the uniformizers 
g Xi (z), and the projective embedding of C v ), such that if < e < £\ and Y(z) are as in 
Lemma 111.101 and in addition e < £2 and n is sufficiently large, then when we expand 

m (n-l)JVi-l A 

G { v kl) (z) = J2 J2 A V}lJ ^ nNi _ J (z) + Y,^x^x(z) , 

i=l j=0 A=l 

m (n-l)JVi-l A 

G { v kl \z) := Y(z).G^\z) = £ £ A Vjim , nNi ^(z) + £ A m (z) , 

i=l j=0 A=l 

/or all i = 1, . . . ,m and all < j < fciiVj, we Ziaue 

it .._/i ..1 < CnrU\r -i "i n p 
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For the proof, we will need the following lemma concerning power series, which is closely 
related to Lemma 17.191 

Lemma 11.13. Let r belong to the value group ofC v , and let b £ C* . Suppose that for 
each j > Jo, $j(Z) = b~ 3 'Z~ 3 '(l + X^£i Cg Z \ £ C V ((Z)) is a Laurent series with leading 
coefficient b~ 3 , which converges in D(0,r)\{0} and has no zeros there. Let 

oo 

G{Z) = Z^igo + YsdjZ^eCvttZ)) 

3=1 

be another Laurent series converging in D(0,r)\{0} and having no zeros there, with g$ 7^ 0. 
We can uniquely expand G{Z) as a linear combination of the <&j(Z) and a residual series 
in Z, writing 

M—Jo oo 

(11.92) G(Z) = Y, B 3®M-j(Z) + Z- J ° +1 (J2 B 'j Zi ) ■ 

3=0 j=0 

Suppose Y(Z) = ^2'eLoheZ^ is a power series converging in D(0,r), and there is an e with 
< e < 1 such that \Y(Z) - l\ v < e for all Z £ D(0,r). 

Consider the product Y(Z)G(Z) = Y^7=o9j Z ~ M+: ' ■ If we expand 

M—Jo oo 

(11.93) Y(Z)G(Z) = ^B j 9 M . j (Z) + Z- Jo+1 (^ j Z3) 

j=0 j=0 

then \Bj — Bj\ v < e ■ \go\ v ■ (r|6|^) _ - J for each j in the range < j < M — Jq. 

Proof. After replacing Z by bZ, and D(0,r) by D(0,r\b\ v ), we can assume without 
loss that 6 = 1. In particular, we can assume that each &j(Z) has leading coefficient 1. 
Under this hypothesis, we will first show that for each j > 0, 

I- i / \9o\v 

Multiplying G(Z) by Z M , we obtain a power series converging in D(0,r), having no zeros 
in .D(0, r), whose Taylor coefficients are the gj. The theory of Newton Polygons shows that 
\dj\v < bol/ r "' f° r & H j ( see Lemma [3.351 and the discussion preceding it; in fact, strict 
inequality holds when j > 1). On the other hand, by the Maximum Modulus Principle for 
power series, since \Y(Z) — l\ v < e for all Z £ -D(0, r), we have \ho — l\ v < e and \h(\ v < e/r £ 
for all £ > 1. 

In the product Y(Z)G(Z) we have ~g~ = X]i=o hk9j-k f° r each j. Hence 

\g~j - 9j\v = \(ho - l)gj +higj-i + ... + hjg \ v 

< max(|/to - llubjlu, \hi\ v \gj-i\v,--- , \hj\ v \go\v) 

< max(e • \g \ v /r j ,e/r ■ \go\ v /r j ~ l , . . .,e/r j ■ \g \ v ) 
= £■ \go\v/r j • 

Now consider the expansions (lll.92p and (lll.93p . Clearly Bq = go and Bq = g , so 
\Bq — Bq\ v < s\Bq\ v . Since the $>j(Z) have no zeros in D(0,r) and have leading coefficient 

1, the theory of Newton Polygons shows that |CP \ v < 1/r for each j and £, as before. 
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Suppose inductively that for some J < M — Jo, we have shown that \Bj — BA V < 
e\B \ v /r j for all < j < J. Using (111.921) and (jll.931) we have 

J— 1 oo 

i=o fc=o 

J— 1 oo 

Y{Z)G{Z)-Y^i*M-j{Z) = Y,~ 5 * Z ~ M+J+k > 

j=0 k=0 

for certain numbers <5fc,<5fc G C„. Inserting the Laurent expansions for G(Z), Y(Z)G(Z) and 
the 3>m-.?'(Z), we see that for each k 

A _ R r {M) R ^(M-i) R ^(iW-J+l) 

d k - g J+k - B C k+J - BxL^j^ Bj_ x L k+l 

T - ~n j(M) -5 n {M-J+l) 

h = g J+k - Bodj+k £j-iCfe+i 

By the ultrametric inequality and the estimates above, 

\h - S k \ v < max(e\B \ v /r J+k ,e\B \ v ■ l/r J+k , . . . ,e\B Q \ v /r J ~ l ■ l/r k+l ) 



e\B \ v /r 



J+k 



When k = 0, the fact that &m-j(Z) has leading term Z~ + shows that Bj = 8q and 
Bj = 5q. Hence \Bj — Bj\ v < e\Bq\/t j and the induction can continue. 

When J = M — Jq, the induction stops because there is no function <3?j „i(Z). □ 

Proof of Lemma 111. lit Since X is disjoint from E v , and since the basis functions 
(fij(z) and if\ belong to a multiplicatively finitely generated set, there is a radius r > in 
the value group of C* such that 

(1) r < mini^jl\\xi,Xj\\ v ); 

(2) each of the balls B(xi,r) is isometrically parametrizable and disjoint from E v ; 

(3) for each i, none of the <fij(z) has a zero in B(xi,r);. 

Fixing Xi E X, let Qi : D(0,r) — > B(xi,r) be an L„, -rational isometric parametrization 

of B(xi,r) with Qi(0) = Xi. If Z is the coordinate on D(0,r), then we can expand Gv (z), 
Y(z), and the (fij(z) as Laurent series in Z converging in D(0, r)\{0}, putting G(Z) = 

G {kl \ ei {Z)), H{Z) = Y{ Qi (Z)), and <f>j(z) = ^ 3 ( 6 i(Z)). 

With respect to the uniformizer g Xi {z) the <Pij(z) are monic. That is, 

lim (pij(z) ■ g Xt (z) j = 1 . 

Z— >Xi 

When g Xi (z) is expanded in terms of Z, its leading coefficient will be some b v ,i £ K v (xi) x : 

K 4 = lim ^%^2 . 
z^o Z 

It follows that (pij{gi{Z)) has the leading term (b V) i)~ J Z~ J . 

We now apply Lemma 111.131 with $>j(Z), G(Z) and H(Z) as above, taking b = b v ^ and 
Jo = k\N{. Because only the (fij(z) with j > (n — k\)Ni have poles of order (n — k\)Ni or 



more at Xj, we can write 
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kiNi—1 oo 

Ni+j 



G{Z) = J2 AvtiVW-MW) + E A 'iJ z ~ n 

3=0 j=(n-k 1 )N i 

kiNi — 1 oo 

y(z)g(z) = J2 ^v,im,nN l -M( z ))+ E %jZ~ nNi+j 

3=0 j=(n-k!)Ni 

where the A Vt ij and A v ij are the same as in (jll.66p . (|ll,67p . Thus go = A v ^o hi Lemma 
111.131 Recall that \A v ' >i0 \ v = \c v X and that \Y(Z) - l\ v = \Y(z) - l\ v < C 2 e for all 
Z £ D(0,r), where C<i is the constant from Lemma 111. 101 Put C3 = C% in Lemma lll.lll 
By Lemma lll.131 

(11.94) \ Avtlj -A Vtlj \ v < C 3 e ' 



(r\b V:i \ v y 

for each j = 0, . . . , fciiVj. 

Letting Xj vary, Lemma 1 1 1 . 1 1 1 holds with 

(11.95) C 4 = — : jt i 1 jT— -p: • □ 

mm(l,r|& 1 , ) i^,... ,r|6„,mW 

Lemma 111.121 (Third Moving Lemma) There are constants £3 > and 6*6, C7 > 
1 (depending only on 4> v (z), E v , H v , their K v -simple decompositions {J i=1 (B(a£,re) n 

C v (Fwi)) and U/i=i {B(9h.,Ph) ^C v (F Uh j), the choices of the L-rational and L sep -rational 
bases, the uniformizers g Xi (z), and the projective embedding ofC v ), such that ifO < e < £3, 
and if F v ^ x (z) is as in (111.690 andU^ = \J h=1 B(6i l , p^), then there is a K v -rational (X, s)- 
function A^fci (z) of the form 

m fciATj-l 

A v ,ki(z) = E E Atw^fci+i)/^-.?^) > 

j=l j=0 

satisfying 

\\^v,ij\\us — GeC 7 1 e , 
suc/i £/tarf when G v (z) from Lemma \ll.ll\ is replaced with 

G^\z) = G^\z) + A vM (z)F vM (z) , 

then for each (i,j) with 1 < i < m, < j < k±Ni, the coefficient A v ^j of G v (z) is restored 
to the coefficient A V: ij of Gv (z) in Gv' 1 (z). 

Proof. This is a consequence of Proposition 17.181 Using the L-rational basis, expand 

m (n-l)Ni-l A 

G v hl) (z) = E E ^iift^-jW + E^ftW ' 
i=l j=0 A=l 

m (n-l)Ni-l A 

Gv' (z) = E E ^v,ij^Pi,nN i -j(z)+J2 A X ( Px( Z ) j 
i=l j=0 A=l 
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and using the L sep -rational basis, write 

m (n-l)JVi-l A 

G { v kl) (z) = 22 *v,ij<Pi,nNi-j(*) +*%2aX<P\(z) > 
i=l i=0 A=l 

m (n-l)JVi-l A 

G^O) = 22 « U ,y^,niV i -i(2)+2 S A¥'A(^) ■ 
i=l j=0 A=l 

By Proposition 13.3( C). the transition matrix from the L-rational basis to the L sep - 
rational basis is block diagonal with blocks of size J, and for a given i the same J x J matrix 
Bijk occurs for each block. By Lemma ["11.111 we have \A v> ij — A V) ij\ v < C^Cl(\c Vi i\ v ) n e for 
all 1 < i < m, < j < k\Ni. Since J\Ni for each i, there is a constant C5 such that 

(11.9b) \ a v,ij ~ a v,ij\v Si C'5C'4(| c j;,j|v) £ 

for all 1 < i < m, < j < fciiVj. Indeed, putting B v = maxi<i< mi i<j t k<j \B%,jk\v, we can 
take C 5 = B V C Z C(~ X . 

For each z, j put S^ = a,,^ — a V: ij. Since G|, (2) and G v 1 (2) are ^-rational, the 
$v,ij belong to L^ and are .^-symmetric (Proposition 13. 5p . 

We now apply Proposition 17.181 taking l = ki, F v (z) = F v ^ 1 (z), and 

$ = (Sv,ij)l<i<m,0<j<k 1 N i ■ 

We will take r in Proposition 17.181 to be the same number as in the proof of Lemma 111.111 
Comparing (|7.108p and ()11.95|) shows that if w v is the constant from Proposition 17.181 and 
C4 is the constant from Lemma lll.lll then C4 = tu" 1 . Letting Y„ be the constant from 
Proposition 17.181 and recalling from the discussion after (|11.7U|) that the leading coefficient 
d Vi i of F V: k 1 {z) at X{ has absolute value 1^^!^ = |ci;i|™ 1_1 , we will take p in Proposition 
ITTHl tobe 

(11.97) p = C ' 5|c ^ l " 1+1 - £ . 

1 V 

Then for all (i,j) with 1 < i < m, < j < k\Ni we have 

By Proposition [U8J there is a unique A = (A„ )is ) 1 <j< m! o< s <fe 1 jv i G (L^) fcl7V for which 

$-p (A) = 6; 

moreover the A^jj are ifu-symmetric and 

m kiNi—1 

A v ,ki( z ) '■= 2 2 A ^i^(fci+i)^-i( z ) 
i=i i=o 

is i^-rational. The fact that $-^ p (A) = 5 and each 5 V ij = a v ij — a V: ij means that 



. — y—ij U CU.1U ccm^ij. "tijij ^V,IJ "UjJJ 

-^ ?J , fc -I 



^tiW^tiW = 2 2 ( G, w _ a, w) ' ^t,(fc+<)JVi-j(^) + lower order terms 
i=l i=o 
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Consequently, when we expand A Vi f Cl (z)F V) k 1 (z) using the L-rational basis, we have 

m eNi-1 
A vM (z)F v>kl (z) = ^2 X] ( Av >v ~ Av m) ' <Pi,(k+t)Ni-j(z) + lower order terms . 

t=l j=0 

This means that when G v (z) is replaced with 

G^\z) = Gi kl \z) + A V!kl (z)F vM (z), 

then for each (i,j) with 1 < i < m, < j < fciiVj, the coefficient Ayy- of G v (z) is changed 

to Ao t ij in G4 ^(z). 

Finally, by (111.971) and (|11.98l) . and by (TT901) of Proposition EH for each (i,j) with 
1 < i < m, < j < k\Ni we have 

i/T . i < -j _. 5 ni (\r -I \*l+l . p 

On the other hand, by Proposition 13.71 there is a constant C° such that Hvij Wllt/o < (C^)"' 
for all i and j. Without loss, we can assume that Cj > 1. It follows that 

ll A ^fci(^)ll[/o < , ... ™ax „ (l A «,y|«- lkt,(fci+l)JVi-illDs) 
l<j<m,0<j<fciiVi 

< max (Hc{ • (|^|«) fcl+1 • (Cj)( fcl+1 W-' • e) < C 6 C* • e , 

where 

C 6 = max (l, & • max(|^,4) • (C t ) max '^ 

and 

Cj = maxll, maxdc^^l^) ■ max (C v , C4) 

This completes the proof. □ 



APPENDIX A 
(X, s)-Potential theory 

In this appendix we study potential theory for the (X, s)-canonical distance. In section 
lAlll we discuss the basic facts of (X, s)-potential theory for compact sets concerning potential 
functions, equilibrium distributions, the transfinite diameter, and the Chebyshev constant. 
In section IAI21 which concerns the archimedean case, we derive bounds for the mass the 
(X, s)-equilibrium distribution of H can give to "small" subsets of H. In section IA|3| which 
concerns the nonarchimedean case, we determine the (X, s) -equilibrium distributions for a 
class of well-behaved sets. 

Fix a projective embedding of C/K. Given a place v of K, let \\z, w\\ v be the correspond- 
ing spherical metric on C V (C V ). As in §3121 if v is nonarchimedean let q v be the order of the 
residue field of K v , and let log^(x) be the logarithm to the base q v . If v is archimedean, 
put log„(x) = ln(x). 

Let X = {xi, . . . ,x m } C C(K) be the finite, galois-stable set of points from §3121 For 
each X{ E X, let g Xi (z) E K(C) be the uniformizer at X{ chosen in §3l2t and let the canonical 
distance [2,10]^ be normalized so that for each w 7^ Xj, 

lim ([z,w] Xi ■ \g Xi (z)\v) = 1 • 

Let s = (si, . . . , s m ) E V m be a probability vector. As in §3151 we define the (X, s)-canonical 
distance by 

n 

i=l 



1. (X, s)-Potential Theory for Compact Sets 

Let H C C„(Cu)\X be a compact set. In this section we will define analogues of the 
classical logarithmic capacity, transfinite diameter, Chebyshev constant, potential functions, 
and Green's functions, relative to the kernel [z, w]%$. 

We will study these objects and their relation with the corresponding objects when X 
consists of a single point. The proofs of all the results below are classical and (with minor 
modifications) are the same as those in ( |51j . §3 and §4), so for the most part we only sketch 
them. 

We first define the (X, s)-capacity. For any probability measure v supported on H, the 
(X, s)-energy is 

(A.l) IxA p ) = -^og v ([z,w] x ,r)du(z)du(w) . 

J JHxH 



:-!2X 



324 A. {X, s)-POTENTIAL THEORY 

and the (X, s)-potential function is 

(A.2) u x ,s{z,u) = / -log v ([z,w] X: g)du(w) . 

Jh 

The (X, s)-Robin constant is defined by 

(A.3) V X . S {H) = inf I x> &), 

probability measures 
v supported on H 

and the (X, s)-capacity is given by 

, v e —vx,s{H) if v i s archimedean, 

(A.4) lx ^H) = _ VxdH) . ' 

I q v ' ' it v is nonaremmedean. 

We next define the (X, s)-transfinite diameter. For N = 2,3, ... let 

JV 

(A.5) d N (H) = sup (\l[ qi , qj h,s) 1/N2 ; 

qi ,...,q N eH i)i=1 

then the (X, s)-transfinite diameter is 

(A.6) d Xt t{H) = lim d N {H) . 

The existence of the limit follows by a classical argument, given in ( |51| . p. 150 and pp. 203- 
204) for the kernel [z, w]^. There the exponent 1/N 2 in (JA.5P is replaced by 1/N(N—1), and 
the d^(H) are shown to be monotonically decreasing. Our modification to the exponent 
does not affect the convergence in (jA.pp . or the value of the limit. 

Finally, we define the restricted (X, s)-Chebyshev constant CH^g(H). Given points 
a±, . . . , ozv S C V (C)\X, consider the (X, s)-pseudopolynomial (see §3I6|) 

JV 
P{z;ai,...,a N ) = \\[z,ai]x,s ■ 

i=l 

Writing \\P\\h = sup^ ei ^ P(z), put 

(A.7) GB* N (H) = inf (\\P(z; a u . . . ,a N )\\ H ) 1/N , 

ai,...,ajvS-ff 

and then define 

(A.8) CR x ,s(H) = Jim CH^tf) . 

The existence of the limit in (|A.8|) follows from arguments similar to those in ( |51j . p. 151 
and pp. 203-304). We call CH X S (H) the restricted Chebyshev constant since the points 
oi, . . . , a-N are required to be in H; lifting that restriction, it is also possible to define an 
unrestricted Chebyshev constant CH^^(i^), whose value turns out to be the same as the 
restricted one. 

The following theorems summarize the main facts concerning these objects: 

Theorem A.l. Let H C C V (C V )\X be compact. Then for each probability vector s 6 V m , 

(A.9) 7*>-(#) = d X)g (H) = CHy(H) , 

and these quantities are if and only if H has capacity in the sense of Definition 13.141 
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Proof. The proofs are analogous to those of |51| . Theorems 3.1.18 and 4.1.19. □ 

Theorem A. 2. Let H C C V (C V )\X be compact, with positive capacity. Then for each 
probability vector s G V m , 

(A) If H has positive capacity, then there is a unique probability measure \x = fj,x,g on 
H, called the (X, s)- equilibrium distribution of H , for which 

Vx,s{H) = I^gfjj) ; 

(B) For this measure fJ,xg> the potential function 



ux,g{z,H) := u x ,g(z,nx,g) = / -\og v ([z,w] x ,g)d/j,x,g(w) 

Jh 

satisfies ux,g(z,H) < Vx,g(H) for all z G C V (C V ), with ux,g(z,H) = Vx,g(H) for all z G H 
except possibly an F a -set ex,g C H of inner capacity 0. Moreover, ux,g(z, H) is continuous 
on C v (C v )\ex,g- 

In the archimedean case, uxg(z,H) < Vx.g(H) on each component of C V (C)\H which 
contains a point X{ G X with Si > 0, and ux,g(z, H) = Vx,g{H) on all other components 
of C V (C)\H . The exceptional set ex t g is contained in dHx^g, the part of the boundary of 
H shared by the components of C V (C)\H on which ux,g(z,H) < 0, and H and dHx,g have 
the same capacity, potential function, and equilibrium distribution with respect to [z, w]xg- 
Furthermore, ux : g{z,H) is superharmonic on C V (C)\3E, subharmonic on C V (C)\H, and 
harmonic on C V (C)\(H \J X) . At each x.- t G X, ux.g(z,H) + Sjlog(|z — Xj|) extends to a 
function harmonic in a neighborhood of X{ . 

In the nonarchimedean case, ux,g{z,H) < Vx : g(H) for all z G C V (C V )\H , andux : g(z,H)+ 
Silog v (\z — Xi\ v ) has a finite limit at each X{ G X . 

Remark. When H is clear from the context, we will often write ux,g(z) for ux,g{z,H). 

Proof. In the classical theory, the assertions in Theorems IA.1I and IA.2I are the main 
consequences of Maria's Theorem and Frostman's theorem. They are established for the 
kernel [2,11;]^ in Theorems 3.1.6, 3.1.7, 3.1.12, and 3.1.18 of ( |51j . §3.1) in the archimedean 
case, and in Theorems 4.1.11, 4.1.19, and 4.1.22 of ( |51j . §4.1) in the nonarchimedean case. 

In the archimedean case, the continuity/harmonicity properties of log([2, iu^sO shown 
in Proposition 13.11] together with the Maximum principle for harmonic functions, allow the 
proofs in ( |51j . §3.1) to be carried over for [z, w]x g- The property of the canonical distance 
needed for those proofs is that for each q G H, and each disc D(q,r) with £ ^ D(q,r), if 
we fix a coordinate chart on D(q,r), then there is a constant C (depending on £ and the 
choice of coordinates) such that for all z ^ w G D(q, r) 

-log([z,w] c )-C < -log(|z-«;|) < -log([z,w] ( )-C 

(see [51j . p. 139). By Proposition 13.111 this holds for [z,w]x,g- 

In the nonarchimedean case, the proofs given in ( |51j , §4.1) use two properties of the 
canonical distance. First, for each q G H, each £ G X, and each isometrically parametrizable 
ball B(q,r) disjoint from X (see Definition 13. 8|) . there is a constant C = C q ^ such that 
[z, w](; = C\\z,w\\ v for all z, w G B(q,r). Since [z, w]x,g is a weighted product of the [z,w] Xi , 
with the weights summing to 1, Proposition 13.111 shows that this property holds for [z, w]xg 
as well. Second, for each pair of points w , £ G C V (C), and each isometrically parametrizable 
ball B(w,r) not containing £, there is a function f{z) G C V (C) of degree N say, having all 
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its zeros in B(w,r) and having poles only at £, such that 

[Z,W]< = (\f(*)\v) l/N 

for all z ^ B(w,r) (see |51j . Proposition 2.1.6). For [z, w]x$ the analogue of this is that 
if B(w,r) is an isometrically parametrizable ball disjoint from 3t, then there are functions 
fi(z) £ C V (C) of degree Ni say, having all their zeros in B(w,r) and such that fi(z) has 
poles only at Xj, for which 

m -. 

-log v ([z,w] x ,g) = -^2si-—log v (\fi(z)\ v ) 

i=l 

for all z £ B(w,r). D 



The following proposition can often be used to show that the exceptional set ex 3 in 
Theorem I A. 2 1 is empty. By an arc, we mean a homeomorphic image of the segment [0,1]. 

Proposition A. 3. Let all assumptions be as in Theorem \A.2[ 

(A) If K v is archimedean, then u% t g(z, H) = V% t g(H) at each point zq £ H for which 
there is an arc A C H with zq £ A. 

(B) If K v is nonarchimedean with ch.&r(K v ) = 0, and if p is the rational prime lying 
under v, then Ux$(z, H) = Vxs(H) a t each point zq £ H for which, for some r > 0, there 
is an isometric parametrization f Zo : D(0,r) — > B(zo,r) C C V (C V ) with / Zo (0) = Zq, such 
that /(Z p n D(0, r)) C H. If K v is nonarchimedean with char(i^,) = p > 0, the analogous 
assertion holds with Z p replaced by ¥ P [[T]]. 

Proof. In the archimedean case, this is a classical consequence of the existence of a 
"barrier". The proof is given ( |51j . Theorem 3.1.9) when X is a single point, and the 
argument, which is purely local, carries over unchanged in the general case. 

In the nonarchimedean case, the proof uses the monotonicity of upper Green's functions 
of compact sets ( [51] . Proposition 4.4.1(A)). We give the argument when char(ET^) = 0; 
the proof when char(K v ) > is similar. After shrinking r if necessary, we can assume 
that B(zQ,r) P\ X = <j>. By Proposition !3.1ll (Bl). there is a constant C > such that 
[z, w]x,s = C\\z,w\\ v for all z, w £ B(zo,r). Since f ZQ is an isometric parametrization, we 
have [fz {x),f zo {y)}x,s = C\x - y\ v for all x,y G D(0,r). 

Since a set e C D(0, r) has positive inner capacity if and only if it supports a probability 
measure v for which Jf — log v (\x — y\ v ) du(x)du(y) < oo, by pushing forward or pulling back 
appropriate measures one sees that f Zo takes sets of positive inner capacity to sets of positive 
inner capacity, and sets of inner capacity to sets of inner capacity 0. 

Put Hq = H n B(zo,r), and let Uq = fJ-x,s\ H o- Since Hq contains / 2o (Z p n D(Q,r)), it 
has positive capacity. This means that vq(Hq) > 0. Let u(z, uq) = j — log v (\\z,w\\ v ) diso(w). 
Since [z, w]xg is constant on pairwise disjoint isometrically parametrizable balls in C V (C V )\X, 
there is a constant D such that for all z G B(zo,r), 

(A.10) u x ,g(z,H) = D + u(z,u ) . 

Pull back [z,w]x,s, u x> g(z,H), H and u to D(0,r) using f Zo . Let E = f z ^{H Q ) and 
put v = (1 / 'vq(Hq)) fz {vo); then v is a probability measure supported on E. Consider the 
potential function 

Moo(j;,i/) := / -\og v (\x -y\ v )dv{y) 
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on P 1 (C W ). Since Hx,s ls the equilibrium measure of H, we have ux,g{z,H) < Vx,g(H) for 
all z, with equality on H except on a set of inner capacity 0. By (|A.10|) there is a constant 

V such that u 00 (z,uq) < V on E, with equality except on a set of inner capacity 0. It 
follows from ( |51| . Proposition 4.1.23) that v is the equilibrium measure of E. This means 
that G(x,oo;H) := V — u OQ (x,i') is the upper Green's function of H with respect to oo. 
Since Z p n D(0,r) C H, by ([51]. Proposition 4.4.1(A)) we have 

G(x,oo;Z p n.D(0,r)) > G(x,oo;H) 

for all x G C„. The explicit computation in Proposition 12.11 gives G(0, oo; Z p n D(0, r)) = 0, 
so G(0,oo;H) = as well. This means that Uoo(0, v) = V, and hence by (jA.lOh that 
u X ,g(z ,H) = V Xj g(H). D 

The following proposition sometimes lets us determine the equilibrium distribution. 

Proposition A. 4. Let no be a probability measure on H for which there is a constant 

V < oo such that the potential function ux.g(z,no) equals V on H, except possibly on a set 
of inner capacity 0. Then Vx t g(H) = V , and hx,s = Z^o- 

Proof. By the same argument as in ( [51] . Lemmas 3.1.4 and 4.17), a positive measure 
v for which Lx : g{v) < °° cannot charge sets of inner capacity 0. In particular, this applies 
to no and Hx,s- Hence by Theorem IA.2( B) and Fubini-Tonelli, 

V = / ux,s(z,fJ-o)dfix,s( z ) = -log v ([z,w]x,g)dfj, (w)dnx,s( z ) 

JH JJHxH 



ux,s{ w ^x,s)di^o{w) = V x ,s(H) 

H 



IxAvo) = I -log v {[z,w}x,g)dn {w)dn (z) 

IHxH 



Consequently 



uxA z ^o)d^o{z) = Vx,g(H) . 

>H 

Since HXs^ s the unique probability measure minimizing the (X, s)-energy integral (Theorem 
IA.2f A)). it follows that Hx,s = Ho- □ 

We define the Green's function Gx,g(z; H) to be 

Gx,g{z;H) = V x ,g{H) - uxM ■ 
For each xi £ X, and each positive measure v supported on C v (C v )\{xi}, put 



Uxi(z,v) = / -log v {[z,w] Xi )du(w) . 

JC V (C V ) 

Let Hi be the equilibrium distribution of H with respect to [z,^]^^ and write 



u Xi {z) = u Xi (z,Hi) = / -log v ([z,w] Xi )dfj,i(w) . 

JH 

As in §3l9j for each xi S X the Green's function G(z, xf, H) is defined by 

G(z,xnH) = V Xi (H) - u Xi {z) . 
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We can express fj.% g and Gxg{ z 'i H) in terms of the /Uj and G(z, xf, H): 
Proposition A. 5. Suppose H C C V (C V )\X is compact and has positive capacity. Then 



(A.ll) Hx,s = ^2,SiHi , 

in 

(A.12) G x 4z;H) = ]T Sl G(z,x i; H) 



i=l 



and 



(A.13) V x ,s(H) = Y2 SiSjS k I I -\og v ([z,w] Xi )dfj,j(z)dpL k (w) ■ 



i,j,k=l 



IHxH 

In particular, Vx,s(H) is a continuous function of s. 



Proof. (Archimedean Case.) Formula (|A.12p follows from the strong form of the 
Maximum principle for harmonic functions, applied to Gx,s{ z -,H) — ^2siG(z,Xi;H) on 
C V (C)\(H\J£) (see [ST], Proposition 3.1.1). Formula (jATTTj) is a consequence of (fATl2|) . 
since by the Riesz decomposition theorem (see [51j . Theorem 3.1.11) a measure can be 
recovered from its potential function. In modern terminology, applying the dd c operator on 
C V (C)\X, one has fJ-x,s = dd c (—ux,g(, z )) an d Mi = dd c (—u Xi (z)) = dd c (G(z,Xi;H)) for each 
i. 

For the assertion about Vxs(H), note that 

Vx,g(H) = // -log([z,w]x,s)dnxA z ) d ^A w ) 

J JHxH 



Y^ s i s J s k( // 

jk=1 \JJhxh 



log([z,w] Xi dfij(z)dn k (w] 



.T . \.l .1 Wv R 



(Nonarchimedean Case.) The proof is more complicated in this case, because of the 
absence of a Laplacian operator on C V (C V ). (Actually, a suitable Laplacian has been defined 
in the context of Berkovich Spaces, for P 1 by Baker and Rumely ([7]), and for curves of 
arbitrary genus by Thuillier ( |64j ). However, introducing that theory would take us too 
far afield.) Instead, we use the approximability of Green's functions by algebraic functions, 
the [z, w]x,s~ factorization of pseudopolynomials (I3.30p . and the nonarchimedean Maximum 
modulus principle. 

First suppose s S V m f]Q m . Choose decreasing sequences of numbers r n > and 
E n > with linv^oo r n = ]inx n ^ oa e n = 0. For each n, put W n = {z G C V (C V ) : \\z,w\\ v < 
r n for some w € H}. Thus, the W n form a decreasing sequence of neighborhoods of H with 

rr =1 w n = h. 

For each i and n, Proposition 4.1.5 of ( |51j ) provides a function f- n (z) G C V (C), with 

poles only at X{ and normalized so that \f[ {z)\ v ■ \g Xi {z) N \ v = 1 if iV = deg(/ i ), such 
that for all z G C v (C v )\(W n U {xj}), 



(A.14) 



U Xi (z)-(-^rl0g v \ft\z)\v 



v 



1. (X, .^-POTENTIAL THEORY FOR COMPACT SETS 329 

By raising the f\ n (z) to appropriate powers, we can assume without loss that for a given 
n, they have common degree N n . Let the zeros of ff (z) (with multiplicity) be a^ , 
j = 1, . . . , N n . Let v\ n be the probability measure which gives weight 1/N n to each a^ . 
By the construction in ( |51| . Proposition 4.1.5), for each i the w converge weakly to [ii. 
The normalization of the ff 1 (z) means that for each n and i 

\fi n \z)\ v = J\[z^ ] U , 
i=i 

and so 

1 Nn 1 

(A.15) u Xi (z,^ n) ) = .J2-log v ([z,a^] Xi ) = - — log,(|/i n) Wk,) . 

n j=1 n 



(A. 16) lim u Xi {z,vf>) = u Xz (z,fii) = u Xt (z) 



In particular, for each z ^ H, by (|A.14[) . 

i i 
Let M be a common denominator for the Sj and for each n put 

m 

(A.i7) fW(z) = n/i n) ( z ) Msi • 

1=1 

Then F'") (z) is an (3£, s)-function in the sense of Definition l3.12i Let the zeros F^ n ' (z), listed 
with multiplicities, be a™ , . . . , a^ N ; these are of course just the a\j, repeated certain 
numbers of times. By formula fj3.30f) there is a constant C n such that for all z £ C V (C V ) 

MN„ 

(A.i8) \fW(z)\ v = c n - nM n w- 

Let u/ n ) be the probability measure which gives mass l/{MN n ) to each of the points a, ; 
clearly 



t=i 

Combining ([ATT5]) . (jA7l7|) and (|A~T8|) . we see that 



^M<^ (n) ) = J -log v ([z,w] x , g )dJ n \w) 
(A-19) = -L-log^CO + ^s^^^). 



MiV n 

1=1 
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Since the u\ n converge weakly to the fii, the uj( n > converge weakly to w = ^ s */ i «- 
Hence, for all z ^ H, 

(A.20) lim u X: g(z,uJ in) ) = urffow) . 

Comparing (JA.16J) . (1A.20I) and (1A.19I) it follows that C := lin^-^ N \ 4 log^(C ra ) exists, 
and that for all z ^ H 

(A.21) u x ,s(z,uj) = C +} j s i u Xi (z) . 

i=l 

Using (|51|. Lemma 4.1.3) and its (X, s)-analogue, we conclude that uj = Y2 s il J, i- Hence 
(|A.21j) holds for z G H as well. 

By ( |51| . Theorem 4.1.11), for each i there is a set ej C H of capacity such that 
u Xi (z) = V Xi (H) for all z G H\ei. Moreover, since u Xi (z) < V Xi (H) for all z, ( |51j . Lemma 
4.1.9) shows that u Xi (z) is continuous at each z G H\ei. Put e = |J™ =1 e%- By ( |51| . Lemma 
4.1.9), for all z G H\e, 

uxA z ^) = Yim(C + ^2s iUxi (w)) 

= C + Y,SiV Xl {H) . 

Moreover, by ( |51| . Corollary 4.1.15) e has inner capacity 0. Thus ux,g(z,uj) is constant 
on H, except on a set of inner capacity 0. 

By Proposition IA.41 uj is the equilibrium distribution nx,g of H. That is, 

(A.22) nx,g = ^2 Si ^ ■ 

i=i 

From this (|A.12|) and (|A.13|) follow at once. 

Now consider the general case where possibly s ^ Q m . Let f(s) be the function given 
by the right side of (|A.13|) . Fix s, and choose a sequence of probability vectors s^ n ' G Q m 
approaching s. Let /Xo := Hx,g be the (X, s) -equilibrium distribution of H . Then 

Vx,s(H) = // -log v ([z,w] x ,g)dii (z)dno(w) 

J JHxH 
m „ „ 

(A.23) = y^Si -log v ([z,w] Xi )dno(z)dno(w) . 

~[ JJhxh 

Suppose Vx,g(H) < f(s)- By the continuity / and of the right side of (JA.23J) in s, for 
sufficiently large n 



-log v ([z,w} x3in) )dfi (z)dii (w) < f{^ n) ) . 

'HxH 

However, this contradicts that f(s^ n ') = Vxg(n)(H) is the minimal value of the energy 
integral for [z,w] XS ( n ). 

Consequently V%g(H) > f(s). But ^ Si/Ai is a probability measure for which the (X, s)- 
energy integral equals f(s). Hence this is the minimal value of the energy integral, and by 
the uniqueness of the (X, ^-equilibrium distribution fix,g = S2=i s *^«- ^ 
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2. Mass Bounds in the Archimedean case 

Throughout this section we assume K v is archimedean, and we identify C„ with C 
The results proved here will be used in Theorem 15.21 the construction of the initial local 
approximating functions when K v = R. 

Suppose H C C V (C)\X can be decomposed as H = HiUe, where H\ and e are closed and 
disjoint; we think of e as being "small". The case of interest is when K v = R, H C C„(R), 
and e is a short interval. 

If nx g is the (X, s)-equilibrium distribution of H , we seek upper and lower bounds for 
Hx,s( e ) i n terms of the Robin constants and Green's functions of Hi and e. 

Lemma A. 6. Let H c C V (C)\X be compact with positive capacity. Let M be a constant 
such that for each Xi 6 X, 

max [z, w] Xi < M ; 

z.wdH 

putC = \og{M). 

Suppose H = Hi 1J e where Hi and e are closed and disjoint. Given s & V m ', let /j>x g be 
the (X, s)- equilibrium distribution of H . Then 

Vx,s{H) + C 



(A.24) vx,s(e) < 



Vx,M + c 



Proof. By our hypothesis, [z,w]x,s < M for all z,w S H. 

If M = 1, by the same argument as in the proof of ( |51j . formula (15), p. 148) one 
obtains 

" xAe) - v*M ' 

In the general case, if we renormalize [z, w]x,g by replacing it with jj[z, w]x t gi then for each 
compact set X C H, Vx t g(X) is replaced by Vx,g(X) + log(M). The result follows. □ 

To obtain a lower bound, we need information about the potential-theoretic separation 
between Hi and e. 

Lemma A. 7. Let H = Hi |Je C C V (C)\X, and the constants M and C, be as in Lemma 
14.61 Let m > be such that for each xi G X, and all z £ e, 

(A.25) G(z,x t ;Hi) > m . 

Fixing s, let fix g be the (X,s)- equilibrium distribution of H. Suppose V^^(e) > 
V x ,g(Hi). Then 

vn 
(A.26) iixM > 



2(V x ,g(Hi) + C){Vx,g{e) + C + 2m) 



Proof. If e has capacity 0, the result is trivial since Hx,g( e ) = and Vx t g{e) = oo. 
Hence without loss we can assume that e has positive capacity. First suppose M = 1. 

Write fi (resp. fj,\, resp. ^2) for the (X, s) -equilibrium distribution of H (resp. Hi, resp. 
e). Put Vi = V x ,g(Hi) = LxAfu), V 2 = V X) g(e) = I X ,M, and let 

Ix,s{viiV2) = \\ -log([z,w]x,g) dm(z)dn 2 (w) ■ 
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Then for each < t < 1, 

VxA H ) = J x,s(ji) < /^((l-^i + i^) 

(A.27) = (1 - tflx^i) + 2t(l - £)/ x> -(w, /J 2 ) + t 2 Ix,s(^) ■ 

By our hypothesis, Gx,g(z; H±) = ^2™ =1 SiG(z,Xi;Hi) > m on e; hence the potential 
function 

satisfies mjj(z; i^i) < V\ — m on e. Thus 



%s(^i,^2) = I ux,s{z; Hi)dfj, 2 (z) < Vi-m. 

J e 

Since I^si^i) = Vi and Ix,s(^) = ^2, (|A.27P gives 

(A.28) V x ,g(H) < (V 2 + 2m- V 1 )t 2 -2mt + V 1 . 

The minimum of the right side occurs at t = m/(V2 + 2m — Vi), which lies in the interval 
[0, 1] because of our assumption that V 2 > V\. Inserting this in (|A.28j) . we get 



(A.29) Vrg(H) < Vi 



m 2 



V 2 + 2m- Vi 

Put /3 = (ix,s(e)- Because —\og([z,w]x,s) > on H, we have 
Vx,s(H) = // -log([z,w]x,g)dfJi(z)dn(w) 

J JHxH 



> // -log([z,w]x,g)dn(z)dti(w) = IxAvIhi) ■ 

JJffixHi 

Since j^^Hx is a probability measure on Hi, upon dividing by (1 — /3) 2 , we get 

(A.30) W=W ~ M^/'k.) > J x,M = Vi . 

Combining (|A.29|) and ([A.30P gives 

2 2 

2 „ „ 771 , „ 771 



[1-Pr < 1 — t c < 1 



V 1 (V 2 + 2m-V 1 ) ~ V 1 {V 2 + 2m) ' 

Taking square roots, we see that 

m 2 
1-/3 " l ~WjV 2 + 2m) ' 

which is equivalent to (|A.26p . 

The general case follows upon scaling [z, w]x,g by \jM . D 

Fix a local coordinate patch U C C V (C)\X, with coordinate function z say. We can 
describe subsets of U, such as intervals or discs, in terms of the coordinate function z. Our 
last result concerns the behavior of the (X, s)-Robin constant of an interval, as its length 
goes to 0. 
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Lemma A. 8. Let U C C V (C)\X be a local coordinate patch, and let I be a compact subset 
of U . Then there is a constant A depending only I (and the choice of the local coordinate 
function z) such that for any interval e a (h) = [a — h,a + h] C I, and any probability vector 
s £ V m , we have 

(A.31) - log(fr) - A < V x Je a (h)) < - log(h) + A . 



Proof. There is a constant Aq such that for each Xj £ X, and all z,w £ I with z ^ w, 
— log(\z — w\) — Aq < — log([z, w] Xi ) < — log(|z — w\) + A). Hence for all z,w & I with 
z ^w, and all s£ V m . 

-log(|z - w\) - A < -log([z,w] X)g ) < -log(\z-w\)+A . 

Fix s, and let fi = /i£,s be the (X, s) -equilibrium distribution of e a (h). Also, let jiq, be 
the equilibrium distribution of e a (h) considered as a subset of C, via the local coordinate 
function z. Then by the energy minimizing property of /io and the fact that the classical 
Robin constant of a segment of length L is — log(L/4), 



Vx,g(e a (h)) I -log([z,w] x ,s)dn(z)dn(w) 

le a (h)xe a (h) 



I (-log(\z-w\)-A )dfi(z)dij(w) 

le a (h)xe a (h) 



I -log(\z-w\)dfj, (z)dfio(w)-A 

le a (h)xe a (h) 

\og{h/2) - ^o • 



Similarly, using the energy minimizing property of fj.% , 



log(h/2)+Ao I (-log(\z-w\) + A )dno(z)dn (w) 

'e a (h)xe a (h) 



> // -log([z,w]x,g)dn(z)dn(w) 

J Je a (h)xe a (h) 

= Vx,g(.e a (h)) . 
Putting A = Aq + log(2), we obtain the result. □ 

3. Description of /i^ g in the Nonarchimedean Case 

Throughout this section we assume that K v is nonarchimedean. Our goal is to de- 
termine nx s f° r a class of well-behaved compact sets. The results proved here will be 
used in Theorem 111.11 the construction of the initial local approximating functions in the 
nonarchimedean compact case. 

For the remainder of this section, F w C C„ will be a fixed finite extension of K v , with 
ramification index e = e w / v and residue degree / = f w / v - 

We begin by considering the special case when C v = F 1 /K v and £ = oo. Identify 
Pj(C„)\{oo} with C„ and normalize the canonical distance so that [z, xjco = \z — x\ v . The 
equilibrium distribution and potential function can be determined explicitly when H is a 
coset of O w . The following result is a mild generalization of ( |51j . Example 4.1.24): 
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Lemma A. 9. Let F w /K v be a finite extension with ramification index e and residue 
degree f. Suppose H = a+bO w , where a £ C v and b £ C* . Then the equilibrium distribution 
[i of H relative to [x,2/]oo = \x — y\ v is the pushforward of additive Haar measure on O w 
by the affine map x = a + bz, and if \b\ v = r, the potential function Uoo(x) = Uoo(x,H) is 
given by 

{ — log,„(r) + —4 — for x £ H, 
-log v (\x-a\ v ) for x f D(a,r) . 

Proof. After a change of coordinates, we can assume without loss that H = O w . Since 
H and \x — y\ v are invariant under translation by elements of O w , the uniqueness of the 
equilibrium distribution shows that it must be translation-invariant as well. It follows that 
fi is the additive Haar measure [i w on O w . 

Let ir w be a generator for the maximal ideal m w of O w . We can compute Uoo(0) directly: 

oo „ 

(A.33) ^00(0) = V/ - log(|0 - y\ v ) d»(y) 



1=0 " m w \ m ™ 

oo 



1 



(A - 34) ^'•H?-^h*'- 1 ) 



£=0 



By translation invariance, Uoo(x) = iioo(0) for all x £ O v 
For x ^ D(0, 1), the ultrametric inequality gives 



Uoc(x) = / -log(|z -y\ v )dn(y) 

JOv 

- log(|x|„) dn(y) = -log^da;^) 

o v 

It is not hard to give a formula for Uoo(x) when x £ D(0, l)\O w (see |51| . Example 4.1.26), 
but we will not need this. D 

Now let C v /K v be arbitrary. Suppose a G C V (F W ), and let B(a,r) be an isometri- 
cally parametrizable ball disjoint from X, whose radius r belongs to |-F^|u- Take H = 
Cv(Fw)f)B(a,r). By Theorem 13.91 there is an i^-rational isometric parametrization A : 
D(0,r) -)• B(a,r) with A(0) = a, and if b £ F* is such that |6|„ = r, then A(bO w ) = H. 

Fix s £ V m '. By Proposition 13.111 there is a constant C a (s), which belongs to the value 
group of C^ if s£ 7 3 ' m nQ m , such that [z, w]x,s = C a (s)\\z,w\\ v for all z,w £ B(a,r). Using 
Lemma lA.91 we obtain: 

Corollary A. 10. Suppose a £ C V (F W ), r £ \F*\ V , and that B(a,r) C C V (C V ) is 
an isometrically parametrizable ball disjoint from X. Let s £ V m be arbitrary, and take 
H = C v (F w )f]B(a,r). 

Then the (X, s) -equilibrium distribution of H is the pushforward A*([i w ) of additive Haar 
measure on bO w , normalized to have total mass 1, and the (X, s) -potential function of H 
satisfies 

, Avrt i m j - lo ^(C a (^-r) + -h T forallz£H, 

(A.35) ux,g(z,H) = < e fe-!) 

I ~iog v {[z,a\x,g) for all z (f B(a,r). 
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Proof. Write z = A(x), w = A(y) for z,w S B(a,r) and x,y S D(0, r). Then ||z, io||„ = 
|x-y|„, and [z, w]x,g= C a (s)\x - y\ v . 

Write [i w for the additive Haar measure on bO w = F w n D(0,r), normalized to have 
total mass 1, and put /j,q = A*(/x w ). By Lemma [A..91 for each z £ H 

uxA z iVo) = / -h>g v ([z,w]xj)dtio(w) 
Jh 

-log v (C a (s)\x- y\v)d/j, w (y) 

w 

log v (C a (s))-log v (r) + 



e{ql - 1) ' 

In particular, ux t g(z, /j,q) is constant on H. By Proposition IA.4} it follows that ^x,g = Mo- 
If z £ B(a,r) then Proposition 13.111 gives [z,w]x,g = [z, aj^j for all w £ B(a,r), so 



ux,g{z,Ho) = / -log v ([z,w]x,g)d/j, Q (w) = -log v ([z,a] x ,g) ■ 
Jh 

D 

Note that in Corollary lA.lOi the equilibrium measure nx 3 °f H is independent of s. 
This is a general phenomenon for compact subsets of isometrically parametrizable balls: 

Lemma A. 11. Let B(a,r) C C V (C V ) be an isometrically parametrizable ball disjoint from 
X, and let H C B(a,r) be compact with positive capacity. Then the equilibrium distribution 
t^XS of H is a probability measure (X* independent of s. 

Proof. For a given s, the equilibrium distribution jjlx g is the unique probability mea- 
sure fi supported on H which minimizes the energy integral 



Ix,s(n) = -\og v ([z,w]x,g) dn(z)dn(w) . 

J JHxH 

Fix an isometric parametrization of B(a,r). By Proposition 13. Ill for each s there is a 
constant C a (s) such that for all z,w € B(a,r), 

-\og v ([z,w]x,s) = -\og v {\\z,w\\ v )-log v {C a (s)) . 
Hence the same measure fi* minimizes the energy integral, for all s. □ 

Now let B(ai,r£) for £ = 1,...,D be isometrically parametrizable balls in C V (C V ), 
disjoint from each other and from X. Suppose H = Uf=i H&i where Hi C B(ae,ri) is 
compact and has positive capacity for each £. Let \x\ be the (X, s)-equilibrium distribution 
of He, which is independent of s by Lemma lA. Ill Let 

ux,s(z,Hi) = / -log([z,w\x,g)dn* e (w) 

J H e 
be the (X, s)-potential function of H^. 



\D 



Proposition A. 12. Let H = Ufci-^f be as above. For each s, there are weights 
we(s) > with J2i=i w e(s) = 1 such that the equilibrium distribution fj,x,S of H satisfies 

D 

(A.36) nx,g = ^2,we(s)l4 , 
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and the potential function is given by 

D 

(A.37) u Xi g(z,H) = J2 w ds) u xA z > H e 



Proof. Let wi(s) = (i X: g(Hi). Since Hi has positive capacity, necessarily wi(s) > 
(see [51] . Lemma 4.1.7). Since the balls B(ai,ri) are pairwise disjoint and do not meet X, 
Proposition 13.111 shows that [x,w]jj is constant for z G B{ae,ri), w G B(a,k,rk), if £ ^ k. 
Hence the same arguments as in ( |51j . Proposition 4.1.27) yield (|A.36|) and (|A.37|) . □ 

Remark. Using Proposition IA.51 one sees that there are constants Wn > such that 
we(s) = Y^i=i SiWu for all s and all £. 

Theorem A. 13. Suppose B(a±,ri), . . . , B(a£>,r£)) are pairwise disjoint isometrically 
parametrizable balls inC v (C v ), whose union is disjoint from X. For each£, let Hi C B(ae,rg) 
be a compact set of positive capacity, and let H = [L =1 Hi. 

Given s G V m , let V Xi g(Hi) be the (X,s)-Robin constant of Hi. Let //| be the (X, s)- 
equilibrium distribution of Hi [which is independent of s, by Lemma \A.ll\i . 

Then the Robin constant V = V Xt g(H) and the weights Wi = We(s) = fi X ,g(Hi) > such 
that fXx,s = Yle=i w e(s) A 4 ! {given by Proposition 1^4. 12|) are uniquely determined by the D + l 
linear equations 

1 = • V + £?=i w e , 



(A.38) 



D 



V + wj ■ ( - Vx,s(Hj)) + ^wi ■ log,, ([at, a,j]x,g) 



for j = 1,...,D. 



Ifs£V m nQ m and V Xy g{Hi) G Q for each £, then V Xj g(H) and the w £ (s) belong to Q. 

Proof. By Theorem IA.2I and Proposition IA.H u X g(z,H) takes the constant value V 
on H, except possibly on an exceptional set e C H of inner capacity 0. Similarly, each 
u x ^(z,Hj) takes the constant value V x ^{Hj) on Hj, except possibly on an exceptional set 
ej C Hj of inner capacity 0. Since Hj has positive capacity, Hj\(e U e,) is nonempty. For 
each j, let a*j G Hj be a point where u x ^g(a*,H) = V and u x ^{a*j,Hj) = V X) g(Hj). The 
first equation in (IA.38P follows from Proposition I A. 12l Using Corollary IA. 101 and evaluating 
u x,s(H) at each a*j, we obtain the last D equations in (JA.38P with the ai, a,j replaced by the 
a*£,a*j. However, if £ ^ j, then log v ([x, y] x> g) is constant for (x,y) G B(ag,r£) x B{aj,rj) by 
Proposition [3JJJ Hence log v ([a},a*] X) g) = \og v ([ae,aj]x,z)- 

Conversely, we claim that the system of linear equations (|A.38|) in the variables V and 
we is nonsingular. To see this, first note that the values V = V x> g(H) and wi = fj, X: g(He) 
provide one solution to this system, with positive we. On the other hand, any solution to 
the system, with positive we, determines a probability measure on H having the properties 
of the equilibrium distribution. If the system were singular, there would be other solutions 
arbitrarily close to the one given above, contradicting the uniqueness of the equilibrium 
distribution. Thus the equations (JA.38J) uniquely determine V and the we- 

If s G V m n Q m and the V x g{Hj) G Q, then the coefficients of the linear equations are 
rational, since for all £ ^ j we have log v ([ae, a j]x,s) = Y1T=\ s * ^°&v([ a £i a j]x t ) £ Q- Hence V 
and the we must be rational as well. □ 
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We now apply the preceding results to sets H = Uf=i Ht °f a special form: 

Corollary A. 14. Let B(ax,r±),. . . , -B(aD,ro) C C V (C V ) be pairwise disjoint isomet- 
rically parametrizable balls whose union is disjoint from X. For each t, let F W( /K V be a 
finite extension in C v , with residue degree fe = f Wl / v and ramification index ei = e Wi / v - 
Assume that each ae G C v (F Wl ) and each re, G |-F^Juj and put He = C v (F Wt ) f] B(a^, re). Let 

H = {J e=1 Hi- 
Given s G V m ', let C ai (s) be the constant such that [z, w]xg = C ai (s) ■ \\z,w\\ v for 

z,w £ B(ae,re). Let fi^ be the (3L,s)- equilibrium distribution of He (which is independent of 

s, by Lemma lA.lll and is given by a pushforward of additive Haar measure on F w f]D(0, re), 

normalized to have mass 1, by Corollary \A.10\i . 

Then the Robin constant V = Vx,s{H) and the weights we = wi{s) = ^%,s{He) > such 

that fix,g = ^2e=i w l I 1 } {9 l i- ven by Proposition IA12J) are uniquely determined by the D + 1 

linear equations 

1 = • V + £?=i we , 



(A.39) 



i) 



= V + Wj ■ ( log„(C a . (s) ■ tj) -4 — -) + Vw f • log„ ([a e , ajjx^g) 






for j = 1,...,D. 

IfseV m n Q m , then V X)g (H) and the w e (s) belong to Q. 

Proof. This follows by combining Theorem IA.131 Proposition IA.121 and Corollary 
lATTOl Note that if s G V m n Q m , then for each j we have log v (C aj (s)) G Q by Proposition 
ETHB2), so Vx^Hj) = —n \og v {C aj (s) • rj ) sQ. □ 

ejilv -1) 

As a consequence, we show that for sets H of form in Corollary IA.141 then for each 
Q ^ H the Green's function G(x,C,;H) and the Robin constant V^(H) take on rational 
values. 

Corollary A. 15. Let B(ai,r±), . . . ,B(aD,i"o) C C V (C V ) be pairwise disjoint isomet- 
rically parametrizable balls whose union is disjoint from X. For each I, let F Wl /K v be a 
finite extension in C v . Assume that each ae G C v (F We ) and each re G l-F^J^, and put 
He = C v (F Wl )f]B(ai,re). 

Let H = \Je=\He- Then for each ( G C V (C V )\H, we have V^(H) G Q, and for each 
x G C„(C„)\{C} we have G(x,(;H) G Q. 

Proof. We apply the preceding results, taking X = {£} and s = (1). Fix a uniformizing 
parameter g((z) G C V (C) and normalize the canonical distance by lim x _5.^[x, y]{ • \g^(z)\ v = 1 
as usual. By Proposition IA.121 for each z we have 

D 

(A.40) u c (z,H) = J2we-u c (z,H e ) . 

By Corollary IA.14|. under our hypotheses on H, the Robin constant V^(H) = Vx : s{H) and 
the weights w\ , . . . , wo belong to Q. By the definition of the Green's function, for each z 

G(z,(;H) = V c {H)-u c {z,H) . 
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First, suppose x G H. The set H satisfies the hypotheses of Proposition IA.31 so we have 
u c (x,H) = V C (H) and G(x,(;H) = G Q. Next, take x G C v (C v )\((\jf =1 B(a e ,r e )) U 

{(})■ By Corollary IA.101 for each z ^ B(ai,ri) we have u^(z,He) = — \og v ([z , a^) . 
Inserting this in (JA.40P gives 

D 
u ( (x,H) = -^2w£-log v ([x,a e ] c ) . 
e=i 

By Proposition I3.11T B1) we have log„([x,a£]^) € Q for each £, so u^(x,H) G Q. Hence 
G(x,(;H) = V C (H) - u c (x,H) g Q. Finally, let x £ C v (C v )\(h U {C}) be arbitrary. 
By replacing the cover B(ai,ri), . . . ,B(a,D,rz>) of H with a finer cover, we can arrange 
that x ^ Ui=i B(ai,ri). Applying the argument above to this new cover, we see that 

G(x,(;H)£Q. □ 

We close with a proposition which says that deleting small balls from a set H of positive 
capacity does not significantly change its (X, s)-Robin constant or potential function. 

Proposition A. 16. Let H C C V (C V )\3£ be a compact set of positive capacity, and fix 
qi, . . . , qd G H . For each r > 0, write 

H{r) = H\({jB( qi ,r)) . 

Let W be a neighborhood of H . Then for each e > 0, there is an R > such that, uniformly 
for compact sets H' with H(R) Cff'Cff and for s G V m , 

VxA H ) < Vx,s(H') < V^ S {H) + e , 
and for all z G C V (C V )\(X U W), 

WxAz, H ) ~ UxAz, H')\ < e. 



Proof. After shrinking W if necessary, we can assume that W has the form W = 
U^=i B(ae,ri), where the balls B(ae,ri) are isometrically parametrizable, pairwise disjoint, 
and do not meet X. 

We will first prove analogous assertions for the V Xi (H') and u Xi (z, H'), and then consider 
the situation for general s. We begin by showing that for each Xi G X, 

(A.41) WvxV Xi {H(r)) = V Xi (H) . 

1 — >o 

A finite set has capacity 0, so for each Xi, by ( |51| . Corollary 4.1.15), 

l Xi {H) = 7 (H\{ qi ,...,q d }) := sup IxM) . 

compact 
AcH\{q u ...,q d } 

As r — t- 0, the H{r) form an increasing sequence of compact sets whose union is H\{q\, . . . , q^}. 
Hence 

\imj Xi (H(r)) = -f Xi (H\{ qi ,...,q d }) = 7xi (H) 

which is equivalent to (|A.41|) . As the H(r) increase, the V Xi (H(r)) decrease. 



3. DESCRIPTION OF n Xi g IN THE NONARCHIMEDEAN CASE 339 

We next show weak convergence of the equilibrium distributions. Again fix Xi, and let pn 
be the equilibrium distribution of H with respect to Xj. Take a sequence t\ > T2 > ■ ■ ■ > 
with rj — > 0, and put Hj = H(rj). We can assume r\ is small enough that each Hj has 

positive capacity. Let [if be the equilibrium distribution of Hj with respect to X{. As 
shown above, the Robin constants V Xi {Hj) decrease monotonically to V Xi {H). Since the 
equilibrium measure of H with respect to Xj is unique ( |51| . Theorem 4.1.22), the argument 

on (|51|. p. 190) shows that the /jif converge weakly to fi{. 

Since [z, w] Xi is constant for z, w belonging to disjoint isometrically parametrizable balls 
in C v (C v )\{xi}, for each z G C v (C v )\({xi} U W) we have 

D 

u Xi (z,H) = ^2-log v ([z,a e ] Xi ) ■ m{B(ae,pe)) , 



D 



u Xt (z,H( rj )) = ^2~'iog v {[z,at\x i )-lii(B(at,pt)). 

e=i 

Let g Xi {z) be the uniformizing parameter which determines the normalization of [#, tt;] Xi . 
By the same argument as in the proof of ( |51j . Proposition 4.1.5), there is an isometrically 
parametrizable ball B(xi,6) such that u Xi (z,H) = u Xi {z,H(rj)) = \og v (\g Xi (z)\ v ) for all 
z € B(xi, 5)\{xi} and all j. Furthermore, by (|51|. Proposition 4.1.1) there is a finite bound 
B such that | log^Qz, w] Xi )\ < B for each w € W and each z £ C v (C v )\(WUB(xi,5)). Since 
the p\ converge weakly to \Xi as j — > oo, it follows that the u Xi (z, H(rj)) converge uniformly 
to u Xi {z,H) on C v {C v )\{{ Xi } U W). 

The argument above applies for each X{. Given e > 0, take j large enough that for all 
i = 1,. . . ,m, we have \V Xi (H) - V Xi (H(rj))\ < e/3 and \u Xi (z,H) - u Xi (H(rj))\ < e/3 for 
all z e C v (C v )\({xi} U W). Put Rq = ry 

Let H 1 be a compact set with H(Rq) C H' C H. By the monotonicity of the Robin 
constant, for each Xj 

(A.42) V Xi (H) < V X .(H') < V x .{H(Ro)) < V x .(H)+s/3. 

We claim as well that \u Xi (z, H) — u Xi (z,H')\ < e outside W. This follows from a 3-e's 
argument, using monotonicity of the upper Green's functions. Recall that G(z,Xi,H) = 
V Xi (H) — u Xi (z,H), with similar equalities for G(z,Xi,H') and G(z,XiH(Ro)). By ( |51| . 
Proposition 4.4.1), for all z £ C v (C v )\{xi} 

G(z, Xi ;H) < G(z, Xi ;H f ) < G(z, Xl ;H(R )) . 

It follows that for all z G C v (C v )\({xi} U W), 

\u Xi (z,H) -u Xi (z,H')\ 

(A.43) = \(V x .(H)-G(z,x i ;H))-(V x .(H')-G(z,x i ;H')\ 

< \V Xi {H) - V Xi {H')\ + \G(z, Xl ;H) - G(z,x f ,H')\ 

< \V Xi {H)-V Xi {H{R Q ))\ + \G{z,x i -,H)-G{z,x i -,H(R< i ))\ 

< 2\V Xi (H)-V Xi (H(R ))\ + \u Xi (z,H)-u Xi (z,H(R ))\ <e. 

Now fix s G V m . Recall that W = UJLi B i a ^ r e)- For each £ = 1,...,D, put H e = 
Hf]B(ae, re). We can assume without loss that each Hi has positive capacity, since removing 
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a set of capacity from H does not change its Robin constant or potential function with 
respect to any Xi ( [51| . Corollary 4.1.15). Applying the first part of the proof to each Hg 
with respect to its cover Wg := B(ag,rg), there is an R > such that for all £, if H[ is a 
compact set with Hg(R) C H' e C Hg, then for each X{ and for all z G C v (C v )\({xi}U B (ag, rg)) 

(A.44) V Xi (Hg) < V Xi (H' e ) < V Xi {Hg) + e, and 

(A.45) \u Xi (z,Hg)-u Xi (z,Hg)\ < e. 

We can assume R < Rq, so (|A.42p and (|A.43p continue to hold. 

Fix a compact set H' with H (R) C iT' C if, and for each £ put H' e = H't~) B(ag, rg). As 
above, we can assume that each H' e has positive capacity. Fix s G V m . We will now show 
that 

(A.46) V XtS (H) < VxAH') < V XiS (H) + e. 

By Lemma |A. Ill for each £ the equilibrium distribution /x| of Hg is independent of Xi, 
so the expression (|A.13|) for V X g(Hg) in Proposition IA.5I simplifies to 

m 
(A.47) V Xtg (H e ) = ^ Si V Xi (H e ) . 

i=l 

Similarly the equilibrium distribution fi' e * of H' e is independent of Xi, so 

in 
(A.48) V X)g (H' e ) = ^SiV^Hfi . 

i=l 

It follows from (TATilj) . (fQ7|) . and (TAT48J) that 

(A.49) *M#<) < *M#<) < *M^) + e . 

By Proposition IA.121 there are weights Wf~(s) > with Ylk=i w k(s) = 1 such that the 
(X, ^-equilibrium distribution of H is given by fA X ,s = Ylk w k(s)fJ-l- 

Consider the probability measure v := ^ fc wg(s)(i'£ on if'. Although f may not be the 
equilibrium measure (J-^ - of iJ', we will show that 

(A.50) «*,*(*. v ) < *M#) + e 

for all z G U^=i B{ag,rg). By the definition of V Xi g(H'), it follows that 

^(#0 < I%M = f u x , g (z,v)dv(z) < V x , g (H) + e. 

Jh> 

This will yield (JA.46P since the lower bound there is trivial. 
By Lemma IA.1H for each £ = 1 , . . . , D 

m m 

u x ,s{z,Hg) = ^2siU Xi (z,Hg) , u Xi g(z,H'g) = ^2siU Xi (z,Hg) . 

i=l i=l 

Hence by (jATio]) . for each z G C V (C V )\{X U B(ag,rg)) 

(A.51) \u X)g (z,Hg)-u X)g (z,H' e )\ < e. 

Fix £ and note that u% t g(z,H' e ) < V X: g(H' e ) for all z, hence in particular for z G B(ag,rg). 
Thus for each k ^ £, u x ^(z,Hk) and u x ^(z, H' k ) are constant on B(ag,rg), since [z,w] x ,g is 
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constant on pairwise disjoint isometrically parametrizable balls not meeting 3C. This means 
that for any z £ B(ai,rg) 

(A.52) V x 4z,H) = w e (s)V x 4H e )+Y,M^)uxA^ H k) ■ 

On the other hand, by the definition of v and ()A.49p . ()A.5ip . and ()A.52p . on B(a,£,ri), 

D 

ux,s{z,H') = ^2w k (s)u x ,g{z,H k ) 
k=i 

< w e (s)(V Xtg (H) + e) + J2 M$(uxA z > H k) + e) 

= V X)8 (H) + e, 

which gives (JA.50P as £ varies. 

Finally, we show that \u x $(z, H) — u Xj g(z, H')\ < 3e for all z $. X U W. Indeed for such 
z, by (EQ2l) . (mi, (JX46J) . and Proposition \KE\ 

\ux,s{z,H) - u x ,g(z,H')\ 

= \(VxA H ) ~ G Xl3 (z,H)) - (V X)g (H') - G X)g (z,H'))\ 

m 

< \V x ,s(H) - V x AH')\+^ Sl \G(z, Xi ;H) - G(z,x f ,H')\ 

i=i 

in 

< \V x ,s(H) - V x AH')\+Y,s l \V Xi (H) - V Xi {H')\ 

i=i 

Til 

+ '^2s i \u Xi (z,H) -u Xi (z,H')\ < 3e . 

4=1 

Since e > is arbitrary, this proves the Proposition. □ 



APPENDIX B 

The Construction of Oscillating Pseudopolynomials 

The purpose of this appendix is to construct (X, s)-pseudopolynomials with all their 
roots in H, and having large oscillations on H n C„(R), in the case when K v = R. This is 
accomplished in Theorem IB. 18| providing the potential-theoretic input to Theorem 15.21 

Throughout this appendix we assume that K v is archimedean. We specialize to the case 
K v = R only in section [BI7I Let C v /K v be a smooth, connected projective curve, so C V (C) 
is a Riemann surface. 

We keep the notation and assumptions of §3121 Let X = {x±, . . . , x m } C C V (K) C C V (C) 
be a finite, Aut (if/if )-stable set of points. As usual, H C C V (C)\X will be compact. Let 
the canonical distances [z, w] Xi be normalized so that lim z - )Ij [z, w] Xi ■ g Xi {z) — L with the 
g Xi (z) as in §3121 As in Chapter [5l if s = (s\, . . . , s m ) G V m is a ^-symmetric probability 
vector, the (X, s)-canonical distance is defined by 

m 

[Z,W\X,S = YI([Z,W] XI )^ . 
i=l 

Recall that an (X, s)-pseudopolynomial is a function of the form 

v 



P(z) = ]][z,ai] Xr 



i=l 

where each a% G C^(C)\X. For simplicity, we will often just speak of pseudopolynomials, 
rather than (X, s)-pseudopolynomials. 

The motivation for the construction is the classical fact that the Chebyshev polynomial 
Pn(z) of degree N for an interval [a,b] oscillates N times between ±M N , where M N is 
the sup norm ||-P/v||[ ai 6]. Thus |P/v(z)| varies N times from M N to to M on [a, b]. 
One could hope to prove the same thing for an (X, s)-Chebyshev pseudopolynomial (that 
is, a pseudopolynomial having minimal sup norm on H), but this seems difficult because 
while [z, w]x,g is locally well-understood, it is globally quite mysterious. Furthermore, for 
disconnected sets H, Chebyshev pseudopolynomials need not have all their roots in H. 

Instead, we consider restricted Chebyshev pseudopolynomials for H, which by definition 
have all their roots in H . The result which makes everything work is Proposition IB. 161 
which asserts that restricted Chebyshev pseudopolynomials for sufficiently short intervals 
("short" is made precise in Definition lB.15|) have an oscillation property like that of classical 
Chebyshev polynomials. 

This suggests that when H = (J^=i Hz ls a disjoint union of short intervals, we could 
obtain the function we want by taking the product of the Chebyshev pseudopolynomials 
for the intervals Hi. However, this would only be partially right, because the pseudopoly- 
nomials from intervals Hj with j ^ £ would affect the magnitude of the oscillations on Hi. 
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Instead, we need to take the product of appropriate "weighted" Cheybshev pseudopolyno- 
mials for the sets Hi, incorporating the background function coining from the other Hj 
from the very start. This leads to the topic of "weighted potential theory", or "potential 
theory in the presence of an external field", a subject which goes back at least as far as 
Gauss. 

We refer the reader to the book by Saff and Totik ( |57j ) for an exposition of weighted 
potential theory for subsets of C. In the classical unweighted case, it is known that under 
appropriate hypotheses on H, the discrete probability measures associated to Cheybshev 
polynomials converge weakly to the equilibrium distribution of H. A variant of this for 
weighted Chebyshev polynomials is given in ( |57j . Theorem III. 4. 2). Thus, one expects that 
the correct weight function to use in defining the weighted (X, s)-Chebyshev pseudopolyno- 
mials for the sets Hi, should be the exponential of the part of the potential function for H 
coming from H\H%. 

This appendix works out that idea. To reach the goal, it is necessary to develop a consid- 
erable amount of machinery. Fortunately, most of the arguments are direct adaptations of 
classical proofs to the (X, s)-context on curves. Sections IBI1HBI51 below "turn the crank" of 
a standard potential-theoretic machine, developing the background needed to prove three 
key facts: Theorems IB. 91 IB. 121 and IB. 131 Theorem IB.9I says that in the case of interest 
to us, the weighted equilibrium distribution for each Hi coincides with the restriction to 
Hi of the unweighted (X, s)-equilibrium distribution for H. Theorem IB. 121 shows that the 
weighted Chebyshev constant for Hi coincides with the unweighted (X, s)-capacity of H. 
And, Theorem IB. 131 proves the convergence of the weighted discrete Chebyshev measures 
to the equilibrium distribution. If one accepts these results, the construction of oscillating 
pseudopolynomials can be carried out quickly. Proposition IB. 161 in section IBI6I establishes 
the oscillation property of weighted Chebyshev pseudopolynomials for short intervals, and 
the main Theorem IB. 181 in section IBI7I assembles the pieces. We now briefly outline the 
contents of sections IBI1HBI51 Sections IBI1I IBI2I and IBI3I introduce the weighted (X, s)- 
capacity, weighted (X, s)-Chebyshev constant, and weighted (X, s)-transfinite diameter and 
prove their existence. Our definition of these quantities is somewhat different from that in 
[57| . The detailed convergence proof for the (X, s^-Chebyshev constant is needed because 
a strong notion of convergence for the finite-level Chebyshev constants to the asymptotic 
one is required in Theorem IB.18I A peculiar aspect of classical potential theory is the 
"rock-paper-scissors" nature of the capacity, Chebyshev constant, and transfinite diame- 
ter: although all three are equal, this is seen only after one proves inequalities between 
them in a cyclic manner. Section IBI5I notes that when the weight function is trivial, the 
weighted objects constructed in sections IBI1HBI31 coincide with the unweighted objects stud- 
ied in Appendix O This observation has the consequence that in the case of interest, the 
weighted equilibrium distribution is unique (Theorem IB, 9h . a fact we are unable to establish 
in general. 

In our path through this material, we prove only what is needed to prove the main 
Theorem IB. 181 Many standard facts, which could be established if we were developing the 
theory for its own sake, are not touched upon. For a more complete treatment of the theory 
in classical case, see 



1. Weighted (X, s)-Capacity Theory 

In this section we introduce the weighted (X, s)-capacity. 
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Motivation. Consider the energy minimization problem in the definition of the loga- 
rithmic capacity for compact sets H C C: for each probability measure v supported on H, 
put I{y) = ff — log \z — w\ dfi(z)dfi(w); then the Robin constant is defined by 

(B.l) VooiH) = inf/H 

and the capacity is j(H) = e~ Vx ^ H \ 

If 'j(H) > 0, there is a unique probability measure fi on H, called the equilibrium 
distribution, for which 



(B.2) // -log(\z-w\)dfi(z)dfi(w) = Voo(H) 

J JHxH 

The equilibrium potential of H is then defined by 



Uoo(z,H) = / -\og(\z-w\)d(j,(w) . 
Jh 

Now suppose H = Hi[jH 2 , where the Hi are closed and disjoint, and put [X\ = h\h\i 
V2 = iAh 2 - Let 



"( z ) = / -\og{\z-w\)dfj, 2 {w) 
Jh 2 

be the part of the equilibrium potential coming from H 2 . Then 
Voo(H) = if -]og(\z-w\)dii{z)dn(w) 

J JHxH 

— \og(\z — w\) dfii(z)dfii(w) + 2 / u(z)dfii(z) 
H 1 xH 1 Jm 



(B.3) +// -log(\z-w\)dn 2 (z)d f i 2 (w) . 

J J H 2 xH 2 

If one thinks of [i 2 on H 2 as given, then the minimization problem (IB.ip can be viewed as 
asking for a positive measure on H\ of mass a = fi(Hi), which minimizes the sum of the 
first two terms in (|B.3p . We now generalize this situation, replacing H\ by the full set H 
and allowing an arbitrary weight function W(z). 

To simplify notation, throughout the discussion below we fix X and s and suppress the 
(X, s)-dependence in all quantities, though that dependence is present. 

Definition of the Weighted (j£, s)-Capacity. Let H be a compact subset of C V (C)\X, 
and let W(z) : C V (C) — > [0,oo] be a function which is positive, bounded and continuous on 
a neighborhood of H. 

Fix a number a > 0, and put 

u(z) = -log(W(z)) . 
Given a positive Borel measure v on H with total mass a, define the energy 

I a (v,W) = 11 -\og{[z,w]x,s)dv{z)dv{w)+2 \ u{z)du{z) . 
Jjhxh Jh 

Let the weighted Robin constant be 

(B.4) V a (H,W) = inf I a {v,W) , 

u(H)=a 
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where the inf is taken over positive Borel measures on H with total mass a. Then, define 
the weighted capacity 

(B.5) la{H,W) = e-^'^l . 

Because W(z) is finite and bounded away from 0, and [z, w]x,g/\\z,w\\ v is bounded for 
z 7^ w € H, it is easy to see that j a (H, W) > if and only if H has positive capacity in the 
sense of Definition 13.141 

If v is a positive Borel measure on H, define the potential function 

u u {z) = / -log([z,w]x,g)du(w) 
Jh 

= lim / -log ( - t \[z,w]x,g)dv(w) 
<^°° Jh 

where — log^ l '([z, w]x t g) ■= max(£, — log ([2, w]x } g)- Then u v (z) is harmonic in C V (C)\(HU3L) 
and superharmonic in C„(C)\X. For any w £ X, u u (z) + r log ([2, w]x,g) extends to a function 
harmonic in C V (C)\(H U {w}). 

Suppose H has positive capacity. In this section we show the existence of a measure 
A* = ^a,H.y/ achieving V a (H, W), which we call an equilibrium distribution. We will prove 
uniqueness later, and only in the cases of interest to us (Theorems IB.7I and IB.9|) . However, 
it seems likely that the equilibrium distribution is always unique (this holds in the classical 
case: see |57| . p. 27). 

The proof of the existence of \i is standard. Take a sequence of measures v^ > on H, 
with Vk(H) = a for all k, such that 

lim I a {v k ,W) = V a (H,W) . 

k—>oo 

After passing to a subsequence, we can assume the Vk converge weakly to a measure \i on H, 
which is necessarily positive and satisfies fJ,(H) = a. We claim that I a {n, W) = V a (H, W). 
Tautologically I CT (//, W) > V a (H,W). For the reverse inequality, note that 



I a (fi,W) = lim // -\ogV([z,w]x,i)dn(z)dn(w)+2 / u(z)dfi(z 
t-* 00 \JJhxh Jh 

(B.6) = lim lim ( // - log (i) ([z, w]x,s) dv k {z)dv k {w) + 2 / u(z)dv k (z 

t->oo k ^oo \JJ HxH J H 

(B.7) < lim inf lim ( // -\og {t \[z ) w\ X s)dv k {z)dv k (w) +2 l u(z)dv k (z 

fc->oo i^oo \JJ HxH J H 

= lim inf I a {y k ,W) = V a {H,W) . 

k— >oa 

The second equality follows from the weak convergence of the v k and the continuity of 
— log"' ([z,w]x,g) on H. The interchange of limits between (IB.6h and (IB.7D is valid because 
the kernels — log"' ([z,w]x,g) are increasing with t. 
Let H* C H be the carrier of fi: 

HI = iz G H : fj.(B(z, 6) f] H) > for each S > o} . 

where the balls B(a,S) = {z £ C V (C) : \\z,a\\ v < 6} are computed relative to a fixed 
spherical metric on C V (C). Note that H* is closed. 
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We now show that u^z) satisfies an analogue of Frostman's theorem (compare |57j . 
Theorem 1.3, p. 27): 

Theorem B.l. Suppose H has positive capacity, and let fi be any equilibrium distri- 
bution for H relative to W(z). Then there exist a constant V^ and an F a set e^ of inner 
capacity contained in H such that for all z G H*\efj, 

u^(z) +u(z) = Vfj, , 

and for all z G H\e^ 

Ufj,{z) +u(z) > V^ . 
Moreover, 

(B.8) <r-V M + / u(z)d f i(z) = V a (H,W) . 

JH 



PROOF. Write f(z) = u^(z) + u(z) and set 

(B.9) V M := sup f(z) . 

zeH* 

We will now show that f(z) > V^ for 'almost all' z £ H. Put 

e n = {zeH:f(z)<V li --} for n = 1,2,3,... ; 

n 

and 

e M = {z^H: f(z) < V M } , 

so e^ = IJnLi e «- Here, each e n is closed, since u^(z) is superharmonic and hence lower 
semi-continuous. We will show that each e n has capacity 0, which implies that e M is an 
F a set of inner capacity 0. 

Suppose to the contrary that some e n had positive capacity. Then there would be a 
probability measure rj supported on e n such that 



I{rj) = / -log([z,w] x ,g)dri(z)dri(w) < oo. 

JHxH 

By the definition of V^, there is a q G H* where f(q) > V M — it-. By the lower semi-continuity 
of u^(z), there is also a<J>0 such that for all z G B(q, 25) 

1 
2n 

Put A = H f]B(q,5), noting that A and e n are closed and disjoint, hence bounded away 
from each other. Since q G H* , 

H(A) > . 
Write a = fJ.(A), and put 



/(*) > V »-~- 



A 



a ■ rj on e 



n ) 



-fi on A . 

Then A(H) = 0, and it is easy to see that 1(A) = JJ — log([z, w]x,g) dA(z)dA(w) is finite: 
when it is expanded as a sum of three integrals, the diagonal terms are finite by hypothesis 
and the cross term is finite because A and e n are bounded apart. 
For < t < 1 put 

fit = n + tA . 
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Then \xt is a positive measure of total mass a supported on H. Comparing the integrals 
I a (/j,t,W) and V a (/j,,W), one finds 

I*{jH,W) - I a {ji,W) = 2t I u^z) + u(z)dA(z) + £ 2 /(A) . 

Jh 

By construction 



< a ■ (V„ - -) - a • (V„ 



u^(z)+u(z)dA(z) = a- / f(z)d V (z)- f(z)dfi(z) 

'H Je n J A 

1 ^ fu l \ a 

Thus / CT (/ii, W) — I a (fJ>, W) < for sufficiently small t > 0, contradicting the minimality of 
I<rQu, W). It follows that /(z) = Ufj,(z) + u(z) > V M on i?\e /J . 

By (|B.9j) . /(z) < V^j on iJ*. Thus /(z) = V M on iJ*\e M . Necessarily /x(e M ) = 0, since 
/(/i) < °° while e^ has inner capacity 0. Hence 

V a (H,W) = ft -\og([z,w]3t,s)dii(w)d/i(z)+2 f u(z)d/i(z) 
JJhxh Jh 

Ufj,(z) + u(z) dfj,(z) + / u(z)dfj,(z) 
h Jh 



o" • V^ + / u(z) d/j,(z) 
Jh 



2. The Weighted Cheybshev Constant 



□ 



Motivation. Consider the classical restricted Chebyshev constant, which is defined for 
compact sets H C C by first putting 

(B.10) CH* N (H) = inf „ (\\P(z)\\b) 1,N 

momc "(z) S L[z|, 
degree A 1 ", 
roots in // 

for N = 1, 2, 3, . . ., and then setting CH(il) = lim^,*, CH^(iJ). 

By the compactness of H, for each TV there is a polynomial Pn(z) = IL=i( z ~~ a «) 
which achieves the inf in (JB.IOP : it is called a (restricted) Chebyshev polynomial. It is 
known that as N — > oo, the discrete measures ujn = jr^2^ai(z) associated to the Pn(z) 
converge weakly to the equilibrium measure /i of H. 

Now suppose H = H\ (J H2, where the Hi are closed, nonempty, and disjoint. Put 

u(z) = / -log(|z- w\)d/j,(z) 
Jh 2 

and set W(z) = exp(—u(z)). Label the roots of Pn(z) so or, . . . , a n € H\ and a n+ i, . . . , on G 

N 
i=n+l 



B.2- For large N, one has rL=n+i \ z ~ a i\ — ex P( — Nu(z)) outside H2. Thus, on H.\ 



lz) N 



(B.ll) \P N (z)\ =* Y[\z-Oi\-W{i 

i=l 

If one thinks of W{z) as given, then the minimization problem ()B.10p can be thought of as 
varying ot\ , . . . , a n over Hi to achieve the minimum in (IB. 101) . 
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Definition of the weighted ( 3t, s)-Chebyshev Constant. Let H be a compact 
subset of C„(C)\X, and let W(z) : C V (C) — > [0, oo] be a function which is positive, bounded 
and continuous on a neighborhood of H. Let [z, w]x,5 be as before. By a weighted (X, s)- 
pseudopolynomial of bidegree (n,N) (relative to W(z)) we mean a function of the form 



P(*) = P(n,N)(z,W) = ]J[z,ai} X>S -W(z 



N 
i=\ 



The a.i will be called the roots of P(z). 

To simplify notation, for the rest of this section we will generally omit explicit mention 
of the (X, s)-dependence in the quantities discussed. 

Since [z, w]x g an d W(z) are continuous on H, and H is compact, among the weighted 
pseudopolynomials P( n ,N){ z i W) of bidegree (n,N) whose roots belong to H, there is at 
least one with minimal minimal sup norm on H (it need not be unique). Fix one, and write 
P(n,N)( z i W) f° r it- We will call it a weighted, restricted Chebyshev pseudopolynomial. 
' Put 



CH* nj7V) CB* in>N) (H,W) : min (\\P {n , N) (z, W)\\ H )^ 

l/N 



l (n,7V) ^ n (n,N)\ p 

roots in H 



(B-12) = (\\P {n>N) \\ H 

For each a > 0, define the weighted Chebyshev constant CH* (H, W) by 

(B.13) CR* a (H,W) = Jim CH^ N) 

iV->oo 

provided the limit exists, that is, if for each e > 0, there are a 5 > and an Nq such that if 
|# - (7 1 < S and N > N , then | CH* nJV) - CH* (H, W)\ < e. 

Theorem B.2. For each a > 0, CR* a (H,W) exists. The function g(r) = CR;(H,W) 
is continuous for r > 0. If g(ro) = for one ro, then g(r) = 0. Moreover, g(r) = if and 
only if H has capacity 0. 

Recall that H has capacity iff for some £ G C V (C)\H, we have J^(H) = in the sense 
of ([51], §3.1); this holds for one C $ H iff it holds for all ( $ H. 

Proof. First fix < r € Q, and take (n,N) with n/N = r. Given a rational number 
K > such that nn, kN € Z, we can write 

«;n = kn + a where k = [k\ E Z and < a < n , 
K N = kN + A where < A = a/r < N . 

By the compactness of H and our assumptions on W(z), there is a constant C > 1 such that 
1/C < W(z) < C for all zGH. Put D = max(l,m&x ZtWeH [z,w] x ,g). If P{ n ,N)(z,W) = 
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nr=i[^ks-^r,then 



mU*N)T N < max Hlz, a^ g • ]J[z, a*]*,, • W(zT N 

\i=l i=l J 

(n \ ^ a 

Hlz, ai] %8 ■ W(z) N ■ l[[z, oifeg ■ w( z y 
i=l J i=l 

< (CB* (n!N) ) kN ■ D a ■ C A . 
Thus 



Letting k — )• oo gives 



CHL n , Kjv) < (COi-m)* ■ d™ . c™ 



CH.* n ^ N) > HmsupCH^ N) , 
then replacing (n, iV) by (/en, KiV) and again letting k — > oo gives 

1 ™S fCH («n,«JV) > limsu P CH ( K n,>dV) • 

Consequently, as k passes through all rational numbers with /en, KiV £ Z, the limit 

(B-14) 5 (r) := Jim CH^ k7V) 

exists, and the same limit is obtained when k passes through any sequence of rationals with 
k — > oo and nn, kN £ Z. 

We now compare g(r) and g(s), when < r, s are rationals with r ^ s. Fix positive 
integers n, N with r = n/N and m, M with s = m/M. Let A be a positive integer such 
that An > m. Write 



An = Im + b where 

"(m,M)\ " 



Xn 



m 



and < b < m . 



If P im>M) (z, W) = \l? =1 [z, a t ] ■ W(z) M , we have 



m* {Xn , XN) ) XN < m^m^a^y-n^a^-wizy 



t=l i=l 

(m \ * 6 

Ilk Oi]x,*- ^) M • I[k «*]*,*• W(z) A7V " £M 
t=l / i=l 

< (ch^))^-^ .d^-^i. 

The absolute value appears in the last term because we use W(-z) < C to obtain the final 
inequality if XN - £M > 0, and W(z) > 1/C if XN - £M < 0. Consequently 

(B.15) (CH^ n>A7V) )^ < CH^ f) • DW ■ C \^~w\ . 

Letting A — > oo (so £ — > oo as well) , we get 

(B.16) girf'r < (CH^ ]M) )f ■ c£-£l ; 

then replacing (m, M) by («m, kM) and letting k —> oo, 

(B.17) g{r) 1/r < 5 (s) 1/s • C 1 ^ 1 . 
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Reversing the roles of r and s, we similarly obtain 

(B.18) gis) 1 / 3 < g{rf/ r ■ C^-~r\ . 

From (JB.17P and (|B.18|) it follows that if g(ro) = for one ro, then g(r) = 0. 
Suppose g(r) ^ 0. Taking logarithms in (|B.17|) and (JB.18P we see that 



(B.19) 



-log(g(r)) - -log(g(s)) 
r s 



< 


1 


1 




r 


s 



log(C) . 



Thus if {rj}i<j <00 is a Cauchy sequence of rationals converging to some real r > 0, then 
{g( r i)} is a l so a Cauchy sequence; given two Cauchy sequences converging to the same r, 
the sequences of values g{ri) converge to the same value. Thus, we can extend g(r) to a 
function defined on all positive reals. It is easy to see that the extended function satisfies 
(|B.19|) for all real r, s > and hence is continuous. 

Trivially g(r) can be extended continuously to all r > if g(r) = on Q. 

We will now show that the limit (JB.13P exists, and that 

(B.20) 



}im CR* { N) = g(r) 

TV— >-oo 



First suppose g(r) ^ 0. Then (|B.20p is equivalent to 



(B.21) 



N 
lim — log(CH ( N) ) 

7V->oo 



■log(g(r)) 



To prove (|B.2ip . fix e > and take n, r 2 € Q with < n < r < r 2 such that 

e 



— Iog(g(n))- -log(s(r)) 



< 



5 ' 



1 1 
n r 2 



log(C) < 



(B.22) 

(B.23) and 

By ()B.14p . there is a pair (mo, -Mo) with tiiq/Mq = r±, such that 

(B.24) 

Fix an integer Nq > Mq large enough that for each integer £ > \_Nq/Mq\ , 

(B.25) 



I^MCH^^^-Ilog^n))! < |. 



^logP) < \ 



(B.26) 



(B.27) 



^M 



£mo + tuq mo 

£M 



^|-|log(CH^ Mo) ] 



e 
< 5' 



> 



1 



£m + m r 2 

Consider any pair (n, A") with N > A/o and ri < -^ < r 2 . 

Applying (IB.16p . with r replaced by n and (m,M) replaced by (n,N), then taking 
logarithms, we get 



(B.28) 



N 



n 



log(CH^, 



N)) 



1 


1 


/v 


> — log(ff(ri))- 






n 


'/'i 


/; 



log(C) . 
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Combining (lR28l) . (lB~22l) and (1ET231) gives 

(B-29) ^log(CH^ niJV) ) > Ilog( 5 (r))-|. 

For the opposite equality, note that since m /M = r-± < n/N < r 2 and N > N > M , 
we have n > mo- Apply ()B.15p . taking (m, M) = (mo, Mo) and A = 1, so that n = Ituq + 6, 
with £ = [n/mo\ > LAfo/MoJ and < b < mo; this yields 

(B.30) ^log(CB7 nJV) ) 



< 



l (n,iV) 
^M 



fmo + 6 
Using (JB.25P we see that 

(B.31) 



log(CH 



(mo, Mo) 



+ 



b 



£mo + b 



log(D) + 



N 
n 



IMo 



IvriQ + b 



log(C) . 



^log(D) < ilodB) < | 



Likewise 1/n > N/n > l/r 2 , and 1/n > £M /(£mo + 6) > l/r 2 by (|R27J) , so by (|B~23|) 



(B.32) 



A^ 
n 



£M 



IrriQ + 6 



log(C) < - 

5 



whenever 



Combining (|B~30|) . ([R22l) . JR23]), (IBTMl) . ([R3Ti and (jB~32|) gives 

^log(CH^ ]JV) ) < Uog(g{r))+e. 

In the case where g(r) = 0, first note that if H is finite, then CEL N -. 
n > #(#), so (lB~20JI is trivial. If H is infinite, then CH? ^ > for' all (n,A^). Take 
< e < 1. Fix n, r 2 G Q with < ri < r < r 2 such that 

(B.33) C'^T"^ 1 < 2 

and fix (m ,M ) such that m /M = n and (CH? Mo) ) M °/ m ° < e/5. Let JV be large 
enough that for each integer £ > |_Ao/MoJ we have 

IM 



(B.34) 



(B.35) 



(CH( m „,M„))""» +m ° < 4 



L>« < 2 



^M 



> 



1 



£m + m r 2 

Consider any pair (n,N) with r% < n/N < r 2 and N > Nq. Again apply (|B.15|) . taking 
(m,M) = (mo, Mo) and A = 1, so that n = ivriQ + b, with ^ = \n/rriQ\ > [Nq/Mq\ and 
< b < mg; this gives 



N tM 



\£L 



(B.36) (CH^ niJV) )™ < (CH^ A) )^.D^.C'« 

By (1R33J) and (|B~35ll . 



N__tMo_ 



(B.37) j D«m +6.(7 l ™ fm +6l < 4 

Combining HiBM\\ . (1R341) and (IB~37l) gives 



(CH 



(n,N)j 



< e . 
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Finally, let us show that g(r) = if and only if H has capacity 0. If instead of [z, w]% 
and W(z) we had used another distance function 



z,w 



' w iX,. 



U^ w k) s: 



i=l 



and another continuous, positive background function W*(z), then there would be a con- 
stant A > such that 

1/A < [z,w]y/[z,w} x> 3 < A, 
1/A < W*{z)/W{z) < A , 

for all z ^ w € H. Let CR* {nyN) (N,W*) and CR*(H, W*) denote the weighted Chebyshev 
constants computed relative to [z,w]%g and W*{z). Taking ai,...,a n G H such that 

P{n,N)(z,W) = nr=l[^«fe- W(z) N , we get 

CH* in , N) (H,W*) > CRl^yA-%- 1 . 

A similar inequality holds with CEL* N -> (H, W* ) and CEL* N -> reversed, and it follows that 
CH${H, W*) ^ iff CH*(iT, W) ± 0. ' 

Taking r = 1, W*(z) = 1, and [z,w]* xg = [z,w]^ for a fixed C £ C V (C)\H, we have 
CHKfl", W*) = 7c0ff) by ([51], Theorem 3.1.18). Thus 5 (r) ^ if and only if for some 
(hence any) ( ^ H, we have 7<^(-£0 > 0. □ 

3. The Weighted Transfinite Diameter 

Motivation. Consider the classical transfinite diameter for compact sets H C C, 
defined by first putting 



/ n » 



(B.38) djv(-ff) 



£?; Zj 



sup 

1 W£Hy=i 

V ¥i / 

and then setting d^H) = limjy^oo d^{H). (Usually the exponent 1/iV 2 in (JB.38P is 
replaced by 1/N(N — 1), but this does not affect the value of the limit.) 

Since H is compact, for each N there exist points a\,... , on € H realizing the supre- 
mum in (1B.38J) : djsi(H) = (Y\ i ~ =1 ^j \on — aj]) 1 ' 1 ^ . The collection {a±, . . . , a n } is called a 
set of Fekete points. 

Now suppose H = H\ IJ-ff2, where the Hi are closed, nonempty, and disjoint. We can 
write 

(B.39) d N {H) = \aa-aj\- |«j - <x,-| 2 • |aj-o,-|. 



n i«<- 


-Oij\ 


n n k- 


-<*r n 


ai,aj&Hi 




onEHi aj£H2 


ai,ajei?2 


i¥=3 






*^i 



Let i^tv = Si=i Jj^ai(z) be the probability measure equally supported on the a%. It is 
known that the i/jv converge weakly to the equilibrium distribution \x of H. As before, put 



u(z) = / -\og([z,w] x ,g)dfj,(w) 
Jh 2 
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and set W(z) = exp(— u(z)). Then 

n n (K-«iD 2 = n ^( 



a^ N 



Label the Fekete points so that ai,...,a n G H\ and a n+ i, . . . ,a^ £ i^2- If one is 
interested in H\ and thinks of a n +i, . . . , a^ as given, then the maximization problem ()B.38D 
can be thought of as varying z±, . . . , z n over H\ so as to maximize 



"i 



[N-sl-II^f- 



Note that as N — > oo, then n/N — > a := /i(-ffi). 

Definition of the Weighted Transfinite Diameter d ff (H,W). Let H C C V (C)\X 
be compact, and let W(z) : C V (C) — > [0, oo] be a function which is positive, bounded and 
continuous on a neighborhood of H . 

For any positive integers n and N, define 

n n 



(B.40) d (n>Ar) = df n m(H,W) = max 



i,j=l i=l 



2JV 



V 

Then, for each < a S R let the weighted (X, s)-transfinite diameter be 
(B.41) d a (H,W) = lim d {n m 

n/N^-cr 

provided the limit exists. This is understood to mean that for each e > 0, there exist a 
5 > and an N such that if |-^ — r\ < 5 and N > N , then \d^N) ~ d a {H, W)\ < e. For 
notational simplicity we suppress the (X, s)-dependence in dr n m and d a (H, W). 

A set of points ai, . . . ,a n £ H which achieve the maximum value in (|B.40p will be 
called a set of (n, iV)-Fekete points for H relative to the weight W(z). 

THEOREM B.3. For each a > 0, d ff (H, W) exists. The function f(r) = d r (H,W) is 
continuous for r > 0/ and if f(ro) = for one ro, then /(r) = 0. Moreover, f(r) = if and 
only if H has capacity 0. 

Proof. First consider what happens to d( n ^ N j when (n,N) is replaced by (An, AiV) for 
some rational A > 1 for which An and AiV are integers. If a\,. . . ,a\ n G H are chosen to 
maximize (|B.40p for d(Xn,\N)i then 

An An 

(B-42) df x ^ N) = Yl^a^-Hwia^ . 

i,j=l i=l 

For any n-element subset a^ , ■ • ■ , a.k n we have 



d fn,N) > n^'^k.*"!!^ **' 



2N 



i,j=l i=l 
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There are (J 1 ) such subsets; each pair {a>i,aj} belongs to ( " 2 ) SUDse t s > an d each on 
belongs to ( A n n ~ | 1 ) subsets. If C > 1 is such that l/C < W{z) < C on H, then 



(*£»)<•> > 



/ An » 

I [at,«j]3t,5 



Xn-n 



V 






(* 



(Xn,XN) 



I 



An 



2JV (A r _-i)- 2 AJV(t: 2 2 ) 



IW(aO) 



u=l 



(B.43) 



> 



(^AAT))^^ • CT^W -i 1 )-^^?)) 



Simplifying exponents, we find 



(B.44) 



2n(A-l) 



>A(n-l) < -f AJV(n _ 1) > J 

a (n,Af) U - a (Xn,XN) 



This holds for any (n, iV) and A satisfying the conditions above. Given < a € Q, take 
n, iV with cr = n/iV. Letting A — >• oo in (JB.44J) (where A runs over all rationals such that 
Xn,XN £ Z), we find 



Jn-l 



. C^"- 1 ) > limsup d (A „,AJV) 

A— >oo 



(B.45) 

Replacing (n, iV) by (ten, kN) on the left side of (IB.45J) and again letting k 



oo gives 



liminf dr Kn>K m > limsup dr X n,XN) ■ 

K ^°° A->oo 



Hence 
(B.46) 



f(r) := lim d, 



A— >oo 



(An.AJV) 



is well-defined; moreover, the same limit is obtained when A passes through any sequence 
of values such that A — > oo and An, XN are integers. 

We now seek to compare f(r) and f(s), when < r, s are rationals with r ^ s. Fix 
positive integers n, N with r = n/N and m, M with s = m/M. Let A be a positive integer 
such that An > m. As before, let a\, . . . ,a\ n S H realize the maximum in ()B,40p for 



d 



{Xn,XN) 



. Then as in (|B~43J) . 



d 



Mf") 
(m,M) 



> 



> 



d 



{Xn,XN) 



/An \ ( 2M (tll)- 2 ^( A m "r 2 2 )) 



u=l 



("(An, AN)) 



(*A0 2 (tr 2 2 ) . C -|An(2M(tr i 1 )-2AiVe m "_- 2 2 ))l 



The absolute value in the last term occurs since we use W(-z) > l/C to obtain the final 
inequality if the exponent in the previous line is positive, and W{z) < C if it is negative. 
Simplifying exponents gives 



(B.47) 



M M 
I 7 n m—1 



XN XN 

' Xn An — 1 



im m-± > ^An An-1 . ^~2| ^ri 



"(m,M) 



\Xn,XN) 



XN 
'An-1 I 
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Letting A — > oo in (JB.47P gives 

— — ^ 1/2 ,1 M 1, 

(B.48) dr m Z-S > f{r) l ' r -Crfe-I; 



then, replacing (m, M) by (/cm, kM) and letting k — > oo in (|B.48p . we find 
(B.49) /(s) 1/s2 > /(r^.C-^.-rl . 

Interchanging the role of r and s in (|B.49p . also 
(B.50) /(r) 1 /- 2 > /( s )V* 2 .c- 2 lMl . 

It follows from (|B.49p and (1B.50P that /(r) = if and only if /(ro) = for one tq. 



Suppose f(r) ^ 0. Taking logarithms in (1B.49J) and (lB.50p . we find 
-log(/( s ))--. 



(B.51) 



^log(/( s ))-ilog(/(r)) 



< 2 


1 


1 




s 


r 



log(C) 



From ()B.5ip we see that if {rj}i<j <00 is a Cauchy sequence of rationals converging to 
some r > 0, then {/(r^)} is also a Cauchy sequence; and given two Cauchy sequences 
converging to the same r, the sequences of values f(ri) converge to the same value. Thus, 
we can extend f(r) to a function defined on all positive reals, which is easily seen to satisfy 
(|B.5ip for all real r, s > and hence is continuous. Note that trivially f(r) can be extended 
by continuity if f(r) = on Q. 

We will now show that the limit (|B.4ip exists. Fix < r £ M. We claim that 



(B.52) 



lim d 
n/N-tr 



(n,N) 



fir). 



To show this, first suppose f(r) ^ 0. Then (1B.52|) is equivalent to 
(B.53) 



lim -log(dr n m) = -^ log(/(r)) . 

N-^oo 



Given e > 0, fix r\, r% G Q with < t\ < r < r 2 such that 
(B.54) 



-2 log(/(n)) - — log(/(r)) 



e 
< 6' 



(B.55) 



1 1 

r-i r 2 



log(C) < 



6 



Then, using (JB.46P and (|B.55p . take (no, A^o) with uq/Nq = r± and No large enough that 

£ 



(B.56) 



(B.57) 



- log{d {n0jNo) ) - — log(/(ri)) 
i r 1 



n n 



< 



6 ' 



N n 



1 

n 



log(C) < - . 
o 



n - 1 

Consider a pair (n,N) with n < n/A^ < r 2 and A?" > Nq. First, replacing (m,M) by 
(n, iV) and r by r\ in (IB.48p . we have 



(B.58) 



N N 



n n 



1 



-log(d (niJV )) > — log(/(n)) 

1 T^ 



N 



n — 1 



1 



log(C) . 
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Note that since r\ < n/N < r 2 and N > Nq, also 

N . N 



Hence (fB~55l) and (JBT571) give 

N 1 



n — 1 n 



( 2 
I 2 

2 



n - 1 



AT 



> 



1 



n — 1 



> 



?'2 



n — 1 T2 

No 1 



< 



n - 1 r 2 

N 1 



(B.59) 

n - 1 t\ 

Combining (IR58]) . ([BT541) and (IBT59]) gives 

AT iV 



+ 2 


1 

n 


r 2 


)log( 


C) 




+ 2 


i 


1 

T2 


) log(C) 




+ 2 


1 


1 
?~2 


+ 2 


1 1 

n r 2 


) log(C) < | . 



-log(d (rMV )) > ^log(/(r)) 



4c 



(B.60) 

n n — 1 K ' r z b 

For the opposite inequality, replace (m, M) by (no, No) in (|B.47p . and take A = 1 (which 
is permissible since n > no under our hypotheses). This yields 



(B.61) ^J^-log^)) < ^J^log(d (n0iJVo) ) + 2 
Combining (iFTBll . ([RS4JI . rfR56l) . (lB~57l) . and (1R591) gives 



N 



N 



n — 1 no — 1 



log(C) . 



(B.62) 



N N 1 

— log(d (niJV )) < -J log(/(r)) + e 



n n 



In the case where f(r) = 0, we need only to show that 

JV JV 



(B.63) 

If H is finite, then d, 



lim dp "T 1 

7V->-oo 







is infinite, then each d 
that 

(B.64) 



(n,N) 



(n,N) 



■ whenever n > #(H), and hence (JB.63P holds trivially. If H 
> 0. Fix e > and take n, ri G Q with < ri < r < r2, such 



C 2| n 4 1 < 2 



Take (no,-/V"o) with no/No = r\. Since limine d(An ,AjV ) = we can assume A?o is large 
enough that 



«r < ^ • 

In view of (|B.64j) we can also assume that Nq is large enough that for all (n, N) with 
r\ < j; < r 2 and AT > A^o, then 

of N N \ 

C Z \n -l n-l] < 3 _ 

Taking A = 1 and (rn,M) = (jiq,Nq) in (|B.47p . for all such (n,N) we have 



JV JV 
i n n—1 

\n,N) 



< e . 
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Finally, let us show that f(r) = if and only if H has capacity 0. If instead of [z, w]% 
and W(z) we had used another distance function 



\*Mx* = n^>* 



i=l 

and another continuous, positive background function W*(z), then there is a constant A > 
such that 

1/A < [z,w]y/[z,w] Xtg < A, 
1/A < W*(z)/W(z) < A , 

for all z 7^ w £ H. Let d*(H,W*) denote the weighted transfinite diameter computed 
relative to [z, w]% - and W*(z), and write dl N \(H, W*) for the finite terms in its definition. 
Taking points ai, . . . , a n £ H which realize the maximum in (JB.40J) . we see that 

d* {ntN) (H,W*) > d {n , N) {H,W)-A~(^ + %). 

Passing to a limit as N — > oo and n/N — > r gives 

d;(H,W*) > d r (H,W) ■ A-( r2+2r ^ 

A similar inequality holds with d*(H,W*) and d r (H,W) reversed. Thus d r (H,W) / if 
and only if d* r (H,W*) + 0. 

Taking r = 1, W*(z) = 1, and [z,w]* xg = [z,w] c for a fixed ( G C V (C)\H, by ([51], 
Theorem 3.1.18) we have d\(H, W*) = J((H). Thus f(r) j£ if and only if for some (hence 
any) ( $ H, j c (H) > 0. D 

4. Comparisons 

In this section we will compare the weighted Chebyshev constant, the weighted transfi- 
nite diameter, and the weighted capacity (for fixed (£,§)). 

Fix a compact set H C C V (C)\X, and let W(z) : C V (C) — > [0, oo] be a function which is 
positive and continuous on a neigbhorhood of H. Put n(z) = — log(W(z)). 

The Weighted Capacity and the Weighted Transfinite Diameter. We first prove 
an inequality between the weighted Robin constant and the weighted transfinite diameter. 

PROPOSITION B.4. For each a > 0, 

(B.65) V a (H,W) < -log(d a (H,W)) . 



Before giving the proof, we will need a lemma. Let U be a neighborhood of H , bounded 
away from 3£, on which u(z) is continuous and bounded. 

For any set F with F C U, define the inner weighted Robin constant and inner weighted 
capacity by 

V a (F,W) = inf V a (K,W) , 

K(ZF 
K compact 

7 a (F,W) = sup 7 ff (K,W) = exp(-V<r(F,W)) . 

KCF 
K compact 
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Note that for any compact K C U, we have V a (K, W) = V a (K, W), and that if F 1 C F 2 C 
U, then trivially F (T (F 1 , W) > V a (F 2 , W). 

Lemma B.5. Let H <Z U and W(z) be as above. For any a > 0, and any e > 0, there 
is a neighborhood U of H contained in U such that 

V a (H,W) > V*(U,W) > V a (H,W)-e. 



Proof. Take a sequence of open sets U\ D JJ% D . . . D H whose closures are compact 
and satisfy Ui C U, with HfcLi Uk = H. We claim that 

(B.66) lim V a (U k ,W) = V ff (H,W) . 

To see this, for each k let \i\. be an equilibrium distribution for Uk and W with mass a, so 
laifJ-k, W)) = V a (Uk, W). After passing to a subsequence if necessary, we can assume that 
the [ik converge weakly to a measure /j,^. Clearly /j,^ is positive, supported on H, and has 
total mass a. Then 

V ff (H,W) < I a (noc,W) 

= lim ( // -log ( - t \[z,w]x,g)d/j, 00 (z)dfj, 00 (w) + 2 / u(z)dfi 00 (z) 
i^ 00 \JJhxh Jh 

(B.67) = lim lim ( // - log (t) {[z, w] X j) dfi k (z)dfi k (w) + 2 / u(z)dfi k (z) ) 

t->oofe->oo \JJ UkXUk J Uk J 

(B.68) < liminf lim f /"/" -logW([«, w] 2 , r ) dii k {z)d\x k {w) + 2 / u{z)d^ k {z) J 

(B.69) = liminf I CT (/x fc ,W) = liminf ^(Ufc,^) . 

The interchange of limits in (|B,67j) . (1B.68J) is valid because the kernels — log'*^^,^]^^) 
are increasing with t. 

If H has capacity 0, then V a (H, W) = oo, so lim^oo V a (U k , W) = oo. If H has 
positive capacity, then V a (H,W) is finite. Since V„(H,W) > V a (U k ,W) for all k, (lB~69]l 
gives limfc^oo V a (U k , W) = V (T (H,W). In either case (|F3.66|) holds, and we obtain the 
Lemma by taking U = Uk for sufficiently large k. □ 

Proof of Proposition IB.4t By Theorem IB. 31 and the remarks after (JB.5H . 

V a (H, W) = oo iff - log{d a (H, W)) = oo iff H has capacity 0, 

so we can assume that V a (H, W) is finite, d a (H, W) > 0, and H has positive capacity. 

Fix a, and fix e > 0. Let U be a neighborhood of H on which u(z) is continuous and 
bounded. By Lemma IB.51 there is a neighborhood U of i?, whose closure is contained in 
U, such that V ff (U, W) > V a (H,W) — e. We can assume that H is covered by a finite 
number of local coordinate patches, each of which contained in U. Then there is an Rq > 
such that for each x € H, there is a coordinate patch which contains the closed disc 
D(x,Rq) = {z : \z — w\ < Rq} relative to that coordinate. For each x € H fix such a 
coordinate patch, and given < R < Ro, write D(x,R) for the corresponding closed disc 
of radius R. 
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To prove (|B.65|) we use a familiar construction involving "smearing out" Fekete mea- 
sures. Take a sequence of pairs (nfc,iVfc) with nk/Nk — > a and Nk — > oo. Given k, let 
ai,...,Q nfe G H be points where the maximum in the definition of d^ nk ^ k ){H, W) is 
achieved; let 

n k 

(B.70) v k = Y, W 5 ai (z) 

i=i 

be the associated measure of mass n^/Nf- on H; it will be called a Fekete measure. After 
passing to a subsequence, if necessary, we can assume that the u^ converge weakly to a 
measure u on H. 

Fix k, and write (n,N) = (nk,N)~), v^ = Y27=i N^ai 2 -)- Without loss, we can assume 
that k (hence N) is large enough that -7= < Ro- Let drrii be the measure which coincides 
with Lebesgue measure on the disc Di = D{ai, , ), and is outside that disc. Thus, drrii 
has total mass jj. Put F k = (JlLi Dii an d let 

n 

Then F^ C f7, and z7fc is a positive measure of mass a on F^. It follows that 

(B.71) V a (H,W)-e < V a {U,W) < V a (F k ,W) < I*(v k ,W) 

= ~~m? Yl // - ] og([z,w]x,s)dmi(z)dmj(w) 

n / iV ~~ 1 JJd 7 xd ] 

n/N J Fk 

For each fixed z, the function — log([2, w]x s) is superharmonic in w. Hence, using polar 
coordinates in Dj, we have 

/ -log([z,w]x,s)dmj(w) =11 -log([z,aj +te t9 ]x,g)d0tdt 
JDj JO JO 

< -j^^g([z,aj]x,s) ■ 
If i 7^ j, then since — -^ log([z, aj]x,s) is superharmonic in w, this gives 



J Jd 



log([z,w] X g)dmi(z)dmj(w) < / -— log([z,aj]x,g)dmi(z) 

JDi ^ 



(B.72) < -^logda,,^]^-). 
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If i = j, then since — log([z,w]x,s) = — log(|z — w\) + n(z,w) for a C°° function rj(z,w), we 
see that 

-log([z,w]x,s)dmi(z)dmi(w) < / -—log([z,ai]x.s)dmi(z) 
= Jf\ / -log(t)d8tdt+ / rj(z,ai)dmi{z)\ 

(B.73) = O(^log(A0). 

Thus 

hA^k) = Yl -log([z,w]x,s)dmi(z)dmj(w) 

(b.74) < ij J2 ~ lo g([«- «iW + o(^r^) • 

On the other hand, W(z), and hence u(z), is continuous on the closure of U. Hence as 

k — > oo 

/ u(z)dh> k (z) - \ u(z)dv k 

Inserting (|B.74|) and (|B.75|) in (|B.71[) . we obtain 

(B.76) ^(iW)-e < - log (d (nfc>JVfc) (H, W)) + o(l) . 

Passing to the limit as k — > oo, and using that e > is arbitrary gives 

V a (H,W) < -\og{d ff (H,W)) . 

□ 



(B.75) 



o(l] 



The Weighted Transfinite Diameter and Chebyshev Constant. 

Fix a > 0, and consider a sequence of pairs of positive integers {n^Nk) with Nf. — > oo 
and rik/Nk — > a. For each k, let z/fc be the associated Fekete measure, as in (|B.70|) . 

Proposition B.6. With the notation above, ifu is any weak limit of the Fekete measures 
z/fc, then 

(B.77) -log(d a (H,W)) < --(-log(CH*(#,W))) + / £(*)<M*) ■ 

Jh 

Proof. If H has capacity 0, both d a (H, W) and CH* (H, W) are 0, and the inequality 
is trivial. Hence we can assume H has positive capacity, so d a (H, W) and CH* (H, W) are 
positive. 

Fix k and write (n,N) = (ra^iV^.). As before, let a±, . . . ,a n G H be points where 
d(n^{H, W) is achieved. Fixing «2, . . . a n , consider 

(n \ •* n 

i=2 / 2<i,j<n i=2 



802 
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By hypothesis F{z) takes its maximum value on H when z = a±. Thus the pseudopolyno- 
mial 



\N 



P(z) = H[z,ai] X fW(zy 

1=1 

achieves its maximum on H at z = ol\. By definition, if 

P(n-1,N)(Z) = ]J[z,&h,gW(z) N 



i=2 



is the pseudopolynomial with minimal sup norm on H, then 

(CK* {n -l,N)) N ■= \\P(n-l,N)\\ H < P(«l) • 

Thus (CH*_ 1 N ) N < nr=2l a i' a i\x,s" W(ai) . The same argument applies for each «&, so 

/ \ / 

n / n \ 



d {n , N) (H,W) 



N- 



J[a i) a j ] x , g -W(a i ) N ■ []lW(ai) N 






/ 



u=l 



\Nn 



(n-l,N)j 



\w{ ai 



N 



1=1 



Taking logarithms, dividing by A^ 2 , and recalling that all quantities involved depend on k, 
we get 



log(d {nktNk) (H,W)) < ^[-log(CIll h _ 1>Nk) ))+J2^i) W 

2 = 1 



(B.79) 



Now let k — > oo. The fractions (nf. — 1)/N}. converge to a, so by Theorem IB. 21 the 
weighted Chebyshev constant satisfies 

CK(H,W) = lkCHJ nk _ 1A) 

k— >oo K " ' Kl 

After passing to a subsequence, if necessary, we can assume that the measures v^ = 
Y^=i w^ a i( z ) conver g e weakly to v. Hence by (JB.79P and Theorem IB. 31 



(B.80) 



log(d ff (iW)) = Km -log(d (nk>Nh) (H,W)) 



k— >oo 



< a • (- log(CH*(ff, W)) + f u{z)dv{z) 

JH 



a 



5. Particular cases of interest 

In this section we consider the 'classical' case where the weight function W(-z) is trivial, 
and specialize to the situation of interest for our applications. As in the previous sections, 
we assume (X, s) has been fixed. 
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Theorem B.7. Let H c C V (C)\X be compact. Assume that a = 1 and W(z) = 1. Then 
-Yi(H,W) = -yx,g(H), CBL(H,W) = CRy(H), and d^H^W) = d x , s {H), so 

71 (iW) = d x {H t W) = CK{{H,W) = jx,s(H) . 

Furthermore, if H has positive capacity, then the equilibrium distribution fj, for H relative 
to W{z) is unique and coincides with Hxs> and the constant V^ in Theorem \B.l\ coincides 
with V x ,s(H). 

Proof. For the first assertion, it suffices to note that the optimization problems (|B.4|) . 
(|A.3D defining V\{H, W) and V%s(H) are the same; for each N, the optimization problems 
(|B~12|) . (K7f\i defining CH*, NN s (H , W) and CK* N (H) are the same; and for each N, the 
optimization problems (|B.40p . (|A.5[) defining d( NjN )( H, W) and d^{H) are the same. 

The second assertion follows from Theorem IA.ll The final assertions follow from the 
fact that V\(H, W) = V$g(H), and the uniqueness of fi^g i n Theorem I A. 21 D 

Consider a sequence of pairs (n^, A^,) with n^/Nj, — > 1 and Aj. — > oo. For a given k, let 
a\, . . . , a nk achieve the maximum in the definition of dt nk ^ k \{H, W) for W(z) = 1. Let 






t=i 

be the associated Fekete measure of mass n^/N^ on H. 

We will now see that, just as in the classical case, the Fekete measures converge weakly 
to the equilibrium distribution f(jj of H. 

Corollary B.8. Let H C C V (C)\X be compact with positive capacity, and suppose 
W(z) = 1. Then for any sequence of pairs (rik,Nk) with rik/Nk — > 1 and Nk — > oo, the 
associated sequence of Fekete measures {vk} converges weakly to Hx,s- 

Proof. Let u^ be a weak limit of a subsequence of the V}.. Upon passing to that 
subsequence, we see that 

V XiS (H) = lim -\og(d {nh>Nk) (H,W)) . 

Let T>k be a sequence of measures 'smearing out' the Uk as in the proof of Proposition IB. 4| 
then the Vk also converge weakly to v^. By the argument leading to (1B.76|) . as k — > oo, 

Ix,iPk) = In k /N k {vk,W) < -l0g(d {nk!Nh) (H,W))+0(l) . 

On the other hand, by (|B.7ip . for any e > and sufficently large k 

VxA H ) ~ * < Ix,gfa) ■ 
Thus, by Theorem IB. 71 

V x ,g(H) < Ix^Voo) < liminf I n / N (v k , H) 

fc— >-oo 

< lhnmf-log(d {nM (H,W)) = V X . 3 {H) . 

k— >oo 

Since /j,% $ is the unique probability measure on H which minimizes the energy integral 
(Theorem IA.2D , it follows that u^ = fj,x$- D 
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We now come to the case of interest for our application. 

Suppose H C C V (C)\X is compact, and Hg is a connected component of H. We will 
assume that Hg has positive capacity. Let fj, = /j,xg be the equilibrium distribution of H. 
Put 



(B.81) ug(z) = / -log([z,w] Xt g)dnx,s( w ) > 

JH\H e 

We(z) = exp(-ug(z)) . 

(We take ug(z) = and Wg(z) = 1 if H\Hg is empty.) We will use the results of previous 
sections to study weighted potential theory for Hi, ag, and Wi(z). The problem is a some- 
what subtle one: to show that in the weighted case for Hi, with the weight Wi(z) coming 
from the unweighted case for H\Hg, the extremal objects for Hi are the restrictions of the 
global unweighted objects for H. 

The key results are Theorems IB.91 IB. 121 and IB. 131 

THEOREM B.9. Let H, Hg, ai = fJ,x,s(Hg) and Wg(z) be as in (|f?.8ip . Then the equi- 
librium distribution Ha e ,H e ,w e of Hi relative to Wg(z) with mass oi is unique, and is given 
by 

(B.82) fJ-a e ,H e ,W e = ^X,s\Hi ■ 

Proof. Put fig = Hx,s\H t , \li = /J-x,s\h\h^ an d let Jig be any equilibrium distribution 
for Hi relative to Wg(z) with mass o~£. By definition, Jig minimizes the weighted energy 



I*M W e) = I x,s( l/ ) + 2 / u e (z)du{z) 

Jh 



among all positive measures of mass ag on Hi, so I ae (m, Wg) = V ai (Hg, We). Thus, 

(B.83) I* t (jil,W t ) > I* t (Jii,Wt) . 

On the other hand, by Theorem IA.21 \x := /j,xg is the unique probability measure 
minimizing 

IxAv) = // -log([z,w] Xt g)dfj,(z)dn(w) . 

J JHxH 

Thus, if we put Jl = Jig + fie, then Ix,s(fi) > i|j(/*)' Expanding this, we see that 

dx,s(fii) + 2 / ug(z)djlg(z) + Ix,s{M 
Jh, 



> Ix,s(lJ>i) + 2 / ui(z)dfie(z) + IxAM ' 

J H t 

which implies that I (Jt (pi, Wg) > I ai (/J-i, Wg) . Combining this with (IB. 83ft gives I ai (jig, Wg) = 
I<?i (jJ>e ,Wg). Consequently 

Ix,s@) = I<r e (Jie,Wg) + Ix,s{Ue) = Iffi(fJ-e,Wi) + Ix,s{(i£) = IxAv) ■ 
From the uniqueness of fj,, we conclude that Jl = Hx,s, hence Jig = fig. □ 

Given measures v\, v%, write 

Ix,dyi,V2) =11 ~ l og([z,w]x,g) dvi(z)dv 2 {z) , 
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provided the integral is defined. Also, given a measure v, put 



Ix,s{v)= // -\og{[z,w\xj)dv{z)dv(w) , 

J JHx H\{dia.gona\} 

when the integral is defined. Then Ix$(y\, v-i) is symmetric, and is bilinear when all relevant 
terms are defined and finite. If v is a positive measure, then Ixsiy) = Ixg(v,v), and if in 
addition v does not charge the diagonal, then Ix,s( u ) = Ixs( v )- 

We will now show that in the situation of (|B.8ip , the weighted transfinite diameter and 
the weighted capacity coincide. As in the proof of Proposition IB.9| put 

(B.84) fie = (J>x,s\H t , fa = ^x,s\n\H e ■ 

Note that Ix,g{fi£, fa) = J He ue(z)dfj,e(z). 

Theorem B.10. Let H, He, ae = Hx,s(He), and Wg(z) be as in Theorem \B .91 Then 

(B.85) -log(^(#^)) = V ae (H e ,W e ) = u t ■ V x ,g(H) + / fa(z) dfi e (z) . 

Proof. The second equality in (IB. 85}) is easy: by Proposition IB .91 
V 0l {H tl Wi) = IaM'We) 



- log([z, w]x,s) dfie(z)dfie(w) + 2 / u e (z) d\ie(z) 

H e xH e JH £ 

Ix,s(^£, Vt) + llxjiw, fa) = Ix,i(fJ>x& He) + Ix,si^e, fa) 
ux,s(z) dm{z) + Ix,s(to, fa) 



a ( 



■V x ,g(H)+ / u e (z)dnt(z) . 
J Hi 



where the last inequality holds since ux,g( z ) takes the constant value Vxs(H) on H, except 
possibly on a set of inner capacity 0; and the exceptional set necessarily has /^-measure 0. 
We now turn to the first equality. By Proposition IB. 4} V ai (He, We) < - log(d ae (He, We)) 
so we need only show the reverse inequality. For this, we use the fact that the unweighted 
Fekete measures for H converge weakly to the unweighted equilibrium distribution of H, 
as shown in Corollary IB. 81 Given an integer N > 0, let ti% , . . . , a* N be points maximizing 
the transfinite diameter d( NN ^(H, W) for W(z) = 1. Label them so that a\, . . . , a* n 6 He 
and a* n+1 , . . . , a* N E H\He, and put 

/ \ V^ 2 

n n 

D% = J\H,a*]x, S -J{We(a*f N 

i,j=l i=l 

V ¥J I 

By the definition of the weighted transfinite diameter, D n N < d( n m(Hz, We). Also put 
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and put u[ N) = v^\ Hv 4 N) = uW\ H \ H - then 

-\o g {D%) = t x ,M n) ) + ^M n \4 n) )- 

It follows easily by weak convergence that 



(B.86) lim Ix,siy\ \v\ ) = hA^M ■ 

iv— >oo 



N->oo 

We will show below that 

(B.87) lim IxM N) ) = Ix,M ■ 

TV— s-oo 

Granting (|B.87|) . by Proposition IB. 41 we then have 

IxM + 2I X)g (fi e ,fi e ) = V fft (H t ,W e ) < -log(d fft (H t ,W t )) 

= lim -log(dt nN )(H e ,W e )) < lim sup- log {D^) 

= lim sup Ix,s( u e ) + 2I xA u e n) > ^ ) = J X,s(^) + 2I xA^ M > 

7V->oo 

so equalities hold throughout, yielding the theorem. 

To prove (|B.87|) . note that when W(z) = 1, by the definition of dwm(H, W) we have 
that for each N, 

-iog(d (N>N) (H,w)) = TxA^ n) )+^M n \4 n) )+ t xa4 n) )- 

Passing to the limit as N — > co and using Theorem IB.7I and Corollary IB. 81 we have 

IxAm) + 2I xA^,fie) + IxAM = hAv) = VxA H ) 
= Jim -1og(d( NtN )(H,W)) 

= iim (Txa4 n ] ) + 2i *a4 n) > 4 N) ) + t*M 

N—>-oo V 

= 2I X 5<//f, Af) + J im (£e,?(^ ) + I^Oi 

iV— >oo \ 

and hence 
(B.88) Ix,8(l*i) + Ix,sVit) = Jim (4^i^) + 4*0>f°)) • 

iV— >oo \ / 

On the other hand, consider the 'smearing out' P^ of i^ as in Proposition IB.4I The 
same argument which gave (|B.74p gives 



rf'i < f,>ri+o( ! t 5 ) 



Since the v\ convege weakly to fig, so do the v\ , and therefore 
(B.89) IxAm) = J™ hA^) < Hminf J^i/f ) . 

iV— »oo N-^-oo 

Symmetrically, 

(B.90) IxAM < HmM TxA4 N) ) ■ 

Combining (jEBHIl, dBT89|> and (1R90J) gives (|R87J) . D 
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Just as in the unweighted case, it follows that the Fekete measures for the weighted 
transfinite diameter associated to Hg and Wg{z) converge weakly to the equilibrium distri- 
bution. More precisely, consider a sequence of pairs (n k , N k ) with n k /N k — > ag and N k — > oo. 
For a given k, let a±,..., a nk achieve the maximum in the definition of d( nk ^ k )(Hg, Wg), 
and let 

be the associated Fekete measure of mass n k /N k on Hg. 

Corollary B.ll. Let H, Hg, ag = Hx,s(Hi), and Wg(z) be as in Theorem W .91 Then 
for any sequence of pairs (rife, N k ) with n k /Nk — > erg and N k — > oo, the corresponding 
sequence of Fekete measures {u k } for Hg relative to Wg(z) converges weakly to Ha e ,H t ,w e = 

Proof. The proof is the same as that of Corollary IB. 81 using Theorems IB.9I and IB. 101 

□ 

We now determine the weighted Chebyshev constant, in the situation of Theorem IB. 91 

Theorem B.12. Let H, Hg, ag = fi x ,g(Hg), and Wg{z) be as in Theorem W .91 Then 

(B.91) CR* ae (Hg,Wi) = lx ,g(H) . 

Proof. Since the Fekete measures converge weakly to the weighted equilibrium distri- 
bution fig, Proposition IB. 61 gives 

-\og(d ai (Hg,Wg)) < ag-(-log(CK e (Hg,Wg)))+ [ ug{z) dfig(z) . 

J H t 

Comparing this with (|B.85|) gives 

(B.92) V x , g (H) < -\og{CK t {Hg,Wg)) . 

We will now show that equality holds in (|B.92h . If not, then there would be an e > 
such that 

(B.93) V x ^H)+e < - log(CH*^, Wg)) . 

Take a sequence of pairs (n k , N k ) with n k /N k — > erg and N k — > oo. Given k, let Pk{z) := 
P(n k .N k )( z -> We) be the corresponding Chebyshev pseudopolynomial for Hg relative to Wg(z); 
put CH£ = CH? N ■, = (11-PfellHf) 1 • Also, let uik be the usual discrete measure of mass 

n k/Nk supported on the roots of P k {z). 

Our assumption (IB. 93}) implies that on Hg, for each sufficiently large k, 

V x 4H) + 3e/4 < -log(CH^) 

1 

N k 
Let 



< -—log(P k (z)) = Uoj k (z) + ug{z) . 



o-g 
nk/N k 
renormalizing u) k to have mass ag. Then for all sufficiently large k, we have 

(B.94) V X:S (H) + e/2 < u^ k (z)+ug{z) 
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on He- But ut(z) = u^ e (z) and by Theorem IA.21 
(B.95) u^(z) + Ufll (z) = u x ,g(z) < V x>g (H) 

on H. By IjIOfll and (JEMJ, 

(B.96) u M (z)+e/2 < u^ k {z) 

on He. However, u^ k (z) — u^ i (z) extends to a function harmonic on C v (C)\Hg. By the 
Maximum principle, it follows that (|B.96|) holds throughout C V (C). 

We can obtain a contradiction from this as follows. Put i//. = uik + fif, then i/f. and 
jU = /J,£+jj,£ are probability measures supported on .ff. By (|B.95|) . u Uk (z) = u^ k (z)+u^ e (z) > 
u M (z) + e/2 on i?. Hence by Since f H u^(z)d/i(z) = Ix,s(^) = V% t g(H), it follows from the 
Fubini-Tonelli theorem and the fact that u^(z) < Vxg) for all z £ H (Theorem IA.2[) . that 

V X A H ) + e/2 < / u Uh dfi(z) 

JH 

u^z) du k {z) < Vx,g(H) . 



11 

This contradiction shows that Vx t g(H) = — log(CH* (He, We)), which is equivalent to the 
assertion in the theorem. □ 

Finally, we show that under appropriate hypotheses, the discrete measures attached to 
Chebyshev pseudopolynomials converge weakly to the equilibrium distribution. As before, 
take a sequence of pairs (nk,Nk) with n^/N^ — > ue and Nk — > oo. Let the Chebyshev 
measure uik be the discrete measure of mass nk/Nk supported equally on the roots of 
P (n k ,N k )(z) for He relative to W e (z). 

Theorem B.13. Let H, He, ere = Hx,s(He), and Wg(z) be as in Theorem \B .91 Assume 
also that C v (C)\He is connected, and that He has empty interior. Then for any sequence 
of pairs (n^, A^) with rik/Nf, — > ae and Nk — > oo, the corresponding sequence of Chebyshev 
measures {iOk} for He relative to We(z) converges weakly to the equilibrium distribution 
H<j e ,H e ,W e = HX,s\h £ - 

Proof. Recall that m = ^x,s\H t , i^l = fJ'X,s\H 2 - Let the numbers CH£, the Chebyshev 
pseudopolynomials Pk(z), and the measures uik, Vk = &k + ^i be as in the proof of Theorem 
IB. 121 Let oo be a weak limit of the uik', after passing to a subsequence, if necessary, we can 
assume that the full sequence converges weakly to it. Clearly uj is also the weak limit of 
the tOk- 

Fix e > 0. Since CU* ai (He,We) = CR* xg (H) by Theorem IB .121 an argument similar to 
the one in the proof of Theorem IB.12I shows that for sufficiently large k 

Vx,s(. H )~ £ < u »k( z ) = u z k (z) +u fll {z) . 

on He- On the other hand, 

u w 0) + u^(z) = ux,s(z) < V x ,s(H) . 

Subtracting, we see that 

(B.97) uz k (z) > UlH (z)-e 

on He- Since u^ k (z) — u^^z) extends to a function harmonic in all of C v (C)\He, the 
Maximum principle for harmonic functions shows (IB. 97ft holds in all of C V (C). 
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As the u% k (z) converge uniformly to u^z) on compact subsets of C v (C)\Hg and e > 
is arbitrary, it follows from (JB.97P that 

(B.98) u u {z) > u w (z) 

for all z E C v (C)\H e . 

Suppose equality in (JB.98P failed to hold for some zq E C v (C)\Hi. Since C v (C)\Hi is 
connected, the Maximum principle implies that u U} (z) > u^ e (z) for all z E C v (C)\Hj>. In 
particular, there would be a 5 > such that 

u u (z) > u w (z) +5 

on H2. Now put v = ui + ji£ ; then 

"1/(2) = u w (2)+'Ua«( z ) 

> u w 0) + «fc(z) = u tiS -(z) 

on C v (C)\He, with u^ > zt£f(z) + 5 on f/ 2 - 

Let e = e^j be the exceptional subset of H inner capacity where Ux,g{ z ) < V% t g(H), 
given by Theorem lA.2l We claim that u u (z) > V^^U) on H\e. To see this, for each 77 > 
let 

17„ = {* € C(C) : u £ ,^) > Vx,s{ R ) ~ V} ■ 
This is an open set, since ux g(z) is lower semi-continuous. 

Furthermore, at each point of H\e, u% g(z) is continuous and equal to V%g(H) (Theorem 
IA.2J) so apart from a subset of inner capacity 0, dU^ is contained in C V (C)\H. In particular 
on dU v \e we have 

u v (z) > u x ,g{z) = V X) s{H)-r]. 

Since u u (z) is superharmonic and bounded from below on U v , the strong form of the 
Maximum principle (see [51J, Proposition 3.1.1) shows that u u (z) > V^g{H) — r] on U v . 
Since rj > is arbitrary, and H\e C U v , it follows that u v {z) > Vx,g(H) on H\e. 

Because Ux,g( z ) = Vx } g(H) on (H\He)\e, we have u v {z) > Vx,g{H) + 5 on (H\Hi)\e. 
However, a set of inner capacity necessarily has //-measure ( |51| . Lemma 3.1.4). By 
Fubini-Tonelli, 

VxA H ) + HxAH\H £ ) 6 < [ u u (z)dfixA z ) 

Jh 

(B.99) = / uxAz)dv(z) < V x ,g(H) . 

We claim that /j,xg(H\Hi) > 0. Otherwise uxg would be supported on Hi, and the fact that 
C v (C)\He is connected and contains X would mean that uxg(z) < Vxg(H) on C v (C)\Hj>. 
However, ux g(z) = Vxg(H) for all z G H except possibly a set of inner capacity 0, which 
contradicts that H\Hi C C v (C)\Hg has positive capacity. Thus (JB.99J) is impossible. 

We conclude that in (1B.98|) . we have u u (z) = ux,g( z ) f° r an z $■ ^l- Moreover, we have 
shown that u u (z) > Vxg(H) for all z E H\e. We now claim that u u {z) < Vxg(H) for all 
z. Suppose to the contrary that u v (zq) > Vx : g(H) f° r some zq. Then since u u (z) is lower 
semi-continuous, 

U := {z E C„(C) : «„(*) > V X) g(H)} 

would be a nonempty open set. Since Hg has no interior, U contains points of C v (C)\Hg. 
However, at these points u u (z) = Uxg( z ) — Vx.,s(H)i contradicting the definition of U. 
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It follows that u p {z) coincides with u%g(z) except possibly on the exceptional set e of 
inner capacity 0. However, a superharmonic function which is bounded below is determined 
by its values on the complement any set of inner capacity ( |65j . Theorem III. 28, p. 78). 
Thus u u {z) = ux.s{z) for all z. By the Riesz Decomposition theorem ( |51j . Theorem 3.1.11) 
we can recover the measure from the potential function, so v = /ijj, and hence u = fi£. □ 

Remark. Some hypotheses on Hi are necessary in Theorem IB.13t it is not always true 
that the Chebyshev measures converge to the equilibrium distribution. For example, in the 
classical case consider the unit disc Hi = D(0, 1) C C, with weight W(z) = 1, relative to 
X = {oo}. The Chebyshev polynomial of degree n for Hi is z n , with roots only at the 
origin. However, the equilibrium distribution of Hi is the uniform measure supported on 

6. Chebyshev Pseudopolynomials for short intervals 

In this section we will show that when H is a "sufficiently short" interval, the weighted 
(X, s)-Chebyshev pseudopolynomials for H have oscillation properties like those of classical 
Chebyshev polynomials. The notion of "shortness" depends on the location of H relative 
to X and the existence of a suitable system of coordinates, but is independent of the choice 
of the weight function. 

The motivating case is case when K v = R and H C C„(R)\X is a closed interval. 
However, since any analytic arc becomes an interval in suitable coordinates, the results 
apply more generally. 

Fix a local coordinate patch U C C V (C), with coordinate function z say. Thus, z gives a 
holomorphic isomorphism between U and a simply connected open set z(U) C C. We can 
decompose the coordinate function into its real and imaginary parts, z = u + iv, and speak 
of the real and imaginary coordinates of points in U. For us, the case of interest is when 
z(U) n R is nonempty; to simplify notation, we will assume that is the situation, and that 
U and z have been chosen so that v = on z~ 1 (z(U) n R). 

By a real interval H C U, we mean a set of the form H = z _1 ([a, b]) where [a, b] C 
z(U) n R. By abuse of notation, we will simply write H = [a, b]. Similarly, we can speak 
of a disc D(t, r) C U. Using the coordinate function to identify U with z(U) C C, we can 
speak of translating a point p € U by a number c £ C: p *— > p + c, provided that both 
points involved belong to U. (Formally, if p € U, then p + c means the point z~ 1 (z(p) + c), 
if z(p) + c G z(U).) 

Recall that X = {x\, . . . , x m }. By Proposition 13.111 relative to the given local coordi- 
nate, for each Xj G X there is a C°° function rjj(z,w) on (U\ {xj}) x (U\{xj}) (which is 
harmonic in each variable separately) such that for all z,w € U\{xj} 

-log{[z,w] Xj ) = -log(\z -w\) +r)j(z,w) . 

Writing z = u\ + iv\, w = U2 + iv2, we can speak of the partial derivatives of rjj(z,w) 
relative to u\, v\, 112 and V2- 

Lemma B.14. Let U C C V (C) be a local coordinate patch, and let H = [a,b] C U be a 
real interval disjoint from X. 

Let C be a bound such that, uniformly for all Xj G X and all z,w G H , 



(B.100) 



dm 



7T-{z,w) 
ou 2 



< C 



d 2 rjj 



du\ 



(z,w) 



< C . 
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Then for each Xj G X, all z,c,d G H , and each < e G M suc/t that c±e,d±e belong to H , 
(1) \rjj(z,c — e) — rjj(z,c) +nj(z,d + e) — 7]j(z,d)\ < C\d-c\e + 2Ce 2 ; 
(2)\r] j (z,c-e) + r] j (z,c + £)-2r](z,c)\ < 2Ce 2 ; 
(3)\T}j(z,c + e)-r}j(z,c)\ < Ce ; 
(4) \qj(z,d-e)-7ij{z,d)\ < Ce . 

Proof. All of these follow from the Mean Value Theorem. For example, we prove (1): 
for appropriate c* £ (c — e, c), d* G (d, d + e) and e* G (c*, d*) 



1 77(3,0 



e 



77(2;, c) + n(z, d + e) — n(z, d)\ 



■ E( £ (z ' c-))+E( S ( ^ -)) 



e-(d* 



^U {z - e ' ]) 



< e(\d - c\ + 2e) ■ C . 
Clearly (2) is a special case of (1), and (3) and (4) are easy. 



□ 



Given a probability vector s = (si, 
- log([2, w] Xj g) 



, s m ), on U\X we have 
-log(|z - w\) +n(z,w) 



where n(z,w) = wx,g(z,w) = YllLi s j r lj( z T w )- By the triangle inequality and the fact that 
Y2 Sj = 1, the bounds in Lemma IB . 141 hold with rjj(z) replaced by rj(z). 

Definition B.15. Let U C C V (C) be a coordinate patch, with coordinate function z. 
A real interval H = [a,b] C U is short (relative to X and the coordinate function z on U) if 
it is disjoint from X and \b — a\ < min(l/C(iJ, X), l/^/2C(H, X)), where 

(B.101) C(H,X) 



max max 



dr lj 1 



du 



%(z,w) 



While this notion of "shortness" is ugly, it is easy to apply. In practice, we will be 
given a coordinate patch U whose closure U is disjoint from X. Defining C(U) as in 
(jB.lOip with H replaced by U, one sees that any real interval [a, b] C U with \b — a\ < 
max(l/C([/),l/ v / 2C(C/)) is "short". 

We will now show that restricted, weighted (X, s)-Chebyshev pseudopolynomials for 
short real intervals behave like classical Chebyshev polynomials. 

Proposition B.16. Let U C C V (C) be a coordinate patch with coordinate function z. 
Suppose H = [a, b] C U\X is a short real interval. 

Fix s G V m , and let W{z) be weight function which is continuous, positive and bounded 
on a neighborhood of H . Then for any pair (n,N) with n>\, each Chebyshev pseudopoly- 
nomial P( ni N){z,W) = YYi=i[ z ^ a i\x,s ■ W(z) N for H relative to W(z) has the following 
properties. Assume the roots on are labeled in increasing order. 

(1) Pi n: N)(z, W) has distinct roots which lie in the interior of [a,b\. 

(2) If ai is the leftmost root of Pt n m(z,W), there is a point ao £ [ojQt] where 



P(n,N)(ao,W) 



\P 



(n,N)\\H 



(3) For each pair of consecutive roots aj,aj + i there is a point ai G (aj, aj_|_i) where 



P(n,N)(ai,W) 



\p 



(n,N)\\H 
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(4) If a n is the rightmost root, there is a point a n £ [a n , b] where 

P(n,N)(<Xn,W) = \\P( n ,N)\\H ■ 

PROOF. Write C = C(H,X), where C(H,X) is as in Definition IB. 151 The hypothesis 
that H is "short" implies that 

(B.102) — L_ > C , —^-2 > 2C7 . 

b — a [b — a) A 

We will now show that in the presence of the bounds (|B.102p . the classical arguments 
concerning oscillation properties of Chebyshev polynomials carry over. The weight function 
plays a negligible role; it cancels out in all the ratios below. 

Fix (n,N). We already know that P( n m(z,W) exists; the problem is to show it has 
the properties above. Write P(z) = P( n ,N)( z jW), M = \\P(z)\\h- 

First, suppose P{z) had a root at z = a. Then P(a) = and so there would be an 
interval [a, a + 5] on which P(z) < M. We claim that by replacing the factor [«,o]jj in 
P(z) by [z, a + e]x,s f° r an appropriately small e, we could reduce ||P||h • Let P E (z) be the 
pseudopolynomial thus obtained. By the continuity of [z, w]x,g, for sufficiently small e > 
we would still have P £ (z) < M for z € [a, a + 5]. For z £ (a + 8, b], 

P e {z) [z, a + s\x£ 

P(z) [z,a]x,s 

and 

f[z,a + e]x,s\ (\z-a-e\\ 

- log — f i = - log — — + r](z, a + e) - j]{z, a) . 

V [z,a\x,s J \ \z-a\ J 

By Lemma IB. 141 for all z £ H, \rj(z,a + e) — i](z,a)\ < Ce. On the other hand, for 
z G (a + 5, b] and < e < 5, 

. f\z- a- e\\ ( e \ e 

-logM-: j-!- = -log 1 > | r . 

\ \z — a\ J \ z — aj \z — a\ 

Since [a, b] is short enough that 1/(6 — a) > C, also l/(z — a) > C and so 

- log — = > , 

V [z,a\x,s ) 

Thus [z,a + e]x,s < [ z i a ]x,s f° r & H z £ [a + S,b]. It follows that ||P £ (z)||h < ||P||^, 
contradicting the minimality of ||-P||i/. A similar argument shows P(z) cannot have a root 
at z = b. 

Let ct\ be the leftmost root of P(z). If P(z) did not achieve its maximum in [a, ax], 
an argument like the one above shows we could reduce ||P||j? by moving a\ slightly to the 
right. For similar reasons, if a n is the rightmost root and P{z) did not achieve its maximum 
in [a n , b], we could reduce ||-P||_ff by moving a n to the left. 

Next, suppose P(z) had a double root at ckj, say. As shown above, c^ E (a,b). Since 
P(at) = 0, there is a 5 > such that P(z) < M for z £ [oj — 5, on + 6]. If we define P £ (z) 
by replacing the factor [z, «j]| g in P(z) by [z, a% — s]x,s \ z -, a i + e ]x,s, then by the continuity 
of [z, w]x,Si f° r sufficiently small e we will have P e (z) < M for z £ [a, — 5, a, + S\. 
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For z G H\ [ati — 6, on + S] , 

P e (z) [z, an - e]x,H 2 : «i + e k,5 



p(z) [^ «*]!,, 

and 

_ lo ( [z, &i ~ e]x,s[ z > a J + £ h,s \ 

(z — ai + e)(z — ttj — e) 

(Z - OLi) 

We can assume < e < 5, so since \z — o$| > <5 



log ( ^y- — - ^ 2 ) + T)(z, a.i- e) + r?(z, «j + e) - 2r/(z, a,) 



log(' (z - a \ +£)( \- 9 a -- £) l = -logfl-^Vl > 



lo g I F-^-12 I > ° • 



{z-OLi) 2 J V {z-OL-i) 2 ) (Z-Qj) 2 ' 

On the other hand, by Lemma lB.14l \r](z,cq —e) + r](z,on + e) — 2r](z, oq)\ < 2Ce 2 . As [a, b] 
is short enough that 1/(6 - a) 2 > 2C, then £ 2 /(z - a;) 2 > 2Ce 2 for z G iT\[oi — e, a* + e], 
so 

[z, a, - ejayrtz, a ^ + e]x,s 

[Z, CkjJ-j- 

Hence [z,ai — s]x,s[z,on + £ ]x,s < [ z i a i\xs f° r an z ^ [ a * ~~ ^' a * + ^]> which implies that 
||P £ (z)||u < 1 1 P 1 1 h- This contradicts the minimality of ||P||jf. 

Finally, suppose P(z) did not take on the value M between two consecutive roots 
(Xi, on + i. There is a 5 > such that P{z) < M for all z G [an — <5, aj+i + <5]. Define P e (z) by 
replacing the product [z, a^s-fz, aj+ik,s in P(z) with [z, on - e]x,g[z, a i+1 + e]x,g- By the 
continuity of [z, w]x t g, for sufficiently small e > we have P e (z) < M for z G [oj — (5, oci+\+8\. 
For z j^ cti, Oj+i we have 

-Pe(-g) [z, a, - e]x,s[z, a i+ i + e]x,g- 

P(z) [Z, OLi]x,s [Z, OLi+l\X,s 

Furthermore, for z G [a, 6] but z ^ [a« — (5, aj + i + 5], 

/ [z, ati - e] x ,g[z, a i+ i + e] x A . f (z - on + s)(z - a i+x - e 

- log f i — F ; = - log 



[-2, 0!t]£,sfo «i+l]x,s / V (z-Oj)(z-Qj + l) 

+ r?(z, a* - e) + r](z, a i+ i + e) - rj(z, ckj) - 7/(z, a i+ i) . 

Here \rj(z, on — e) + i]{z, OLi + \ + e) — r/(z, oti) — rj(z, aj+i)| < C(aj+i — aj)e + 2Ce 2 by Lemma 
IB. 141 On the other hand, for small enough e and for z ^ [aj — <5, «i+i + 5], 

/(z - ai + e)(z- a i+ i - e)\ ( e(a i+1 - on) + e 2 

~ lo g / T7 n = - fog 1 



(z - oa)(z - an+i) V (z-aj)(z- a i+ i) 

e(«i+i - «t) 



> 



(z- aj)(z-a i+ i) 



As 1/(6- a) 2 > 2C, then ^fefe^fl) > 2C(a i+ i -ai)e. Thus for sufficiently small e > 

/[z,ai -e] x? [z,aj+i +ekA 
- fog f ] f i I > , 
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whence [z, ui — s\x,s\ z i a «+i + £ ]x,s < \ z i a ii^-A z i a i+i]x,s f° r au z as above. This shows that 
||-P e (z)||-ff < ll-f||-f/ f° r small enough e, once more contradicting the minimality of ||-P||#- □ 

Remark. Because of the presence of the weight function, P( n N)( z : W) need not take on 

its maximum value at a and b (as holds classically). However, Pr n ^\(z, W) does "vary n 
times from M to to M" on H, which is enough for the application in the next section. 

7. Oscillating Pseudopolynomials. 

In this section we specialize to the case K v = R. Thus, C V (U.) has meaning, and there 
is an action of complex conjugation zi->Ion C V (C). 

We will assume that X and H C C V (C)\X are stable under complex conjugation, that 
H is compact, and that H has finitely many connected components Hi,...,Hjj, where 
no Hi is reduced to a point, and each Hi is simply connected. Under these hypotheses 
C v (C)\Hi is connected for each £, and C V (C)\H is connected. Since H is stable under 
complex conjugation, for each £ there is an index £ for which Hi = Hj ; possibly Hi = Hj. 
We will say that a component Hi is a "short interval" if it satisfies the following condition: 

(B.103) Hi = [a,£, bi] C C„(lR)\3t is short relative to X and a suitable 
local coordinate function zi, in the sense of Definition IB. 151 

Recall that a probability vector s £ V m is ^-symmetric if Sj = Sk whenever ~xj = x^ ■ 
We will say that a vector n = (n, . . . ,ri£)) £ N is ^-symmetric if rij = nu whenever 
Hj = Hk (i.e., when j = k). 

Let s G V m be a ^-symmetric probability vector. Let n € N be if^-symmetric, 
and put N = X^=i n e- F° r eacri such n we will construct an (X, s)-pseudopolynomial 
Ph(z) = P(x,s),n( z ) whose roots belong to H, which satisfies Ph( z ) = Pft( z ) for all z, 
which has large oscillations on the sets Hi which are short intervals, and whose normalized 
logarithm (— 1/iV) log(P^(z)) approximates u%^{z,H) outside a neighborhood of H. 

Most of the roots of Pn(z) will be roots of the weighted Chebyshev polynomials, or 
weighted Fekete points, for the sets Hi. Some care is needed to assure that Pn(z) = Pn( z )- 

Let fj>% g be the equilibrium distribution of H relative to X and s. For each £ put 



ui{z) = / -^og([z,w]x,g)dnx,s( w ) 

JH\H e 

and let Wi{z) = exp(—ui(z)). Since X and H are stable under complex conjugation, and s 
is ^-symmetric, we have uj{z) = ui{z) and Wj(z) = Wi(~z). 
If Hi is a short interval, let 

n e 
(B.104) Pl,{n t ,N)(z) = \{[ z ,ai^ s -Wi(z) N 

i=l 

be the weighted Chebyshev pseudopolynomial for Hi with weight Wi(z). We are interested 
in its roots ct^i, . . . , ai tTle , which belong to Hi. 

If Hi is not a short interval and Hi ^ Hj, let a^i, . . . ,a^ n ^ G Hi be a set of (ni,N)- 
Fekete points for Hi relative to the weight Wi(z), that is, a set of points achieving the 
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maximum value 



/ 



l/N 2 



d(n t ,N)(He,Wi) 



a i 



in. 



I [oi£,i,a£,j] Xt g-\\W(i 



\2N 



V 



J=l 



J 



in (JB.40J) . We take the Fekete points aj i for Hj to be the conjugates of the atj for He. 

Finally, suppose H? is not a short interval, but He = Hj. We first shown that He 
contains a point fie fixed by complex conjugation, that is, a point in C V (M). Let S be C V (C), 
viewed as a topological surface, and let So be the quotient of S under the action of complex 
conjugation. Write ir : S — > So for the quotient map. Let S = C V (C)\(C V (M.) U X) and put 
So = tt(S) C Sq. Then So is a compact, connected (possibly non-orientable) surface with 
boundary, So consists of the interior of So with a finite number of points removed, and S 
is a 2-to-l unramified cover of So- Suppose He C\C V (M) = <f>. Then He C S. Choose a point 
P G He, and let P £ Hi be its image under complex conjugation. By hypothesis P ^ P. 
Since Hi is simply connected, and in particular path connected, there is a path a from P 
to P in i^. Let a be the conjugate path; then the concatenation a * a is a loop in Hi (by 
a loop, we mean a continuous image of the unit circle). Since Hi is simply connected, a * a 
is homotopic in Hi to a point. Put «o = 7r(cx) = n(a) C So- Then uq * «o is homotopic in 
So to a point. However, vr(P) = tt(P), so qo itself is a loop, and the fundamental group of 
a surface with at least one puncture is a free group and in particular is torsion-free. This 
means «o is homotopic in So to a point; let a be such a homotopy. Since S is an unramified 
cover of So, we can lift a to a homotopy of loops in S whose initial element is the pre-image 
a of olq. Thus a is a loop, and so P = P, a contradiction. 

Still assuming Hi not a short interval but Hi = Hj, put ?n^ = [ni/2\ , M = LJV/2J , 
and let a^\, ■ ■ ■ ,ai tirie £ Hi be a set of (me, M)-Fekete points for Hi relative to Wi(z). If 



n = 2mi is even, put ae,% 



(B.105) 



ae,i- me for i = me + 1, . . . , 2m^. If r^ 
(*e,2me as above and put a^m^+i = Pe- Now define 

p fi(z) ■= JJ H [*, a^itas • 

1=1 i=l 



2mi + 1 is odd, define 



Then Pfi(z) is an (X, s)-pseudopolynomial of degree ./V for H, satisfying Pft(z) 
all z. Let 

l/JV 
^rJ = [\\Pn(z)\W 



P*(z) for 



If there are components Hi which are short intervals, let p^ > be the largest number such 



that Pfi(z) varies ni times from (p^ 
put p n = Mh- 
Let 



\N 



to to (pft) each of those components; otherwise 



D rig 



^ 



^EE^wW 



=1 i=l 



be the discrete measure of mass 1 associated to P^(z). By construction, it is stable under 
complex conjugation. 



The author thanks Will Kazez for this argument. 
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For each £ = 1,...,D, put o~i = px.g(Pe) > 0, and let a = (01, . . . ,o\d). Then a 
is .JQ-symmetric, i.e. aj = &i for each I. Given a sequence of i^-symmetric vectors 
nk = (n k ,i, ■■■, n kjD ) £ N D for k = 1, 2, 3, . . ., put N k = J2e=i n k,i for each k. 

PROPOSITION B.17. Suppose K v = R. Assume that X and H C C V (C)\X are stable 
under complex conjugation, and that H is compact and has finitely many connected compo- 
nents H\ , . . . , Ho , where no Hi is reduced to a point, and each Hi is simply connected. Let 
s£ V m be a K v -symmetric probability vector. Then for each K v -symmetric vector n £ N , 
the (X, s)-pseudopolynomial Pa(z) has all its roots belong to H, with has exactly ri£ roots in 
each Hi. It satisfies Pft(z) = Pa(z) for all z € C V (C). In addition, for each Hi = [ai,bi] 
which is a short interval, the roots of Pft(z) in Hi are distinct, and Pjt(z) varies ni times 
from p 1 ^ to to p~ on Hi, where N = deg(i-^ fe ) = Ylt=\ n t- 

For any sequence of K v -symmetric vectors n k € N D for which N k — > oo andn k /N k — > a , 

(1) The discrete measures u^ k associated to the P^ fc converge weakly to the equilibrium 
distribution p,Xs °f H ; 

(2) IfUis any open neighborhood of H, then as k — >■ oo the functions —jj- log(\Pfi k (z)\) 
converge uniformly to the equilibrium potential ux g(z, H) on C V (C)\(U U X). 

(3) limfc^oo Mn k = hm^oc pn k = lx,g( H ) • 

Proof. By construction, Pa{z) = Pft(z) for all z £ C V (C), the roots of Pft(z) belong to 
H, and P^ has exactly ni roots in Hi. For each Hi which is a short interval, the roots of 
Pfi(z) in Hi are distinct by Proposition IB. 16l and Pft(z) varies ni times from p^ to to p^ 
on Hi by the definition of pa. 

Now consider a sequence {fik}k&n with N k — > oo and n^/N^ —> o~i for each £. Put 

nt 

By Corollary IB . 1 1 1 and Theorem IB. 131 for each £, as k — > oo, the measures w^ fe i converge 
weakly to px.s\H r (The presence of the points j3i do not affect this.) Hence the ui^ k = 

Z^=i w n fel .e converge weakly to p x ,s- 

This implies that outside any neighborhood U of H, the potential functions ux : g(z,ujfi k ) 
converge uniformly to ux,g(z,H). Indeed, since dU and H are compact and disjoint, 

— log([z,w]x,g) is uniformly continuous on dU x H. Since the a; r j fe converge weakly to 
A*x,s) as A; — )• oo 

1 

IH Nk 

converges uniformly to ux,g{z, H) = j H — log([z, w]x : g) dpx,g( w ) on dU . However, for each k, 
by Theorem EH] the function Mj iS -(z,w^)-uj ]S -(2,ff) on C V (C)\(UUX) extends to a function 
harmonic on a neighborhood of each Xi E X. By the Maximum principle, uxg{z,uj^ k ) = 

— jj^\og(Pfi k (z)) converges uniformly to ux,g(z,H) on C V (C)\(U LI X). 

We will next show that lim^oo M nk = 7xs(-ff), or equivalently, that 
(B.106) lim -\og(M Hk ) = V x ,g(H) . 

fe— >oo 

Recall that a Hausdorff space X is simply connected if and only if any two points are joined 
by an arc and every loop in X is nomotopic in X to a point. Since each component of H is 
simply connected and no component is a point, it follows from Theorem I A . 2 1 and Proposition 






ux,g(z,cj nk ) -- J -log([z,w]x,g)dUfi h (w) ■■ -—log(P Hk (z)) 



ux,g(z,ujfi k ) = — — log(Pfr fc («)) > -log(M Hk ) . 
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IA.3l that the potential function uxg(z,H) is continuous, with uxg(z,H) = Vxg(H) for all 
z G H. Since C V (C)\H is connected, in addition ux,g(z, H) < Vx^H) for all z ^ H. 

We first claim that — log(A^„ fc ) < Vx : g(H) for each k. For each z £ H, ux,g(z,u}ft h ) 
satisfies 

1 

By Fubini-Tonelli, it follows that 

Vx,s(H) = / u x .g{z,H)duj Hk (z) = / ux.s( z ^n k )dfixA z ) > ~^og(Mfi k ) 
Jh Jh 

as asserted. 

Now fix e > 0, and put 

U e = {z G C„(C) : «*,*(*, fl") > Vk, s -(P") " e} • 

By the properties of ux : g(z,H) noted above, U £ is open and H C U e . Since the Wjj fc 
converge weakly to Hx,g, the functions Ux,g{ z i (jJ n k ) converge uniformly to ux t g(z,H) on 
C v (C)\(U e U 3£). Thus, there is a fco such that for all k > ko and all z G C 1 ,(C)\(C/ e U X) we 
have 

This means that for k > k^ and z G 9f7 e , 
(B.107) «i,s(2,^.) > V x ,g(z)-2e. 

However, Uxg( z , Wfi k ) is superharmonic on U e so by the Maximum principle for superhar- 
monic functions, (JB.107P holds throughout U £ . In particular, — log(A^^ fe ) > Vx^g(z) — 2e. 
Since e > is arbitrary, (IB.106|) holds. 

Finally, we show that lim/ c _>. 00 p^ k = jxs(H)- Recall that Wg(z) = exp(—ug(z)) where 



Ui(z) = I -log([z,w] x ,g)diJx,g( w ) ■ 
lH\H t 



Write Pk,i(z) for the weighted Chebyshev pseudopolynomial Pu nh e ,N k )( z , Wg) as in (JB.104D . 

[* 

{n k ,,N k ) 



and write CH£ £ for the weighted Chebyshev constant CH? N JHcWg) = ||-Pfc/||# k - 



Also, for each k and £, put 

Uk,e(z) := / -log([z,w]x,g)du} n - k (w) . 

JH\H t 

By Theorem IB.2I and Theorem IB. 121 as k — > oo and n/ c /A r / c — > a, the CEL* ^ converge to 

CK e (H e ,W e ) = lx A H )- 

Fix e > 0. Since the measures ui^ k converge weakly to fJ-x,g, if k is sufficiently large, 

then by Theorem IB. 121 for each £ 

(B.108) \u k/ (z)-Ui{z)\ <e on H e 

and 

(B.109) e- £ - 7 xA H ) < CH^ . 

Put p = e-^xAH). 
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Suppose Hi is a short interval. Since ||Pfc^||i? £ = (CHJ^) fc , Proposition IB.161 shows 
that Pk,e(z) oscillates n^^i times from (CH^) k to to (CB* k e ) Nk on Hg. At each point in 
Hg where Pk,e(z) = (CB.} H ) Nk , we have 

P Hk (z) > (e- £ CH* fc) ,)^ > p Nk 

and at each point where Pk/(z) = 0, also Pn k {z) = 0. 

Thus PftAz) oscillates rik,e times from p k to to p k on each Hi which is a short 
interval, so pn k > P = e~ 2e Jx,s( H ) ■ Trivially pn k < Mft k , so since ]im k ^ OQ Mn k = Jx,s(H), 
and since e > is arbitrary, assertion (3) in the Proposition follows. □ 

Remark. In constructing the functions Pfi(z), the use of the Chebyshev points for the 
components which are short intervals is essential. However, the use of the Fekete points 
for the other components is a matter of convenience; all that is needed is that the associated 
discrete measures be stable under complex conjugation, and converge weakly to px,s- 

On some curves C v /M. there exist connected sets H C C V (C)\C V (M) which are stable under 
complex conjugation, but are not simply connected. For example, consider an elliptic curve 
£/R such as the one defined by y 2 = x 3 — 1, for which the real locus £ QR) is homeomorphic 
to a loop. Such a curve which has two real 2-torsion points Pq = O and P%, and two 
conjugate non-real 2-torsion points P2, -P3. The set H = Pi-\-£ (R) (where addition is under 
the group law on £) is stable under complex conjugation, and complex conjugation acts on 
H via translation by Pi = P3 — P2, so it has no fixed points in H. 

In Proposition IB. 17l one can replace the hypothesis that the components Hi are simply 
connected with two additional hypotheses: first, that each connected component of C V (C)\H 
must contain at least one xi for which Si > 0; and second, that for each component Hi which 
is not a short interval but satisfies Hi = Hj, the number ni is even. 



We can reformulate Proposition IB . 1 7l in a useful way, as follows. For each n, put 

1 

Mi 



(B.HO) Q H {z) = tw Pr(z) , 



and put Rfi = pn/M.^ < 1. Then ||Q#||h = 1, Qh{z) = Qh(z) for all z, and Qh{z) varies N 
times from RV to to R^ on each Hi which is a short interval. 

Recall that the Green's function of H is G% t g(z, H) = Vx,s{H) — ux,s{z, H). As in §5111 
define the logarithmic leading coefficient of H at Xi by 

(B.lll) A„(#,s) = limG^(z;H) + Si log(\g Xi (z)\) 

= V Xl (H) + J2G(xi,xf,H) . 

Likewise, as in §5I2| for each X{ £ X, define the logarithmic leading coefficient of Qh(z) at 
Xi by 

(B.112) A Xi (Q H ,s) = Um ±-log(Q H (z)) + Si \og(\g Xi (z)\) . 

z-^Xi Jy 

Recalling that for any sequence {fik}keN with A r / C — > 00 and fik/Nk — > B we have 

lim Mn h = 7xA H ) = e~ v ^ H) , 
by Proposition IB. 17l we have: 
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Theorem B.18. Suppose K v = R. Assume that X and H C C V (C)\X are stable under 
complex conjugation, that H is compact, and that H has finitely many connected components 
H±,... ,Hd, where no Hi is reduced to a point and each Hi is simply connected. 

Fix a Ky-symmetric probability vector s £ V m . For each £ = 1, . . . , D put o~g = HxsiHg) 
and let a = (a±, . . . ,&d)- F° r each K v -symmetric vector n £ N D write N = N^ k = ^2gUg. 
Then the collection of (X, s)-pseudopolynomials 

D n e 



q*w = x^nn 



n g = \ i=i 

constructed above for ft £ N"°, has the following properties: 

(1) For each ft, Q^ satisfies \\Qh\\h = 1 ; with Qh( z ) = Qn(z) f or a ^ z S C V (C). The 
roots of Qa all belong to H, with ng roots in each Hg. Put Rfi = p^j 'Mft, so < Rft < 1. 
For each Hg which is a short interval in the sense of (J-B.103J) . the roots of Qa in Hg are 
distinct, and Q^ varies ng times from R^ to to R^ on Hg. 

(2) Let {fik}k&N be any sequence with N^ k — > oo and ft^/Nfi — > a . Then lim^oo R^ k = 
1, and the discrete measures uo^ k associated to the Qn h converge weakly to the equilibrium 
distribution fj,x,s of H. For each neighborhood U of H, the functions j^log(Qf( k (z)) con- 
verge uniformly to Gx,g(z, H) on C V (C V )\(U U X), and for each Xi £ X, 

lim A Xi (Q Hk ,s) = A Xi {H,s) . 

k— >oa 



APPENDIX C 

The Universal Function 

In this Appendix, we construct a parametrization of rational functions of degree d on a 
curve by their zeros and poles. We then establish a -y-adic bound for how much a rational 
function changes when its zeros and poles are moved slightly. This is used in £ jlll3[ in Step 
4 of the patching process in the nonarchimedean compact case, with d = max(l,2g), in 
moving the roots of the partially patched function away from each other. 

Let F be a field, and let F be a fixed algebraic closure of F. When C = P 1 /F, let 
z,w,p,q be independent variables and consider the crossratio 

(z - p) (w - q) 

X(z,w;p,q) = -- , 

{z -q){w- p) 

which extends to a rational function on (P 1 ) 4 . Now specialize p, q to P 1 (i ? ), and take 
w G P 1 (F) distinct from p, q. Then f w ,p,q{z) = x{z, w;p, q) is a rational function on P 1 with 
divisor (p) — (q), normalized by the condition that f W:P: q{w) = 1. 

More generally, for arbitrary pi, . . . ,Pd,qi, ■ ■ ■ ,q<i G P 1 ^), if w G P X (F) is distinct from 
the pi and qi, then 

d 
(CI) fw,p,q{z) ■= f{z,w;p,q) := Y[x{z,w;pi, qi) 

i=\ 

is the unique rational function on P 1 with divisor divc(fw,p,q) = YliPi) ~ XX%)> f° r which 
fw,p,q( w ) = 1- Conversely, for any nonconstant rational function h(z) G F(z), there is a 
point w £ P 1 (i ? ) where h(w) = 1. In this way, we obtain a parametrization of all rational 
functions of degree d on P 1 by means of their zeros and poles and a normalizing point. 

We will now show the existence of similar parametrizations for arbitrary curves C/F. 

Let C/F be a smooth, projective, geometrically integral curve of genus g > 0. Given 
D G Div^ / F {F), let [D] G Pic^ i F {F) be the linear equivalence class of D. Likewise, given 

p = (pi, . . . ,pd) G C(F) d , write [p\ G Pic c < F (F) for the linear equivalence class of J2(pi)- 
Let Jac(C)/-F be the Jacobian of C, and let $ : C X C — > Jac(C) be the .F-rational map 
defined by <&(p,q) = \p\ - [q] for p,q G C d (F). Put Y = $ -1 (0). Then Y is the F-rational 
subvariety of C d x C for which 

Y(F) = {(p,q) G C(F) d x C(F) d : ^i) ~ X)(ft) « principal} . 

We will construct a "universal rational function" f(z, w;p,q) onCxCxY which parametrizes 
normalized rational functions of degree d on C in the sense above. For this it will be necessary 
to assume that d > 2g — 1. 

We will then specialize to the case where F is a nonarchimedean local field K v , and 
study the continuity properties of f(z, w;p, q). 
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Theorem C.l. Let F be a field, and let C/F be a smooth, projective, geometrically 
integral curve of genus g > 0. Fix d > max(l, 2g — \), and let Y be the F -rational subvariety 
of C d x C d for which 

Y(F) = {(p,q) G C d (F) x C d (F) : £>) ~ £>)} • 

Then there is an F -rational functiori] f(z,w;p,q) on C x C x Y uniquely defined by the 
property that for each (p,q) G Y(F) and each w G C(F) distinct from thepi, qi, the function 
fw,p,q{z) ■= f(z,w;p,q) G F(C) satisfies divc(fw,p,q) = £(Pi) ~ Efe) «^ fw,p,qi w ) = 1 - 

Moreover, if F C M C F is an extension such that w G C{M) and ^2(pi) — YKli) is 
rational over M , then f W n : q{z) G M(C). 

The proof uses the theory of the Picard scheme, due to Grothendieck and Mumford. 
The part of the theory we need goes back to Weil and Matsusaka. 

A modern reference for this is Kleiman ( |31| ); see also Milne ( [43] ), We follow Kleiman's 
notation. Given a separated map of locally Noetherian schemes F : X — > S, let Picx/s De 
the relative Picard functor, defined by 

Pic x/5 (T) = Pic(X T )/Pic(T) 

for any locally Noetherian scheme T/S ( [31] . Definition 2.2); here Xt = X x$ T. 

If F : X —)■ 5 is projective and flat, with reduced, connected geometric fibres, and if 
X(S) 7^ <f), then Picx/s 1S represented by a commutative group scheme Pic^/5 which is 
separated and locally of finite type over S (see |31j . Theorems 2.5 and 4.8, and Exercise 
3.11). 

The scheme ~Pic x /s commutes with base change: for any locally Noetherian scheme 
S' /S, Pic x ,/s' exists and equals Pic^/5 x^S" ( |31j . Exercise 4.4). Points of Pic x /s 
correspond in a natural bijective way to classes of invertible sheaves on the fibres of X/S 
( |31| . Exercise 4.5). There is an invertible sheaf V on X x ~Picx/s> called a Poincare sheaf, 
such that for any locally Noetherian scheme T/S, and any invertible sheaf C on Xt, there 
exists a unique S-map h : T — > Picx/s such that for some invertible sheaf N on T, 

£ = (lx h)*V ® f T {M) 

(see |31j . Exercise 4.3). In general, the Poincare sheaf is not unique. 
Let Div^/5 be the functor defined by 

E)ivv/s(T) = {relative effective divisors on Xt/T} ; 

see ([31] ; §3) for details. It is represented by an open subscheme T)ivx/s of the Hilbert 
scheme Hilbjf /$ ( |31j . Theorem 3.7). By ( [31] , §3.10 and Exercise 4.7), there is a coherent 
Opi Cx -module Q for which P)iv x /s — P(Q)- There is a natural map of functors A x /s(T) : 
Div x/s{T) —> Pi c x/S (^) > called the "Abel map", which sends a relative effective divisor 
D on Xt/T to the sheaf Ox T {D), and there is a corresponding Abel map of S'-schemes 
A x /s ■ Div x/5 -> Picx/s- 

If S = Spec(F) where F is a field, and X = C is a smooth, projective, geometrically 
integral curve of genus g > with C(F) ^ <j), the connected component of the identity, 
Pic x , s , is an abelian variety of dimension g ( [31] , Exercise 5.23) which is F-isomorphic to 
the Jacobian Jac(C)/F. In this setting, we will write PIc^/f for P'\c x /s an d Div c /^ for 



The author thanks Robert Varley for pointing out that f(z, w;p, q) can be defined even when C(F) 
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DWx/s- Here Pic<j ip is a disjoint union of open subschemes Pic c , F representing invertible 
sheaves C of degree d, and Pic c / F is a Pic c / F -torsor for each d ( |31| . Exercise 6.21). 
Similarly Div^/p is a disjoint union of open subschemes Div c , F for d > 1, and for each <i 
the Abel map takes Div c , F to Pic c /^. Let C be the d-fold product of C with itself, and let 

Synr '(C) be the <i-fold symmetric product; it is smooth, since C is a curve ( |43j . Proposition 
3.2, p. 94). For each d > 1 there is a canonical surjective morphism a.& : C d — > Div c /^ given 
on F-points by «d(pi, . . . ,Pd) = YliPi)- ^ induces an isomorphism Sym (C) = Div c / F (see 
, Remark 3.9). 



Proof of Theorem IC.ll We first carry out the construction over F. Make a base 
change to F, and until further notice, replace C by C = C-p and Y by Y = Yp. We will 
denote the function in the theorem constructed over F by f(z,w;p,q). 

Clearly C(F) ^ 0. If C has genus 0, then C = P 1 /F, so we can construct f(z, w;p, q) by 
using the cross-ratio as in (IC.ip . In the argument below we will assume that g > 0. 

Note that for each (p, q) G Y(F), and each w G C(F) distinct from the pi, qi, there is a 
unique function J w ^z) G F(C) for which div^/^^) = Efe) ~ Efe) an d J w ^(w) = 1. 
We must show that these functions glue to give a globally defined rational function on 
CxCxY. 

Put Z = C x Pic-^,-=. If p2 : Z — > Pi c 7^/p i s the projection on the second factor, and 

y = [D] G Pic-^ / p(i ? ), write Z y for the fibre p%(y) — C. Let V be a Poincare sheaf on iJ. 
Then if i y : C ^-> i? is the inclusion i y (P) = (P, y) G i?, we have 

n := i*(P) = V\z y = <W>) . 

Since d > 2g— 1, the Riemann-Roch theorem shows that dim(ff°(C, 0^(D))) = d — g+1 
for all D G Div-^,-=(F). The projection p^ : Z ^ Pic^,-= is a flat, projective morphism of 

Noetherian schemes, and V is flat over Oj, hence also flat over O-p-d . By Grauert's 
Theorem (see [H], p. 288), (p2)*(P) is locally free of rank d — g + 1 over 0-p ir d , and for 

C/F 

each y = [D] G Pic- ¥/ -=(i 71 ), the natural map 

(C.2) (P2)*(P)®k(y) -► H°(Z y ,V y ) - tf°(C, <%(£)) 

is an isomorphism. 

Via the isomorphism Syim '(C) — Div-^.p, we can identify Sym' '(C)(F) with the set 

of effective divisors D = J2i=i(Pi) °f degree d supported on C(F). Let Q : C — > Sym^(C) 
be the quotient map, and let P = A^/p '■ Sym' '(C) — > Pic-^,-= be the Abel map, so that 

P(D) = [D]. Then Q is finite of degree d\, and the fibres of P are isomorphic to P 9 . 
Indeed, if y = [D] e Pic^ /T (F) , 



P-\ V ) = {D' G Sym® (C)(F) : D' ~ D} 

= {D' G Div§^(F) : £>' > 0, D' ~ D} 

- Proj(fl°(&, <%(£>))). 
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Let U C Pic^ ,-= be an affine subset small enough that (p2)*(P) is free over Pic d _(U). 

' C/ F 

For each yo G ^' lc %>rp(F)i there is such an affine containing yo- 
Put Z\u = pz 1 (U) ^ C x U C Z, and let 

SymW^lt; = P~ l (U) C SymW(C) , 

C d \u = (PoQ)~ l (U) = Q-\Sym^(S)\u) C t . 

Then Sym^(5)|t/ = P d_s x [/. Let To, . . . ,T d - q be a set of O p . d _(f7)-generators for 

C/F 

H°(Z\u,V) = H°(U, (P2)*(V)). Then for each y = [D] € 17(F), the sections ^(7^) = JFfe 

form a basis for 77° (C, (%(£>)). Recall that Sym^(C) ^ Div|,^ C Hi% /F , and let 

((ao : • • • : a<i-g),y) vary over P^ 9 x £7 By the universal property of the Hilbert scheme, 
the flat family of divisors 

d 
(C.3) #((ao : ■■■ :a d _ ff ),y) = div^^a^)) =: J^(pi) 

i=l 

corresponds to a morphism /i : P rf ~3 x [7 — )■ Syrm d )(C)|[/. However, this morphism is simply 
a realization of the fibration of Sym' >{C)\u as a trivial P rf_9 -bundle over U, and hence is 
an isomorphism. 

Let A : Sym' '(C)\u — > P d ~9 x U be the isomorphism inverse to |U. The surjective 
morphism 

<pu = \oQ:C d \u -^F d - 9 x U 

provides a means of parametrizing sections of V by their zeros: using the homogeneous 
coordinates ao, . . . , ad- g on F d ~ 9 , given pG C|^(F), write 

<p v (p) = {(a (p) :■■■: a d - g (p)), [p]) G (P d ~ 9 X C/)(F) . 
Then by (|C3|) . tautologically 

(C4) div^Cj^®^)) = M(^(P)) = £(w) • 

For each pair (j,k) with (j, A;) G {0, ... ,d — g}, consider the rational function on C 

defined by hj^ip) = Q>j(p)/ak(p) on C |[/(F). Its domain includes all points in U where 
a k (p) + 0. Put 

d—g 

(C.5) G k ,u(z,p) = Y, h oM?j{ z M e F(cV^/7°(^lt/^) • 

j=o 

Formula (|C.4|) shows that for each pEC |{/(F) with Ofe(p) 7^ 0, the pullback 

Gk,p( z ) = *]fi(9k,u(z,P)) 
is a section of H°(C, 0-^(\p\)) satisfying 

d 
(C.6) divfc(G fcj? (z)) = £>;) . 
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Put Fl^ = Yn(C d \ u xC d \u). For each (k,£) with < k,£<d-g, let 
C.7 f k£U {z,w;p,q) = - — - — =— ^ • 

This a rational function onCxCxY, defined at least for p, q G C \jj (F) where a k (p) ,ai(q) / 
0, and for z,w G C(F) distinct from the pi, qi. 

Suppose p G C \u{F). If q G C (F) satisfies FJ(ft) ~ XXPi); that is, if [q\ = \p\ G U 
(so in particular q G C \u(F)), there is an index £ such that ai(q) ^ 0. For each w G C(F) 
distinct from the Pi,qi, 

is the unique rational function on C for which divg-(/ tu £=>) = FJ(P«) ~~ S(%) an d f w ,p,q( w ) 
= 1. Hence as U and /c,^ vary, the f k eu g^ ue to Si ye the desired function f(z,w;p,q). 

Now consider the field of definition of f(z,w;p,q). Recall that a field M is pseudo- 
algebraically closed (PAC) if every absolutely irreducible variety V/M has an M-rational 
point. It is well-known that for any field F, the separable closure F sep is PAC (see |27| . 
p. 130, and [35] . p. 76). Since C(F sep ) is nonempty, there is a finite separable extension F/F 
for which C(F) is nonempty. Thus the theory of the Picard scheme applies over F. Let 
f(z, w;p, q) be the function f(z, w;p, q) constructed above, regarding F as the ground field. 

We will first show that f(z,w;p,q) is F-rational. Put C = Cp, Y = Yp, Z = Zp. If 
g = 0, then C = Pk, Y ^ (F p ) d x (F l p ) d , and 2 ^ Pi x P|x (Pk) d x (Pl) d . In this 

case f(z,w;p,q) is defined using the crossratio and is .F-rational by construction. If g > 0, 
then Z = C x Pic- -; let V be a Poincare sheaf on iJ. Then i? = {Z)p and we can take 

V = (V)p. The varieties C and Y" are F-rational, so C x C x Y is F-rational. For each 
yo G Pi c r/p(^) there is an F-rational affine neighborhood U of yo such that (p2)*('P) is 
free over O p - a (U), so we can assume the affines U in the construction above are F- 

C/F 

rational. The invertible sheaf V is F-rational, so the sections J-q, . . . ,J~d can be chosen to 
be F-rational, and then the maps ipjj and the functions hj^(p) will be F-rational. Hence 
f(z,w;p,q) is F-rational. 

Recall that Aut(F/F) ^ Gal(F sc P/F). Given a G Aut(F/F), let C a (resp. Y a ) be 
the conjugate variety to C (resp. 1"). Similarly, put f a = a o / o a" 1 ; it is a function on 
C a x C a x Y° '. It has properties analogous to those of /: for each (w,p,q) G C a x Y u with 
w / pi,q { for all i, if we put f° jM (z) = f a (z,w;p,q) then div£- CT (/£--) = £(P») -£(?») and 
fwpq( w ) = i# Regarding C and C as projective varieties cut out by F-rational equations, 
fix an .F-rational isomorphism 7 : C — > C. By abuse of notation, we will denote the induced 
isomorphisms C — > C and CxCxY^CxCxY by 7 as well. 

Define f(z,w;p,q) onCxCxY hy f = /07. We claim that / is F-rational. It suffices to 
show that f a = f for all a G Aut(F/F). For this, note that by the defining properties of /, 
for each (p, q) G Y(F) and each w G C(F) distinct from the pi, qi, the function f w ^q G F(C) 
given by f w ,p,q( z ) = f( z ^ w 'iPiQ) satisfies f w ,^(w) = 1 and div c (/ w ,p i(2 -) = E(Pi) ~ !](%)• 
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Indeed, f w &$(w) = f(nf(w),j(w);nf(p),j(^)) = 1 and 

divc(fw,p,q) = 7~ ( div c(/7(u>),7(p),7(£>)) 

These properties uniquely determine f w ,p,q- However, for each cr, an analous computa- 
tion using the representation f a = f a o 7 " shows that (f a ) w ,p,q has the same properties. 
Hence f w ,p.q = (f a )w,p,q- Since f(z,w;p,q) = f a (z,w;p,q) for a Zariski-dense set of points 
(z,w,p,q), it follows that / = f a . 

The final assertion in the theorem is that for any subfield F C M C F, if £^(pj) — XXft) 
is M-rational and w G C(M), then f w ,p,q is M-rational. This is clear, since there exists a 
g G M(C) for which divc(ff) = Sfe) ~~ XX%)> an d then the function g(u>) _1 -g is M-rational 
and has the properties that characterize f w ,p,q- D 

Remark. Robert Varley has given an alternate construction of f(z, w;p, q) which does not 
use the theory of the Picard scheme, but only requires Grauert's theorem. His construction 
applies even when the degree d is not in the stable range d > max(l, 2g — 1). 

We now sketch this construction^ As before, let Fbea field, and let C/F be a smooth, 
projective, geometrically integral curve of genus g > 0. Fix d > 1 and let Y C Y be a 
reduced, irreducible, locally closed F-rational subvariety. (Note that if d is in the stable 
range, then Y is irreducible, but in general it may have more than one component.) We 
claim there is a function f(z, w;p,q) G F(C x C x Y) with the properties in Theorem lC.il 

Let U C C x Y be the open .F-rational subvariety for which 

U(F) = {(w,p, q) G C(F) x Y(F) : w is distinct from p ± , . . . ,p d ,q 1 , . . . ,q d } . 

Define sections (p,ai,Ti : U — >CxU^-CxCxY by 

ip{w,p,q) = {w,w,p,q), ai(w,p,q) = {pi,w,p,q), Ti{w,p,q) = (q i: w,p,q) 

for i = 1, . . . , d. Let W be the subvariety (p(U) C C X U, and let T> and £ be the Cartier 
divisors on C X U corresponding to the F-rational Weil divisors Yli=i a i(U), Si=i r *(^0 
respectively. Consider the line bundles Ocxu(£ — 22) and Ow(£ — 22), the restriction map 
t '■ Ocxu(£ — T>) —> Ow{£ — F>), the projection p 2 '■ C x U — )• U, and the direct images 
(p 2 )*(Ocxu(£ — 2?)) and (j>2)*(0w(£ — 2?))- Then one can show that 

(1) iJ°(C7, (p 2 )*(CcxC/(«? - 2?))) embeds naturally in the function field F(C xC x Y); 

(2) (P2HO CxU (£-V))) = Ou; 

(3) the function f(z,w;p,q) G -F(C xCx7) corresponding to the canonical section 
1 G H°(U,Ou) has the desired properties. 

Indeed, (1) follows from a standard interpretation of sections of Ocxu(£~ 22) as elements 
of the function field F(C x U) = F(C xCx7). Assertion (2) follows from two subclaims: 
first, (p 2 )*(Ocxu(£ ~ V)) =* (p 2 )*(CV(£ - 2?)), and second, (p 2 )*(O w (£ - V)) =* O v . For 
the first, note that the fibres of {p 2 )*{Ocxu{£ — 2?)) are one-dimensional, so by Grauert's 
theorem {p 2 )*{Ocxu{£ ~ 2?)) is a line bundle on U. It maps pointwise nontrivially into 
{P2)*{Ow{£— 2?)), which is also a line bundle on U. For the second, note that Ow{£) — Ow 
and Oy/(P) — Ow since V and £ are disjoint from W. However (p 2 )*Ow — Ou since 
ip: U^WcCxU is a section, and so (p 2 )*(O w (£ - V)) = O v . 



The author thanks Varley for permission to include his construction here. 
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We now specialize to the case F = K v , where K v is a nonarchimedean local field. 

Our main result is the following. Let C v /K v be a smooth, projective, geometrically 
integral curve of genus g > 0. Fix a spherical metric ||^;,u;||^ on C V (C V ), and recall that for 
each p G C V (C V ) and each r > 0, 

B(p,r)~ = {z £C V (C V ) :\\z,p\\ v <r} , 
B(p,r) = {z G C V (C V ) : \\z,p\\ v < r} . 

We will show that if p, q G C V (C V ) are sufficiently near each other, and [p\ = [q\, then 
f(z,w;p,q) is close to 1 outside fixed balls containing the pj and qj. 

Theorem C.2. Let K v be a nonarchimedean local field. Suppose C v /K v is a smooth, 
projective, geometrically integral curve of genus g > 0, and let E v C C V (C V ) be compact. 
Then for each d > max(l,2g), there are a radius tq = ro(E v ,d) > and a constant 
D = D(E V , d) > with the following property: 

Given < e < r < ro, suppose p,q£ E$ are such that Yl(Pj) ~ XX?j) an d WPjiQjWv < e 
for each j = 1, . . . , d. Put rj = ||pj, qj\\ v . Then 

(A) for all z,w in C v (C v )\((\J j=1 B{pj,rj)~) U (\Jj=i B (Qj^ r j)~)) we have 

\f(z,w;p,q)\ v = 1 ; 

(B) for all z,w in C v (C v )\((\J j=1 B(pj, r) _ ) U (\J j=1 B(qj,r)~)) we have 

\f(z,w;p,q) - l\ v < -ge . 

We will use Theorem IC2I in the proof of Lemma 111.101 the "First Moving Lemma" 
in the patching process in the nonarchimedean compact case. In our application r will be 
fixed, and the important factor governing \f(z, w;p, q) — 1|„ will be maxj(||pj,<jrj||„). 

Proof of Theorem IC.2I when g = 0. Fixing an isomorphism of C v /C v with P 1 /^,, 
we can assume that f(z,w;p,q) = fT^i x( z i w '-,Pj-, Qj)- Since any two spherical metrics on 
C V (C V ) are comparable ( |51j . Theorem 1.1.1) we can assume that ||x,y||^ is the standard 
metric on P X (C„) given for x,y G C„ by 

(C- 8 ) \\x,y\\v = 7TTT~\ 7TTT~\ ■ 

max(l, \x\ v ) max(l, \y\ v ) 

By simple algebraic manipulations, one sees that that for z,w,p,q G C v 



(C.9) \x{z,w;p,q)\ t 



and that 



(z-p)(w-q) 



{z-q)(w-p) 



\z,p\\v\\w,q\\v 

\z,q\\ v \\w,p\\ v 



(CIO) x{z,w;p,q)-l = -, \x(z,w;p, q) - 1 „ = r-- r . 

{z-q)[w-p) \\z,q\\v\\w,p\\ v 

By continuity, these formulas extend to z,w,p,q G P 1 (C„). Furthermore, by a telescoping 
argument 

d Id 

(C.ll) f(z,w;p,q)-l = ^yx{z,w;pj,qj)-Vj ■ \ ]J x(z,w;p k ,q k ) 

j=i \k=j+l 

Take ro = 1 and D = 1. 
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If z,w € P 1 (C^)\((|J =1 B(pj,rj)~) U (Ui=i B(qj,rj)~)) then since ||x, y||„ satisfies the 
ultrametric inequality and ||pj,?j|| = Tj, we have ||z,pj||„ = ||z,gj||^ and ||to,Pj||„ = ||to, 9j|| v 
for each j. From (JC.9P it follows that 

d 
\f(z,w,p,q)\ v = W\x{z,w;pj,qj)\ v = 1, 
i=i 
which is assertion (A). 

If z,w € IP (Cu)\((U- =1 B(pj,r)~) U (Ui=i B(qj,r)~)), then since ||x,y||„ satisfies the 
ultrametric inequality, and ||z,<7;||u, ||u;,p,-||^ > r while ||Pj,<7j||jj = Vj < r, it follows that 

||z,w;||„ < max(||^,^||, ||gj,pj||„, ||u;,pj||„) = max(||,z,gj||, ||w,Pj||«) . 

It then follows from (ICHOl) that 

(C.12) \x(z, W ; Pj , qj )-l\ v = ^%fc4 < M^k 



Hence by (JC.9I) . (IC.llf) . (1C.12I) and the ultrametric inequality, 

\f(z,w;p,q) - l\ v < - -maxiWpj^jWv) 

which is stronger than the inequality claimed in (B). □ 

Note that in the proof when g = 0, we did not use anything about the compact set E v , 
and the bound in Theorem IC2F B) holds for all p,q £ C v (C v ) d with each ||pj,(/j||i, < r. It 
seems likely that this remains true when g > as well. For our application we only need 
the bound when p, q G E^, so we have not pursued it. 

For the remainder of this Appendix, we will assume that g > 0. In this case the proof 
of Theorem IC.2I requires much more machinery. The idea is to first locally control the 
functions Gk,F,u( z iP) m the- factorization (JC.16P below, using power series expansions, and 
then extend that control to all of C V (C V ) using various forms of the Maximum modulus 
principle and the theory of the canonical distance. 

Before giving the proof, we will need several technical lemmas. We wish to apply the 
theory of rigid analysis, so we work with C v rather than C v . The first three lemmas prepare 
the way to use the Maximum modulus principle of rigid analysis on C v xC„. 

Lemma C.3. Let pi, . . . ,pa e C„(C„). Suppose < r < 1 belongs to value group of C* 
and is small enough that each ball B(j>j,r) is isometrically parametrizable. Then for each 
C £ C V (C V )\([J =1 B(j)j,r)), there is a function g(z) £ C V (C V ) with poles only at £, such 
that 

d 
(C.13) |J B( Pj , r) = {ze C V (C V ) : \g{z)\ v < 1} , 

i=i 

d 

(C.14) \jB( Pj ,r)- = {zeC v (C v ):\g(z)\ v <l} . 

i=i 

Proof. If the balls B(pj,r) are pairwise disjoint, the result follows from ( |51j . Theorem 
4.2.16) and its proof. In the general case, note that since ||z,u;||„ satisfies the ultrametric 
inequality, then any two balls B(pi,r) and B(pj,r) either coincide, or are disjoint. For each 
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t = 1, . . . , d we can represent |J • B(pj,r) as a disjoint union of a subset of the balls B(pj,r), 
in such a way that B(pi, r) occurs in the representation. Let gi(z) be the function obtained 
for this representation, and put g(z) = Y\^=\9l{ z )- Then (IC.13J) and (1C.14J) hold for this 
g{z). U 

Recall that a subset W C C V (C V ) is called an RL-domain ("Rational Lemniscate do- 
main"; see |51| . p. 220) if there is nonconstant function h € C V (C V ) for which 

W = {zeC v (C v ):\h(z)\ v <l} . 

In that case 

0W = dW(h) = {z e C V (C V ) : \h(z)\ v = 1} 
is called its boundary (with respect to h). By ([51J, Corollary 4.2.14), a finite intersection (or 
union) of i?L-domains is again an i?L-domain. However, that Corollary does not explicitly 
give a boundary. 

Lemma C.4. Under the hypotheses of Lemma \C. 31 

(A) C v (C v )\([Jj =1 B(pj,r)~) is an RL-domain with boundary 

d d 

(\jB( Pj ,r))\(\jB( Pj ,r)-); 

j=l i=X 

(B) (Ui=i^(Pj,0)\(Ui=i^(Pi^)") is an RL-domain. 

(C) Each isometrically parametrizable ball B(pj,rj) with rj in the value group of C* , 
is an RL-domain with boundary B(pj,rj)\B(pj,rj)~ . 

Proof. Let g(z) £ C V (C V ) be the function from Lemma IC. 31 Then the .RL-domain 

d 

{z e C„(C) = \l/9{z)\v < 1} = C V (C V )\(\J B(pj,r)-) 

i=i 
has boundary 

d d 

{z eC v (C v ): | l/g(z)\ v = l} = ({J B(p u r))\(\J B( Pj ,r)-) 

i=i i=i 

which proves (A). For part (B), note that 
d d 

(\jB(p„r))\(\jB(p„rr) = {z G C V (C V ) : \l/g(z)\ v < 1, \g(z)\ v < 1} 
i=i i=i 

and apply ( |51j . Corollary 4.2.14). Part (C) follows by applying Lemma lC.3l to each B(pj,rj) 
by itself. □ 

Recall that there is a faithful functor from the category of varieties over C v to the 
category of rigid analytic spaces over C v (see |llj . p. 363). If X v /C v is a variety, we will 
say that a subset of X V (C V ) is a affinoid domain if its image in the rigid analytic space 
X v associated to X v is an admissible affinoid in the sense of rigid analysis (see |11| . p. 277, 
p. 357): essentially, if its image under the functor above is the underlying point set of Sp(T) 
for some Tate algebra T = C v ((z\, . . . ,zj~))/I associated to an affine subset of X v . Here 
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C v {{zi, . . . , Zkf) is the ring of power series converging on the unit polydisc, and X is a finitely 
generated ideal. 

An RL-domain on a curve is an affinoid domain in the sense above: 

Lemma C.5. IfC v /C v is a curve, and W C C V (C V ) is an RL-domain, then W is an 
affinoid domain. 

Proof. Let h(z) £ C V (C V ) be a nonconstant function for which W = {z S C V (C V ) : 
IM-sOlt; — !}• The function field C V (C V ) is finite over C v (h). If char(C„) = 0, then 
C v (C v )/C v (h) is separably algebraic. If ch&ic(C v ) = p > 0, then since C„ is algebraically 
closed, C V (C V ) is separably generated. After replacing h by h 1 ' pm for some m we can assume 
that C v (C v )/C v (h) is separably algebraic. By the primitive element theorem, there is a func- 
tion G(z) G C V {C V ) for which C V (C V ) = C v (h,G). Let f(x,h) = x d + a 1 (h)x d - 1 + . . . + a d {h) 
be the minimal polynomial of G over C v (h), and let ir v £ C* satisfy ord<,(7r„) > 0. 

After multiplying G by a power of the product of denominators of the rational functions 
aiih) and an appropriate power of tt v , we can assume that the ai{h) are polynomials in h 
with coefficients in O v . By the ultrametric inequality, for each z £ W we must have 
|C(z)|„ < 1. Hence the map which sends z to (x,y) = (G(z),h(z)) induces an isomorphism 
of W with the underlying point set of Sp(C v ((x,y)}/(f(x,y)). Examining the construction 
in ( [11] . Example 2, p. 363), one sees that this map is the one realizing W as an affinoid 
domain under the functor above. □ 

Corollary C.6. Let Pi, ■ ■ ■ ,Pd £ C V (C V ); suppose that r, r\, . . . , r^ belong to the value 
group of C^ and are small enough that each ball B{pj,r) and B(pj,rj) is isometrically 
parametrizable. Then 

d d d 

W := (({jBipj^mdjBipj^y^^llBip^rj) 

j=i j—i j=i 

C C V (C V ) x C d v (C v ) 
is an affinoid domain in C v x C v . 

Proof. A product of admissible affinoids is an admissible affinoid ( |11| . §9.3.5). □ 

In order to study f(z,w;p,q), it will be useful to reformulate (|C.7p using functions 
rather than sections of a line bundle. We begin with the following lemma, keeping the 
notations in the proof of Theorem IC.ll 

Lemma C.7. Let C/F be a smooth, projective, geometrically integral curve of genus 
g > 0. Suppose d > max(l,2g). Let U C Pic-^^ be an affine subset over which (p2)*{'P) 

is free. Then for any given p,q € C |c/(^ ? ) with [p\ = [q\, and any finite set of points 
z±,...,Zk £ C(F), there is a section T £ H°(Z\u,V) for which the support of 

div c (^(.F)) = X>9 

is disjoint from the pi, qi, and Z{. 

Proof. Put D = YliPi)- O ur assumption on d assures there is movement in the linear 
system on C associated to D. Consider the F-vector space T(D) = {h(z) G F(C) : divc(/i) > 



C. THE UNIVERSAL FUNCTION 391 

D}. Since d > max(l,2g), the Riemann-Roch theorem shows that dim-p(r(L>)) = d — g + 1, 
while for each p £ C(F) 

dim F (r(D - (p))) = d- 5 . 

The set 

d d fc 

r'(r>) := r(i>)\(Ur(JD-(R))uUrp-(»))uUr(i> -(**))) 

j=l i=l i=l 

is nonempty because -F is infinite, and each of the finitely many subspaces removed is a 
proper F-subspace. For any function h £ T'(D), the polar divisor of h is precisely XXpi), 
and the zeros of h are distinct from the pi, qi and z%. Fix such an h and write 

d d 

dwc(h) = X>d-X». 

i=l i=l 

Then D' = T^(p^) i s linearly equivalent to YliPi) an d X)fe)> an d the Pi are distinct from 
the pj, ft, and z*. 

Now let J r o,...,J : d-g be generators for H°(Z\jj,V) over O pic d _my Let % be the 

C/F 

F- vector space generated by the J 7 ;. By our assumptions, the map 

is an isomorphism. Thus there is an F £ % with divc(i^(J 7 )) = ^(p'j). □ 

Henceforth, assume d > max(l,2g). Given an affine U <Z Z and a basis of sections 
J 1 !}, . . . ,Fd~g £ H® {Zjj ,V) as above, consider the sections Gk,u{z-,P) defined in (|C.5p . Let 
^ F £ H°(Zu, V) be an arbitrary section and put 

(C.15) G w (,,pl - ^-^ - ^ -^ ■ ^-^ . 

Then Gk^.u is an F-rational function on C x C d , defined at least for (z,p) £ C(F) x C d |[/(F) 
where afc(p) / and -F(z, [p]) ^ 0. The important point is that F depends on p only through 
[p], so for each p the polar divisor of Gk,T,u{p) depends only on [p]. 

Fix p, g£ C \u{F) with [p] = [q\, fix zo £ C(F), and fix to £ C(F) distinct from the pi 
and ft. Choose A; with ai-(p) 7^ and £ with ai(q) ^ 0. By Lemma IC. 71 there is an F for 
which the support of divc(iL,(J r )) is disjoint from z , w, and the pi and ft. Since ^(z, [p]) 
depends on p only through [p], we have F(z, \p\) = F(z, [q\) for all z. It follows from (jC6[) 
that 

M^gf =*»>-»«>■ 

Thus, for an appropriate choice of f7, fe, £ and J 7 , we can represent fw,p,qi z ) = f(^,w,p,q) 
in a neighborhood of zq by 

(C16) f(z,w;p,q) = — — — • ' ' :r . 

Ge,F,u{z,q) G k ^,u(w,p) 

This means that to understand /(z, w;p,q), it suffices to understand the Gk,F,u{z->P)-> which 
is simpler to do because only the zeros of Gk,F,u{z,P) are controlled. 
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Lemma C.8. Let E v C C V (C V ) be compact, and let d > max(l,2g). Then there are a 
radius R = R(E v ,d) > in the value group of C* , and a number B = B(E v ,d) > 0, with 
the following properties: 

There are finitely many affine subsets U% C Pic^ ,„ such that (p2)*CP) is free over U%, 
with functions Gi{z,p) = G\ ti j i jj i (z,p) as in (|C.15p . such that for each p = (pi, . . . ,pd) G 
E$, the balls B(pj,R), for j = 1, . . . , d, are isometrically parametrizable, and there is some 
i for which (U d j=1 B{ Pj , R)) x n^=i Bfa, R) C C V (C V ) x C d v \ Ut {C v ) and 

(A) \Gi(z,q)\ v < 1 for all (z,q) in (\J d =1 B( Pj ,R)) x \[ d =1 B{p v R); 

(B) \Gi(z,q)\ v > B for all (z,q) in 

d d d 1 

({J B( Pj ,R))\({J B( Pj ,Ry) xY[B( Pj ,-R) . 
j=i j=i j=i 

Proof. By Theorem I3.9I there is a number < Rq < 1 (depending on the spherical 
metric ||z, tu||„) such that each ball B(a,r) with a £ C V (C V ) and < r < Rq is isometrically 
parametrizable. 

Fix p £ Ey. Choose an affine set U C Pic-^ , for which p £ C v \u(C v ) and which is 
small enough that (p2)*(V) is free over U. Then for each sufficiently small r > we will have 
[7 =1 B(pj,r) C C v \u(C v ) and all of the balls B(pj,r) will be isometrically parametrizable. 

By Lemma |C . 71 there is a section T = ^CjTj of (p2)*(V)(U) with coefficients Cj £ C„ 
for which div^ (^-.(J 7 )) = YliPi) * s coprime to ^2(pt)- Thus, we can find k and T so that if 
Gk,F,u is as in (JC.15P ). then i1^,{Gk,T,u) has polar divisor YliPi) with support disjoint from 
{pi, . . . ,Pd}- Since Gk : F,u(Pj>P) — f° r each j = 1, . . . , d, by continuity there is an r > 
such that (ljj=i B(j)j,r)) x Y\j =1 B(pj,r) is contained in 

{(z,q) £ C V (C V ) x C d v \u(C v ) : \G k ^u(z,q)\ v < 1} 

Without loss we can assume r < Rq, so the balls B(pj,r) are isometrically parametrizable. 
By compactness, there are a finite number of points fr- 1 ' and radii A 1 ' such that the sets 
[\j = lB(p- , r") cover £^. Let the C/j and Gi = Gki,Ti,Ui{z,p) be the corresponding affine 
sets and functions, and let R = R(E v ,d) be the minimum of the A l > . After shrinking R if 
necessary, we can assume R belongs to the value group of C*. Then for any p £ E^, there 
is some p^ i ' for which 

d d 

HB( Pj ,R) C \{B{pf,r^) 
i=i i=i 

and so (A) holds for this R. 

Again fix p £ E$, and choose U = Ui and G(z,q) = Gi(z,q) so that (A) holds. Fix 
1/2 < C < 1 in the value group of C* . By Lemma |C. 4\ the set 

d d d 

W : = ((U% 3 ,fi))\(U%,^D)xn%.^) 
j=l j=l j=l 

C C V (C V ) xC d v \ Vi (C v ) 

is an affinoid domain. Moreover, for each q = (qi, ■ ■ ■ , qd) £ Y\j=i B(j)j,cR), the function 
GAz) = G(z,q) has zeros only at qi,...,qd, and so in particular it does not vanish on 
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(((J =1 B(pj,R))\(\J • 1 B(pj, R)~))- It follows that 1/G(z,q) is a rigid analytic function 
on W. By the Maximum Modulus principle of rigid analysis (see |llj . p. 237), there is a 
number B(p) with < B(p) < 1 such that for all (z,q) £ W 



1 



1 
< 



G(z,q) v ^ B(p) ' 

equivalently, \G(z,q)\ v > B(p). 

Again by compactness, there are finitely many points jf-> G E!~ such that the sets 
]li=i B(pf\CR) cover E*. Moreover, for any two points p, q€ E?,, the sets ]J d =1 B(p j: CR) 
and Wj = \B{qj,CR) either coincide or are disjoint. Hence, if B is the minimum of the 
corresponding numbers B{p y '), then part (B) holds for all p£ E$, with this B. □ 

The following lemma uses power series to obtain uniform local control of \G(z,p)\ v . 

Lemma C.9. With the notation and hypotheses of Lemma \C.8i write B = B(E v ,d) and 
R = R(E V , d). Fix p G E d , and take U = U% and G = G-i so that the assertions of Lemma 
IC8I hold for p with respect to U and G. Put 

r = r (E v ,d) := min(l/2, B(E V , d)) ■ R(E V , d) < R = R(E v ,d) . 

Then 

(A) For each £ = 1, . . . , d, put M.£ = Aiz{p) = max z£B ( p( R \ \G(z,p)\ v . Then for each 

q£ Ylj=i B(pj,ro), and each £, we have 

max \G(z,q)\ v = Mi . 

(B) For each £ = 1, . . . , d, there is a constant Ce = Ce(p) with the following property: 
For each g£ IIj=i B(pj,ro), each £, and each z G B(qe,R), 

\G(z,q)\ v = Cf ll^^lk • 

qj eB{q e ,R) 

Proof. Note that if q G nf=i B (Pj, r o), then B(q e , R) = B(p e , R) for each £ = 1, . . . , d. 

For part (A), fix £, and note that M.t = max 2gS ( WjR ) \G(z,p)\ v > B(E v ,d). Let ze G 
B(pe, R) be a point where \G(zg,p)\ v = M.^. Choose isometric parametrizations of the balls 
B(jj£, R) and B(p\, R), . . . , B(pd, R) in terms of local coordinate functions Z, Pi, . . . , P4 on 
D(0,R) = {z G C„ : \z\ v < 1}, in such a way that zi = Z(0), and pj = Pj(0). Let 
Q\i ■ ■ ■ ? Qd G D(0, R) be such that qj = Pj(Qj). For each j = 1, . . . , d, since qj G B(j3j,ro), 
the definition of isometric parametrizability shows that \Qj\ v = \\pj,Qj\\v ^ r o- 

Using these parametrizations, on B(p£, R) x fj 7 -=i B(pj,R) we can expand G as a power 
series 

g(z,P) = J2 a ^z l P k ■ 

i,k 

Here ao,o = G(zg,p), so |ao,o| = -M-t- Moreover, since Q(Z,P) converges on D(0,R) x 
D(0,R) d and \Q(Z,P)\ V < 1 for all (Z,P) G 23(0, J?) x D(0,R) d , we have 

1 
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for all i, k. Consequently, for each (i, k) with \k\ > 0, 



\ n .,7id k \ < 1 R i r |fc| - r°V fc ' 

< -^ < B < Mi = \a ,o\v ■ 
For each z £ B(qi,R) we can write 

oo oo oo 

i=0 i=0 |fc|>0 «=0 |fc|>0 

SO 

\G(z,q)\ v < max(\G(z,p)\ v ,max(m&x(\a ik Z l Q k \ v ))) < Mi . 

i |fc|>0 
On the other hand, when z = Z£ 

oo 

\G(z e ,q)\ v = \G(0,Q)\ v = Ko + X] Yl a o,kQ k \v 

i=l |fe|>0 

= |oo,o|« = -A^ • 

This proves (A). 

For part (B), write 

d d d d 

divfc, (G(z,ii)) = £>,) - $>;), divc v (G(z,q)) = £>,) ~ X>;) • 

j=l j=i j=i j=\ 

By the definition of R in Lemma IC. 8} we have \G(z,p)\ v < 1 and \G(z,q)\ v < 1 on P := 
U 7 -=i B(pj,R), so the 6j and Aj lie outside V. Fix a point £ S C„(C„)VD, distinct from the 
5j and A.,-, and consider the canonical distance [z, w]^. By the factorization property of the 
canonical distance (see ^3I5|) . there are constants C and D such that for all z 6 C V (C V ), 



|G(z,£)|„ = C • "'.- 1 /" , |G(z,g)|„ = £> 



rd 



By Proposition 13.11T B. 2) (applied with X = {£}), for each isometrically parametrizable 
ball B(a,r a ) not containing £, there is a constant c a such that [z,iu]<; = c a ||-z,u;||„ for all 
z,w £ D(a,r a ). By Proposition 13. llT B.l). if B(a,r a ) and B(b,rt,) are disjoint isometrically 
parametrizable balls not containing £, then [z,io]^ is constant for z £ B(a,r a ) and w £ 
B(b,rb). It follows that there are constants Cg and -D^ such that for all z £ B{p£,R) = 
B(q t ,R), 

\G(z,p)\v = Cf \\z,Pj\\ v , \G(z,q)\ v = D e - \\z,Pj\\ v ■ 

Clearly \G(z,p)\ v achieves its maximum jW^ at a point Z£ E B(p£, R) if and only if ||z£,pj||„ = 
R for all pj € B(pe, R), and then Mt{p) = CiR mi where mi is the number of points pj (or 
qj) in B(pi,R). Similarly \G(z£,q)\ v achieves its maximum M.£ = DaR mt on B(qi,R) = 
B(jj£,R) if and only ||^,9j|| w = R for all q,j € B(q£,R). Since there are infinitely many 
z £ B(p£,R) satisfying both conditions simultaneously, we must have C£ = D£. □ 
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Observe that in the notation of Lemma IC.91 for each q G Y\j=iB(pj,ro) and each 
I = 1, . . . , d, we have M e (q) = Me(p) < 1 and C e (q) = C e (p). 

Lemma CIO. With the notation and hypotheses of Lemmas IC.8I and IC.91 there is a 
constant C = C(E v ,d) such that for each p£ E d , if < r < r$ belongs to the value group 
of C v , and if U = Ui and G = Gi are chosen for p as in Lemma \C. 91 then 

\G(z,p)\ v > C-r d 

forallze({] d ]=l B{p ,r))\{{] d J=l B{p ,rY). 

Proof. We can cover E d with finitely many sets of the form n,- =1 B(pj,ro). For each 

of these sets, Lemma IC.91 gives constants Ci = Ci{p) such that for all q G IX? = i B(Pji r o)i 
and all z G B(qe,r) 

\G(z,q)\ v = C £ - \\z,<lj\\v ■ 

Let C be the minimum of these constants, for all the representative sets and all £. 

If z € B(p£,r)\([J- 1 B(pj, r)~), then ||^,Pj||w = r for all j. There are at most d points 
Pj in B(p e ,r), so \G(z,p)\ v >Cr d . D 



The lemma below uses the Maximum Modulus principle for iZL-domains to control 
|§[|| - 1|„ outside \J d =1 B(q j ,r j )-. 

Lemma C.ll. With the notation and hypotheses of Lemmas IC.8I and \C.9[ there is a 
constant D = D(E v ,d) with the following property. Let < r < r^ belong to the value 
group of C* . Suppose p,q G E d are such that max.j(\\pj,qj\\ v ) < r, and YliPj) ~ YKQj)- 
Put r.j = \\pj,qj\\v Take U = Ui and G = Gi as in Lemma \C. 81 Then for each z G 

C v (C v )\({J d =1 B( Pj ,r)-), 



G(z,q) 



G(z,p) 



1 



< —j • max r,- 
- r d j V 3) 



Proof. Suppose G(z,p) = Gk,T.ui z iP) corresponds to a section T and an afhne set U 
as in (|C.15j) . Fix p, q as in the Lemma. Noting that the polar divisors sjr([p]) and sjr([g]) 
of G(z,p) and G(z,q) depend only on the class \p\ = [q\ G Pic-^ , , we have 

sA[p\) = sAW = X>^) • 

Hence G(z,q)/G(z,p) has poles only at the points pj G supp(p). 

By Lemma IC.3I and the Maximum Modulus Principle for RL-domains with boundary 
(see |51| . Theorem 1.4.2, p. 51), it suffices to establish the bound in the Lemma for each 

Zoe({j d =1 B( Pj ,r))\([jU B (P^ r )-)- 

Fix £, fix zq G B(pi,r)\(\Jj =1 B(pj,r)~), and introduce local coordinate functions Z, P 
on B(pi,R) and the B(j>j,R) as in Lemma [C.9I so that zq = Z(0), pj = Pj(0), and qj = 
Pj(Qj). On B(p£,R) x PJ • B(pj, R), expand Gk,T,u as a power series 



g{z,P) = Y / a i , k z i P k 



: ^ 
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where \di t k\v < l/R l+ ' k ' for &\li,k. ThenG(zo,p) = Q(0,6) = ao,o, andG(zo,i 
a o,o + Yl\k\>o a o,kQ k - Hence 

G(zo,q) 



Q(0,Q) 



1 



G{z ,p) 
By Lemma IC. 101 |aoo|« > Cr d . Hence, term by term 



y^q k . 



ao,o 


< 

V 


1 1 

C r d R \k\ 




< 


1 / r i 
? max — 

Cr d K R 



(max(rj)) |fc| 

3 

1 



CRr d 



max(rj) . 



This gives the result, with D = 1/(C ■ R). 



□ 



Lemma C.12. Wii/i i/te notation and hypotheses of Lemmas IC.8I and \C.9l letp,q£ E d 
be such that maxj ||pj, 9j ||w — r 0; anc ^ assume YliPj) ~ XX?? )■ -^ u * l|Pj>9jll'u = r i / or 
j = 1, . . . , d. XTien 

G(z,q) 



1 



/or a// z G C,(C„)\((Uy = iS(p j) r,)-) U (Ui=i^fe,^)-)). 

Proof. As in Lemma fC.lll G(z,p) and G(z, q) have common polar divisor XX A,-). Fix 
C G Cu(C i ,)\((Uj=i -B(pj, r^)-) U (Uj=i B(qj,rj)-)), distinct from the Aj. By the theory of 
the canonical distance there are constants Cp and Cg such that for all z G C V (C V ), 



G(z,p) 



G,, 



IIj=ifoPj]c 



G?(s,g) 



C 



IIjLifogjk 

'nti^A.-ic 



Hence 



G(z,q) 



G(z,p) 



Cp \[ d j= i[z,qj]c 
C <i lL?=i[^Pjk 



As noted in the proof of Lemma [C.9l [z, w]^ is constant for z and w belonging to isometrically 
parametrizable balls disjoint from each other and from £, while on a given isometrically 
parametrizable ball disjoint from £ it is a constant multiple of \\z, w\\ v . Hence for z ^ 

(\Jj=i B (Pj> T j)~) u (\Jj=i B (<lj, r j)~) u {C}, we have [z,pj]{ = [z,qj]{ for each j, and it 
follows that 



G(z,i 



G(z,p) 



Gp 

Gi 



This holds for z = (, as well, by continuity, if we view G(z,q)/G(z,p) as a rational 
function with divisor YKlj) ~ XXPj)- By the proof of Lemma IC9f B) there are points 
Zi <£ \Jj=i B (Pji r j)~ [ - > Uj=i B (Qj^ r j)~ where \G(z£,p)\ v = \G(zi,q)\ v , so Cp/Cg= 1, and 
the result follows. D 



We can now prove the main theorem. 
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Proof of Theorem IC.2I when g > 0. Let r be as in Lemma ICU1 Given p,q£ E$ 
with ^2(p m ) ~ YKlj) an< ^ max j(IIP.?>9jll'u) < r < r o, choose U = Ui and G = Gi as in 
Lemma IC .81 Then 

,, -, -* £(>,£) G(w,g) 

G(z,q) G{w,p) 
so (A) follows from Lemma lC.121 Furthermore 



f(z,w;p, 



G(z,p) (G(w, 



1 + 



G(z,p) 



G(z,q) \G(w,p) J \G(z,q) 
Let D be the constant from Lemma lC.lll Then by Lemma lC.lll for all z, w ^ ((Uj=i B{Pj-> r )~)^ 
(Uj=iJ%,r)-)) 



G(z,p) 



while by Lemma fC. 121 



< —j max r,) , 
- r d j V 3) , 



G(w,q) 



G(z,p) 



G(z,q) 



G(w,p) 



1 . 



- r d j V 3) 



Combining these gives (B). 



□ 



APPENDIX D 



The Local Action of the Jacobian 



Let K v be a nonarchimedean local field, and suppose C v /K v is a smooth, connected, 
projective curve of genus g > 0. Write Jac(C„) for the Jacobian of C v over K v . 

In this Appendix we will show that for a dense set of points a G C V (C V ) 9 , there is an 
action of a neighborhood of the origin in J&c(C v )(C v ) on a sufficiently small neighborhood 
of a in C V {C V ) 9 , which makes that neighborhood into a principal homogeneous space. This 
action is used in §6141 in the construction of the initial local approximating functions in the 
nonarchimedean compact case, and in §11131 the patching process in the nonarchimedean 
compact case, in moving the roots of the partially patched function away from each other. 

Fix a spherical metric ||x,y|| t , on C V (C V ). We will be working simultaneously with 
balls in C V (C V ), C V (C V ) 9 , and J&c(C v )(C v ), so we will write Bc v (a,r) for the ball {z G 
C V (C V ) : ||^,a||c„, t ) < r} simply denoted B(a,r) elsewhere. As usual, we put D(0,r) ={z£ 
C„ : \z\ v < r} and D(0, r)~ = {z £ C v : \z\ v < r}. Given a point a = (a±, . . . ,a g ) G 
C V (C V ) 9 , and radii n,...,r g > 0, we write B c g(a,r) := Y\f =1 Bc v (ai,ri). We also put 
D(0,r) = Yli=i D (°' r i)' and if n = ■ ■ ■ = r g = R we write D(6,R) = ]J 9 i=1 D(0,R), 
D(Q,R)-=ULiD(Q,R)-. 

If r\ . . . ,r g > are small enough, then by Theorem 13.91 (proved in [51] . Theorem 1.2.3) 
each ball Bc v (ai,ri) can be isometrically parametrized by power series, that is, there is an 
analytic isomorphism (fi : D(0, rj) — > Bc v (at,ri) defined by convergent power series (which 
are F u -rational provided a±, . . . ,a g G C V (F U ), where K v C F u C C^ and F u is complete), 
such that ||(^j(rE), tpi(y)\\c v ,v = \x — y\ v for all x,y G D(0, ri). It follows that 

(D.l) d> s := (^!, . . . , <p g ) : D(0, r) -)• B e ,(a, r) 

is an analytic isomorphism. The construction in ( [51| . Theorem 1.2.3) shows that the maps 
(fi can be chosen in such a way that ip~ : B(ai,r,i) — > D(0,ri) is projection on one of the 
coordinates, followed by a translation, and we will assume that that is the case. 

The Jacobian ,lac(C v )/K v is an abelian variety characterized by the property that 
3ac(C v ) Xk v Spec(F u ) becomes isomorphic to Pic c i F over any extension F u /K v such that 
C V (F U ) 7^ 4>- F° r each a = (oi, . . . , a g ) G C V (C V ) 9 , there is a morphism J^ : Cv — > Jac(C„), 
defined over K v (a\, . . . , a g ), which takes x = (x\, . . . , x g ) to the linear equivalence class of 
the divisor J2(xi) — ^( a «)- It induces a birational morphism from Sym^^C^) onto Jac(C„). 
This was the idea behind Weil's algebraic construction of Jac(C„): using the Riemann-Roch 
theorem, he showed that there was a birational, commutative law of composition defined 
on an open subset of Sym^^C^,) (a 'group chunk'), which could be extended to an addition 
law on an abelian variety. Later, he showed that every abelian variety is projective, and 
Matsusaka showed that Jac(C^) and its group law were defined over K v . A modern account 
of this theory can be found in ([ 
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Since Jac(C^) is smooth and projective, each point of Jac(C v )(C v ) has a neighborhood 
in the v -topology which is isometrically parametrizable by power series (Theorem I3.9p . 
If x G Jac(C v )(F u ), where K v C F u C C v and F u is complete, then those power series are 
defined over F u . It follows that each point of Jac(C v )(F u ) has a neighborhood in 3ac(C v )(F u ) 
analytically isomorphic to 0£. 

Write JNer(C v ) for the Neron model of Jac(C^). The Neron model (see [5], [12j ) is a 
smooth, separated group scheme of finite type over Spec(C 1) ) whose generic fibre is isomor- 
phic to Jac(C„), characterized by the property that each point of 3ac(C v )(K v ) extends to 
a section of J^ eT (C v )/ Spec(O v ). By ( |12j . Theorem 1, p. 153), J^er(C v ) is quasi-projective. 
Let it be embedded in ¥ N /O v , for an appropriate N. Fix a corresponding system of ho- 
mogeneous coordinates on ¥ N /K v . We will identify Jac(C„) with generic fibre of J^ er {C v ), 
viewing it as locally cut out of P^ by the equations defining J^ e r{C v )- 

Let ||x,y||j^ be the induced spherical metric on Jac(C v )(C v ), and let O be the origin 
of Jac(C v ). Then the ball Bj(0,l)~ := {z G Jac(C„)(C„) : \\z, 0\\j >v < 1} is a subgroup. 
Since O is nonsingular on the special fibre of the Neron model, Bj(0, 1)~ can be isometri- 
cally parametrized by parametrized by power series converging on D(0, 1)", taking to O 
(Theorem El]). Let 

(D.2) *:D(0,1)- -> Bj(0,l)- . 

be such an isometric parametrization. By the construction in ( |51| . Theorem 1.2.3) we can 
assume ^ has been chosen in such a way that vt -1 : Bj(0, 1)~ — > D(0, 1)~ is projection 
on some of the coordinates. Pulling the group action back to D(0, 1)~ using ^ yields the 
formal group of Jac(C„) over O v . 

Writing X = (X 1: . . . ,X g ) andf = (Y ± , . . . ,Y g ), let S(X,Y) G O v [[X,Y]]9 and M(X) G 
O^ffX]] 9 be the vectors of power series defining addition and negation in the formal group. 
Since S(X, 0) = X, S(X, Y) = S(Y, X), and S(X, M{X)) = 0, modulo terms of degree > 2 
we have 

(D.3) S(X,Y) = X + Y, M(X) = -X. 

The following facts are well known: 

Proposition D.l. Let p be the residue characteristic of K v . Then 

(A) For each < r < 1 the ball 

Bj{0,r) := {z G Jac(C„)(C„) : \\z,0\\j,v < r} 

is an open subgroup of Bj(0,l)~ . 

(B) Bj(0, 1)~ is a topological pro-p-group. 

(C) There is an R > such that Bj(0,R) is torsion-free. 

Proof. For the convenience of the reader we recall the proofs. It suffices to prove the 
assertions for D(0,1)~ with the group law defined by S(X,Y). Let [2](X) = S(X,X) and 
inductively put [n](X) = S(X, [n - 1](X)) for n = 3, 4, . . .. 

For (A), fix < r < 1 and suppose x, y G D(0,r). It follows easily from (ID.3J) that 
S(x,y) and M(x,y) belong to D(0,r). 

For (B), note that by (JD.3P we have [p](X) = pX modulo terms of degree > 2. If 
x G D(0, 1)~, then x G D(0,r) for some r < 1, and each term in the series defining [p](x) 
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), so \p]{x) £ D(0,R). Iterating this we see 

) = 0. 

For (C), note that by (A) and (B) above, Bj(0, 1)~ can only have p-power torsion. By 
the general theory of abelian varieties, Jac(C v )(C v ) has at most p 2g — 1 elements of order p, 
so the same is true for Bj(0, 1) _ . If R > is small enough, then Bj(0, R) has no elements 
of order p, and hence is torsion free. □ 

Remark. When chai{K v ) = 0, it follows from the existence of the v-adic 'logarithm map' 
(see [59], Corollary 4, p.LG5.36) that there is a subgroup Bj(0,R) analytically isomorphic 
to the additive group Of. However, when char(K^) = p > 0, no logarithm map exists, and 
no subgroup Bj(0,R) can be isomorphic to Of with the additive structure induced from 
C„, since Bj(0,r) is torsion-free for all small r, while Of, is purely p-torsion. Nonetheless, 
by considering the form of the power series S(X,Y) and M(X), one sees easily that for 
any ^ ir G O v , there is an Rq > such that if < R < Rq and R £ |C*|„, then 
Bj(0,R)/Bj(0, \ir\ v R) is isomorphic to 6f/ir6f. 

1. The Local Action of the Jacobian on Cf, 

Write C v = C v xk v Spec(C„). Then Jac^) = Jac(C v ) Xk v Spec(C w ). We will identify 
C V (C V ) with C V (C V ), and Jac(C v )(C v ) with Jac(C v )(C v ). 

Let Div^ / c (C„) be the divisor group of C v , and let ~ denote the relation of linear 
equivalence for divisors. Let Pic^ , c (C v ) = Div^ , c (C v )/ ~ be the relative Picard group 
(see the discussion after Theorem lC.il in Appendix C), and let Pic^ , c be the associated 
Picard scheme. Let Pic^ , be its degree v component, regarded as an algebraic variety. 

Then Pic-^ , = Jac(C 1) ) as a group scheme, and Pic^ , (C„) is a principal homogeneous 

space for Jac(C v )(C v ) = Jac(C„)(C„). 

On the product C v we have the cycle class map [ ] : C v — > Pic^ , defined on C V (C V ) 9 

by 

[X] = [(Xl,...,Xg)j = ((Xl) + ... + (Xg))/~ . 

In the notation of Appendix C, [x] = P o Q(x) where Q : C v — > Sym^ 9 '(C v ) = Div^ 

is the quotient by the symmetric group S g , and P : Sym^ 9 '(C v ) — > Pic^ is the Abel 

map P(^2i = i(xi))) = Ef=i( x *)]- The morphism Q is flat and finite of degree g\, and the 
morphism P is a birational isomorphism. 

Let + and — denote addition and subtraction under the group law on Pic^ < c (C„), 
and by restriction, on Jac(C v )(C v ). For each a G C V (C V ) 9 , let Jg : C V (C V ) 9 —> Jac(C^)(C„) 
be the map 

(D.4) J s (x) = [x]-[a] . 

Now suppose F u /K v is a separable finite extension, and let H w be the galois closure of 
F u over K v . Put d = [F u : K v ], and let a±, . . . ,aa be the distinct embeddings of F u into 
H w . Extend each <jj to an automorphism of H w . Since the addition law + in Jac(C„) is 
defined over K v , for each x G Jac(C v )(F u ) the trace Tif u /k v : Jac(C v )(F u ) — > Jac(C v )(K v ) 
is given by 

Tr F u /K v ( x ) = o- 1 (x)+a 2 {x)+ ■ ■ ■ +a d (x) . 
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Our main result is as follows: 

Theorem D.2. Let K v be a nonarchimedean local field, and let C v /K v be a smooth, 
projective, geometrically integral curve of genus g > 0. Then the points a = (01, . . . , a g ) G 
C V (C V ) 9 such that J^ : C V (C V ) 9 — > J&c(C v )(C v ) is nonsingular at a are dense in C V (C V ) 9 for 
the v-topology. If F u /K v is a finite extension and C V (F U ) is nonempty, they are dense in 

^"vy-^u) ■ 

Fix such an o; then a\,...,a g are distinct, and for each < rj < 1, there is a number 
< R < 1 (depending on a and rf) such that the balls Bq v (oi, R), ■ ■ ■ , Bq v (a g , R) are pairwise 
disjoint and isometrically parametrizable, and for each r = (r±, . . . ,r g ) satisfying 

(D.5) < 7*i, . . . ,r g < R and rj ■ max(rj) < min(rj) , 

(A) (Subgroup) The map J^ : C V (C V ) 9 — > Jac(C„)(C„) is injective on Ylf =1 Bc v (ai,ri), 
and the image Wg(r) := Jg( Y\f=i ^Cv( a ii r i)) ^ s an open subgroup of Jac(C v )(C v ). 

(B) (Limited Distortion) For i = l,...g, let (fii : D(0,R) — > B(ai,R) be isometric 
parametrizations with (fi(0) = ai. Given < r\,...,r g < R, let «$g = (cpi, . . . ,ip g ) : 

nf=i- D (°> r i) -> Ili=i B ( a ii r i) be the associated map. Let * : D(0, 1)~ ->• Bj(0, 1)~ be 
the isometric parametrization inducing the formal group, and let Lg : Cf, — > Cf, be the linear 
map (^oJgoSg/tO). 

Then Wg(r) = ^(L^(D(0,r))). Giving D(0,f) its structure as an additive subgroup of 
Cy, the map $oIj induces an isomorphism of groups 

D(6,r)/D(0, v f) <* W s (f)/W a (rir) 

with the property that for each x G D(0, r), 

M®M) = *(Ls(Z)) (mod W d (nr)) . 

(C) (Action) There is an action (w,x) h-> w+x of Wg(f) on Ylf =1 Bc v (ai,rj) which 
makes Y\f =1 Bc v ( a i^ r i) ^ n to a principal homogeneous space for W d (f). It is defined by 
w+x = JZ (w-\-Jfi(x)) if we restrict the domain of J g to Yii=i Bc v (a-i,ri), and has the 
property that for each w G W d (r) and each x G I"If=i Bc v {a-i-> r i), 

(D.6) [to+x] = u;+[x] . 

(D) (Uniformity) For each b G nf=i Bc v (ai,ri), 

9 9 

(D.7) W s ( V r) + b = \\Bc v {bi,Wi) and J^flBcAbuV^)) = W s ( V r) . 

i=l i=l 

(E) (Rationality) IfF u /K v is a finite extension, and a G C V (F U ) 9 , then 

g 
(D.8) 3s(H(B Cv (ai,ri)nC v (F u ))) = W s {r) n Jac(C„)(F u ) , 

i=l 

9 

(D.9) QV s (r)nJac(C v )(F u )) + a = JJ (B^^n) nC v (F u )) . 

i=l 

(F) (Trace) If F u /K v is finite and separable, there is a constant C = C(F u ,a) > 0, 
depending on F u and a but not on f, such that if r = minj(rj) then 

(D.10) Bj(0, Cr) n ^c(C v ){K v ) C Tt Fu/Kv (W d (f) n Jac(C)(i^)) . 
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For the proof of the Fekete-Szego theorem we will need one more property of the sub- 
groups Wa(r), asserting Lipschitz continuity of the Abel maps j x (z) = [{%) — (»)] on compact 
sets E v C C V (C V ). 

Proposition D.3. Let K v be a nonarchimedean local field, and let C v /K v be a smooth, 
projective, geometrically integral curve of genus g = g(C v ) > 0. Let E v C C V (C V ) be compact. 
Suppose that a G E% is a point such that J^ : C v (C v ) g —> Jac(C v )(C v ) is nonsingular at a, and 
let < rj < 1, < R < 1 and < n, . . . ,r g < R be numbers satisfying the conditions (lD.5p . 
so Wg(r) = Js(llf=i Bc v {ai,rij) is an open subgroup of J&c(C v )(C v ) with the properties in 
Theorem ID. 21 

Then there are constants Eq,Cq > (depending on a and E v ) such that ifO<e<Eo, 
then for all x,z G E v with \\x,z\\ v < e, the divisor class j x ( z ) = [( z ) — ( x )] belongs to 
W s (C e-r). 

The proofs, given in §DI3|, involve expanding the maps in question in terms of power 
series, and applying properties of power series proved below. 

2. Lemmas on Power Series in Several Variables 

In this section we recall some facts about power series in several variables. All the 
results are standard. Fix < d G N; in the application we will take d = g. 

Given variables X\, . . . , X^ and natural numbers k±, . . . , kd, we write X = (X\, . . . , X^), 
k = (ki,...,k d ), and X k = X* 1 • • • X k / . Put = (0, . . . ,0) G C( r If a = (ai,...,a d ) G C^ 
and r = (r\, . . . , r d ) G R , with r±, . . . , r d > 0, we write 

d 

D(a,r) = \\Diaun) , D{a,rY = \{D{a i ,r i y . 

i=\ i 

Ifr >0weputZ?(0,r) = D(0,r) d and D(6,r)~ = (D(0,l)~) d . The norm \x\ v = maxi(\xi\ v ) 
induces a metric \x — y\ v on C^ and on each polydisc D(S,r), D(a,r)~ . 

First, recall that a power series g(X) G C^[[X]] which converges on a polydisc D(0,r) 
is determined by its values on D(0, r) n K d : 

Lemma D.4. Suppose g(X) G C„[[X]] converges on D(0,r), with g(a) = for each 
a G D(0, r) n K d . Then g(X) is the zero power series. 

Proof. If g(X) ^ 0, after making a i^-rational change of variables and shrinking the 
rj if necessary, we can apply the Weierstrass Preparation Theorem (see [11] . Theorem 1, 
p. 201, and Proposition 2, p. 205). This means we can factor g(X) as G(X)h(X) where h(X) 
is an invertible power series converging in D(0,r) and 

M 
G(X) = Xf + £ aiXu . . . , X d ^)X^ 

i=l 

is a monic polynomial in X d with coefficients Ci(X\, . . . , X d _i) G C^[[Xi, . . . , X^_i]] which 
converge in D(0, (r%, . . . ,r<j-i))- Since g(X) vanishes on D({),r)C\K <i , so does G(X). Fixing 
oi, . . . ,a d -i G K v with \ai\ v < ri for each i, we see that G(ai, . . . ,a d -i,X d ) is a monic 
polynomial in X d with infinitely many roots. 

This is impossible, so g(X) = 0. D 
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Suppose h(X) = Y^ a kX k € Cu[[X]] converges on the polydisc D(0, 1). It follows from 
the Maximum Modulus Principle (see |llj . p. 201) that 

(D.ll) 11^1113(5,1) = max(|a fe | v ) . 

Here IHI^vq d = sup^ eI) /g 1 N(|/i(z)| 1 ,) is the sup norm of h, and maxfc(|afc|„) is the so-called 
'Gauss norm'. If h(X) converges on the polydisc D(0, r), an analogous result holds: 
(D.12) IHI D (6» = nwx(|o fc | B f*) . 

Uniform convergence of values implies convergence in the Gauss norm: 

Lemma D.5. Fix a polydisc D(6,r). Let g^{X) G C„[[X]], for £ = 1,2, . . ., be power 
series for which there is a function G(X) on D(0,r) such that uniformly for a G D(0,r), 
the values g^'(a) converge to G(a). Then there is a power series g(X) G C„[[X]] converging 
on D(0,f) such that the coefficients of the g^\X) converge to the coefficients of g(X), and 
g(a) = lim^oo g™> (a) = G(a) for each a G D(0,r). 

Proof. Write g^(X) = Ylk"k ^ ^ e Maximum Modulus principle, applied to 

D(0, r), for each k G N the coefficients b k converge to a number bk, and if g(X) = ^2 k b^X 
then in the Gauss norm for D(0,r) the g^'(X) converge to g(X). But convergence in the 
Gauss norm implies convergence of values on D(0, r). □ 

Recall that O v denotes the ring of integers of C„ . 

Proposition D.6. Let H{X) = (h 1 (X),..., h d {X)) G 6 v [[X]] d be such that H(X) = X 
modulo terms of degree > 2. Then 

(A) H induces an isometry from D(0, 1) _ onto D(0, 1)~ . 

(B) For each polydisc D(0,r) C D(0, 1)~ satisfying maxj(rj) 2 < rnhij(rj), H induces an 
isometry from D(0,r) onto D(0,r), and if F u C C„ is a complete field such that H(X) is 
rational over F u , then H(D{6, r) n F*) = D(6, r) n F*. 

Proof. First, note that the form of H{X) shows that H converges on D(0, 1)~ and 
that H(D(jS,l)~) C D(0,1)-. 

Next we claim that H preserves distances on D(0, 1)~ . To see this, fix p, q G D(0, 1)~ 
with p^q. Write hi(X) = ^2 k a^ ^X , and put \k\ = k\ + • • • + k^- For each i we have 

hi(p) ~ hi{q) = ( Pi ~qi)+Yl a iM^ ~ t) ■ 

\k\>2 

Using the ultrametric property of C„, it is easy to see that for each k 

_r _t , \ \k\ 1 

(D.13) |oi,fc(p - q )\ v < (m.ax.\pj - qj\ v ) ■ [max(\p\ v ,\q\ v )) 

Consequently \H(p) - H(q)\ v < maxj \p { - q { \ v = \p - q\ v . 

Now take i so that \pi — qi\ v is maximal. Noting that max(|pj„, \q\ v ) < 1, it follows from 
(JD.13P that \pi — qi\ v > \dik(^ l ~ h )\v f° r an k with \k\ > 2. Consequently \hi(p) — hi(q)\ v = 
\Pi — qi\v ¥" 0) so \H(p) — H(q)\ v = \p — q\ v . In particular, H is 1 — 1 on D(0, 1)~. 

Next we will show that H(X) has a right inverse G(X) = (g±(X), . . . ,gd(X)) belonging 
to 0„[[XJ], such that G(X) = X modulo terms of degree > 2. To do this, we apply Newton's 
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method to power series, and use convergence of values on -0(0, 1)~ to deduce convergence 
of coefficients of the power series. 

Let Jjj(X) = (^^(X)) be the Jacobian matrix of H(X), computed using formal par- 
tial derivatives of series. By hypothesis, Jh{X) = / modulo terms of degree > 1, so 
det(J#(X)) £ 0„[[X]] is a power series with constant term 1. Thus, the formal geomet- 
ric series for det(J#(X)) _1 belongs to C\,[[X]] and converges for all z £ D(0, 1)~, and 
Jh{X)~ 1 = det(J#(X)) _1 • Adj(J#(X)) has components given by power series in C?„[[X]] 
which also converge for all z £ -0(0, 1)~. 

Define a sequence of maps G^'(X) = (g\ (X), . . . ,g d (X)) with coordinate functions 
belonging to £>„[[X]], by setting G (0) (X) = X and putting 

(D.14) G [i+1 \X) = G w {X)-J H {G {t) {X))~ l -{H{G {t \x))-X) 

for each £. Inductively one sees that G^'{X) = X modulo terms of degree > 2, so the sub- 
stitutions make sense formally and all the component functions g\ (X) belong to C?„[[X]]. 
In particular they converge on -0(0, 1)~. 

Next fix q £ -0(0, 1)~ and put r = \q\ v < 1. The usual sequence of Newton iterates 
Po,pi,... £ D(0,r) converging to a solution of H(p) = q is defined by setting po = q and 
putting 

(D.15) p e+l = n - Jh{pi)~ 1 ■ (H(pi) - q) . 

By the form of H(X), clearly \H(po) — q\ v < r 2 . Assume inductively that pi € -D(0, r) and 
\H{pi) — q\v < r e+2 . By (]D.15|) we have p£+i € D(0,r). Expanding H(pi + \) and using 
(pT5|) we find that 

\H(p i+1 )-q\ v < r 2 ^) < r (*fD+a. 

From (JD.15P we see that the pi converge to a vector p£ D(0, r) such that H(p) = q. 

Comparing (JD.14J) and (JD.15J) shows that that pg = G' ' (q) for each £, that is, the values 
of the G^'{q) converge for each q G D(0, 1) _ . Moreover by the ultrametric inequality, for 
each r < 1 the convergence is uniform on D(0, r), with \G^ +1 '(q) — G^'(q)\ v < r +2 for all 
£ and all q £ D(0,r). Hence, Lemma lD.51 produces a function G(X) = (gi(X), . . . ,gd(X)) 
with components g%{X) £ 0„[[X]], such that H{G{q)) = q for all q£ D(0, 1)~. The fact 
that each G^'{X) = X modulo terms of degree > 2 means that G(X) has this property 
as well. From this, it follows that G(D(0, 1)~) C D(0,1)~. Hence, H gives a surjection 
from D(0, l)~ onto D(0, 1) _ . To see that G(X) is a left inverse to H(X) as well as a right 
inverse, note that if p G D(0, 1)~ and q = H{p) then 

H(p) = q = H(G(q)) ; 

however, since H{z) is 1 — 1 on D(0, 1)~, necessarily p = G{q). That is, p = G(H(p)) for 
allpe -D(0,1)~. 

The fact that H and G define inverse functions on .0(0, 1)" means that G(H(X)) — X 
and H(G(X)) — X are identically equal to on -0(0, 1)" , and then Lemma lD.41 shows their 
component power series are identically 0. Hence, H and G are formal inverses. 

If -0(0, r) C -0(0,1)" is a polydisc satisfying maxj(rj) 2 < minj(rj), then the fact that 
H{X) £ O v [[X]] d and H(X) = X modulo terms of degree > 2 shows that H maps -0(0, r) 
into itself. However, G(X) has the same form, so G maps D(0,r) into itself as well. Since 
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H and G are inverses, and H preserves distances, H induces an isometry from D{0, r) onto 
itself. 

Finally, if H{X) is rational over F u for some subfield F u C C v , the formulas (ID. 14ft show 
that the G^'(X) are rational over F u , and if F u is complete then G(X) is also rational over 
F u . It follows that H(D(0, r) n F*) C D(6, r) n F* and G(D(0, r) n F*) C D(6, r) n F*, so 
#(F>(0, f) n F u d ) = D(6, r) n F u d D 

Remark. Under the hypotheses of Proposition ID.6J in general H(X) will not converge on 
the closed unit polydisc D(0, 1), and even if it does, it will not in general be 1 — 1 and 
G(X) will not converge on D(0, 1). For example, in one variable, if H(X) = X — X 2 then 
H(0) = H(l) = 0, while the power series expansion for its inverse G(X) = (1 — yl + 4X))/2 
only converges on D(0, 1)~. 

For the proof of Proposition ID.31 we will need the following lemma. 

Lemma D.7. Let R G |C^| VJ and suppose h : D(0, i?) x JD(0, R) -> -D(0, r) is a map 

defined by a power series h(X,Y) = s ^f'k = QCjkX^Y G C^[[X, Y]] which converges on 

D(0,R) xD(0,R), and satisfies h(x,x) = for all x G D(0,R). Then for allx,y G D(0,R), 

r 
\h(x,y)\ v < — • |x-y|„ . 

Proof. By the Maximum Modulus Principle for power series, we have \cjk\ v < r/Ri + 
for all j,k, and 

(D.16) lim \c jk \ v -R j+k = 

since /i(X,y) converges on D(0,R) x D(0,i?). Fix x,y G D(0,R). Then 

oo 

/i(x,y) = h(x,y)-h(x,x) = ^ c jk x : >(y k - x k ) 

j,k=o 

oo fe— 1 

(D.17) = (y-s)-£c^'(E ar V fc ~ 1 ~ i )- 

By our estimate for |cjj|^ and the ultrametric inequality, each term in the sum on the right 
in (ID.17P has absolute value at most r/R, and by (ID.16h the sum converges and has absolute 
value at most r/R. Thus \h(x,y)\ v < \x — y\ v • r/R. D 

3. Proof of the Local Action Theorem 

In this section we prove Theorem ID.2I and Proposition ID.31 We use the notation estab- 
lished prior to the statement of the Theorem, and begin with four lemmas. 

In our first lemma, we show that certain subsets of the formal group of Jac(C„) are 
subgroups. We denote a group structure by a triple consisting of the underlying set and 
two vectors of power series, representing addition and negation, which converge on the set. 

Lemma D.8. LetV(0,l)~ := (D(0,1)~,S{X,Y),M(X)) be the formal group ofJ&c{C v ). 
Let L : Cf, — > C% be a nonsingular linear map, and fix < rj < 1 . Then there is an R\ > 
such that for each r = (r\, . . . ,r g ) satisfying < t\, . . . ,r g < R\ and r/-maxj(rj) < minj(rj), 
and each < A < 1, 

(A) V L (6,Xr) := (L(D(6,Xr)),S(X,Y),M(X)) is a subgroup o/P(0,l) _ ; 
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(B) If D(0,r) is given its structure as an additive subgroup of C 9 ,, the map of sets 
L : D(0, r) — > L(D(0,r)) induces an isomorphism of groups 

D (0, r)/D(0, nr) =* V L (0, r ) /V L (0, nr) . 

Proof. Let (ctij), (/%) £ M g (C v ) be the matrices associated to L~ l and L, respectively, 
and put A = maxjj |aij| t) , B = maxjj |/3y|v. Let 

S(X,Y) = L-\S(L(X),L(Y))) , M(X) = L~ l {M{L{X))) . 

Then T>l(0, f) is a group if and only if V(0, r) := (D(0, r), S(X, Y),M(X)) is a group, and 
if they are groups, the map L : D(0,r) — > L(D(0,r)) induces isomorphism between them. 
Note that if r satisfies the conditions in the Lemma, then so does Xf for each < A < 1 . 
Hence it suffices to consider the T>(0,r). 

Write S(X,Y) = (Si(X t Y) t . . . ,S g (X,Y)), M(X) = (Mi(X), . . . ,M g (X)), and for 
each i, expand 

Si(X, Y) = X i + Y l + Yl ^ k/ X k Y e , miX) = -X i +Y, d i>k X k . 

|Jfe|+|<|>2 |fc|>2 

Since the power series defining S(X,Y) and M(X) have coefficients in O v , it is easy to see 
that for each i = 1, . . . ,g and all k,£ £ N 9 with \k\ + \£\ > 2 (resp. all k £ N 9 with \k\ > 2), 
we have \c^k,e\ v < AB^ + ^ and \dt,k\v < AB^. Hence for all x,y£ D(0,r) 

\c lA ex k f\ v < A(Bwax(ri)) W+W , \d^ k x% < A(Bmax(n)) W . 

i i 

If maxj(rj) < 1/B then S(X,Y) and M(X) converge for x, y £ D(0,r). If also 
maxj(rj) < n/(AB 2 ) and r?maxj(r.j) < mhij(rj), then for all \k\ + \£\ > 2, 

\cikex* V \v < yl(-Bmax(ri)) < ^4-B max(rj) < r/max(rj) < min(rj) . 

i i i i 

Similarly for all \k\ > 2, we have |dj &£*!,; < mirij(rj), and so S(X,Y) and M(X) map 
D(0, r) into itself. Since S(S(x, M(y)),y) = x and M(M(x)) = x for all x, y £ D(0, f), they 
are surjective. Thus T>(0, r) is a group. 

Finally, if max(rj) < ?] 2 /AB 2 then by an argument similar to the one above, for all 
x, y £ D(0,r) and all k,£ with \k\ + \£\ > 2, one has |cj j fc^x fc y*| tJ < r/rnin^rj). Likewise, for 
all x £ D(0,r) and all k with |/c| > 2, one has Idj^x | < r^min^rj). Thus 

S(x,y) = x + y + 5i(x,y) , M{x) = -x + (5 2 (f) , 

where 8\{x,y) and (52 (x) belong to D(0,nr). This means that if D(0,r) is viewed as an 
additive subgroup of Cf,, then V(0, r)/T>(0, nf) = D(0, r)/D(0, nr). 

Put R\ = 2 min(l/i?, ?7 2 /( J 4i? 2 )). Then if < n, . . . ,r fl < i?i and rymax(rj) < min(rj), 
both T>(0, r) and I>(0, nr) are groups, and 

D(6,r)/D(6,r]r) ^ P(0,r)/P(0,r/f) ^ V L (0,f)/V L (6,nf) . 

This yields the result. □ 

Our next lemma shows that if H(X) : C 9 , — > Cf, is a map defined by convergent power 
series, whose derivative L = H'(0) is nonsingular, then for suitable polydiscs D(0,r) the 
image H(D(0,r)) coincides with L(D(0,r)). 
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Lemma D.9. Let H(X) G Ct,[[X]] 3 be a vector of power series which converges on 
D(0, r) for some r > 0, and maps D(0, r) into D(0, 1)~ . Assume the derivative L = H'(0) : 
Cf, — > Cf is nonsingular. 

Then for each < rj < 1, there is an R 2 with < R 2 < r such that for each D(0,f) 
with < ri, . . . ,r g < R 2 and n ■ maxj(rj) < minj(rj), 

(A) H{X) gives an analytic isomorphism from D(0, r) onto L(D(0, r)), with the property 
that for each z G D(0,f), 

H(z) = L(z) (mod L(D(0,r/r))) . 

(B) For each complete field F u such that K v C F u C C v and H(X) is rational over F u , 

H(D(d,r)nF%) = L(D(0,f))nFi . 

Proof. Let (otij) G M g (C v ) be the matrix associated to L , and put A = max^ j(|aj,-|^). 
Choose -k G K* so that \tt\ v < min(r, r 2 /A), and put B = \ir\ v . 
Our plan is to apply Proposition ID. 61 to 

(D.18) H(X) := L- l (-H(nX)) . 

IT 

By construction, H'(0) = id. Write 

H(X) = L(X) + J2 c k X k , H(X) = X + Y, W k > 

|fc|>2 |fe|>2 

where c& = (ci^, . . . , c ffj fc) and c& = (ci^, . . . ,Cg t k)- Since H{X) converges on D(0, r) and 
maps -D(0, r) into -D(0, 1) _ , we have |cj &!„ < 1/r' ' for all i, k. Since B/r < 1 and B < r 2 /A, 
for each i and each k with \k\ > 2 we have 

Ci,fct; < r (-)' < o(-) ^ ! • 
Br Br 

Thus ff(X) G O v [[X]} 9 and F(X) = X modulo terms of degree > 2. By Proposition 
ID.61 if < 81, . . . , Sd < 1 and max(sj) 2 < min(sj), then H(D(0, s)) = D(0, s). Furthermore, 
if F u is a complete field with K v C F u C C v , and if H(X) is rational over F u , then H(X) 
is rational over F u , so H(D(0, s) n i^) = £>(0, s) D *£. 

Given < 77 < 1, put R 2 = rfB. Then R 2 < r. 

Suppose < r\,...,r g < R 2 , with r] ■ maxj(rj) < minj(rj). We first show that 
H(D(0,r)) = L(D(0,r)). Put s = (1/B)f. Then < s { < 1 for each i, since max* fa) < R 2 
and R 2 /B = rj 2 < 1, and 

maxfa) 2 < — jinaxfa) < — (r/maxfa)) < — minfa) = minfa) . 

i B z i B i B i i 

Since H(ttX) = ttL(H(X)) and 23(0, r) = D(0, Bs) = ttD(6, I), it follows that #(D(0, r)) = 
L(D(0, f)) and if(D(0, r) D i^) = L(D(0, f)) n F^. 

Third, we show that H(x) = L(x) (mod L(D(0,r]r))) for each x G D(0,r). Note that 
if(X) = L(irH(±X)), and that if x G ,D(0,r) then | G D(6, 1)~ . By the inequalities 
maxj(rj) < R 2 and R 2 < i] 2 B < S, and our estimate \ci^\ v ^ 1 above, for each i and each 
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k with \k\ > 2 we have 

i ~ (*\ k \ s . maxiCr-i) . | fc | o{ maXi(n).2 Rq , * 

FC{,fc(-) l« < B ( ^ ) < B { g ) < -g m ax(ri) 

< 7] max(rj) < r?min(rj) . 

i i 

Furthermore, H(X) = X modulo terms of degree > 2, so ttH(-) = x (mod D(0, r/r)). Since 
H(x) = L(irH(§)), it follows that H{x) = L{x) (mod L(D(0,r]r))). D 

Our third lemma shows that for a dense set of points a G C V (C V ) 9 , the map [ ] : C v — >• 
Pic£ is nonsingular at a. 

Lemma D.10. There is a non-empty Zariski-open subset U C C v such that for each 
a G U(C V ), the map [ ] : C v — > Pic^ is nonsingular at a. Moreover, for each complete 

field F u with K v C F u C C v such that C V (F U ) is nonempty, U(F U ) is dense in C V (F U ) 9 for 
the v -topology. 

Proof. Fix a G C 9 (C V ). The map [ ] : C v — > Pic^ , where [x] is the linear equivalence 
class of the divisor (x±) + • • • + (x g ), factors as 

[]:C 9 V A Sym 9 (C v ) A Pic§^ 

where Q : C v — > Sym 9 (C„) is the quotient, and P : Sym 9 (C t ,) — )• Pic^ is the Abel map. 

First consider Q : C v —> SymS 9 '(C v ). Let S g be the symmetric group on the letters 
{l,...,g}. For each ir G S" 9 , write n(x) = (x n m, . . . ,x v ( g ))- If x G C 9 (C V ) has distinct 
coordinates, then Q(x) has 5! distinct preimages, namely the points n(x) for tt £ S g . Since 
Q is a finite, flat morphism of degree gl, it is etale at x. In particular, it is nonsingular 
at x. Thus, Q is nonsingular in the complement of the generalized diagonal X = {x = 
(xi, . . . , x g ) : X{ = Xj for some i 7^ j}. 

The morphism P : SymS 9 ' (C v ) — > Pic^ is a birational isomorphism, and so it is 

nonsingular outside a proper Zariski-closed set Y C Syvcv- 9 '(C V ). Since Q is dominant, 
Q^ 1 (Y) C C v is a proper, Zariski-closed subset of C^. Thus P Q is nonsingular on the 
nonempty, Zariski-dense set U = C V \(X U Q~ 1 (Y)). 

We now show that if F u is a complete field with K v C P u C C„ for which C V (F U ) is 
nonempty, then U(F U ) is dense in C^(F U ) for the v-topology. Suppose to the contrary that 
there was a point a G C 9 (F U ) such that B c a{a, f) n U(F U ) is empty, for some n, . . . , r fl > 0. 
Then a G X U Q _1 (y). Let /i be one of the equations cutting out X U Q _1 (Y) in a 
neighborhood of a. After shrinking the n, if necessary, we can assume that each ball 
B{ai,ri) is isometrically parametrizable. Let <&g : D(0,r) — > B c g(a,r) be a product of ir- 
rational isometric parametrization maps as in (|D.1|) . By composing h with $^, we would 
obtain a power series ho<&${z) G C<,[LY]] converging on D(0, r) and vanishing identically on 
D(0,r)nF£. By LemmaEU ho§ s = 0, so h would vanish on all of B c a (a, r) = 3>$(D(0,r)). 
This is impossible by what has been shown above. □ 

Our final lemma concerns the trace Trp u /x v '■ J&c(C v )(F u ) — > Jac(C v )(K v ) when F u /K v 
is finite and separable. Let H w be the galois closure of K v in C„. The subgroup Bj(0, 1)~ n 
Jac(C v )(H w ) is stable under Ga\(H w /K v ), so we can pull back the trace Trp u /x v to the 
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formal group £>(0, 1)~. Let X\ = (In, . . . ,Xi g ), • • • , X d = (X d i, ■ ■ ■ ,X d g) be d vectors of 
independent variables, and put 

S^(X U --- ,X d ) = S(X U S(X 2 ,--- ,S(X d ^,X d ))) e O v [[X l ,...,X d }}. 

Since S(X , Y) is commutative and associative, for each permutation ir on the letters {1, . . . , d} 
we have S^ d ' (^(1) , • • • , -^r(d)) = S^(X\,--- ,X d ). Let ai,...,a d be the distinct embed- 
dings of F u into H w , and extend each <tj to an automorphism of H w . Define T^f u /k v ,s '• 
D(6, 1)- HFi -> D(0, 1)- n K% by 

Tr Fu/Kv ,sffl = ^Wi),-,^)' 
Then Tr Fii/J ^(*(x)) = *(Tr Fu/ ^ )S (x)) for each x G D(0, 1)" n Ft. 

Lemma D.ll. Let F u /K v be a separable finite extension. Then there are constants R u 
and C u , depending on F u , with < R u < 1 and < C u < 1, such that for each r with 
< r < Ry, we have 

(D.19) Tr Fu/Kv (Bj(0,r)n3ac(C v )(F u )) D Bj(0,C u r) D Jac(C v )(K v ) . 



Proof. We keep the notation above. Since ^ : D(0, 1) _ — > Bj(0, 1)~ is a ^-rational 
isometric parametrization, for each < r < 1 it takes D(0,r)C\Fu to Bj(0,r)nJ&c(C v )(F u ) 
and 25(0, r) n if? to Bj(0,r) n Jac(C„)(if„). Thus it suffices to prove the assertion corre- 
sponding to (|D.19|) for Tr^/^.s- 

The idea is that one can describe the image of Ti Fu /k v ,s by restricting Tr^/ir g to a 
carefully chosen irrational subspace. Since F u /K v is separable, there is a / /3 6 0„ 
such that Trp /j^ (0 U ) = /30 v . Let a G O u be such that Tr Fu / Kv (a) = (3; then \a\ v = 1, 
\p\ v < 1. Define * 

T(X) = 5W(«7i(a)X,... ,«7 d (a)X) . 
Then for each x G D(0, 1)~ n if', we have ax G -D(0, 1)~ n F%, and 
(D.20) Ti X/ ^ j5 (ax) = T(x) . 

A priori T(X) G O w [[X]]. However, for each a G G&l(H w /K v ) there is a permutation 
7T = TVff of {1, . . . , d} such that oo~i = o~^r{\, so (writing aT for the power series obtained by 
letting a act on the coefficients of T) 

(aT)(X) = 5^(<7(ai(a))i,-,(r( ff(J (o))X) 

= ^(<7 l(1) (a)i r .,^ ) (a)i) = T(X) 

Thus r(X) G O w [[X]]. Since S(X, F) = X + Y modulo terms of degree > 2, it follows that 
T(X) = Ti Fu / Kv {a)X = J3X modulo terms of degree > 2. 

Put f(X) = jpT(l3X). Then T(X) G O v [[X]] and f{X) = X modulo terms of degree 

> 2. By Proposition EU for each < s < 1 we have T(D(0,s) n iff) = #(0,s) n if?. 
Suppose < r < \0\ v , and put s = r/\fi\ v . Then < s < 1. Since T(/3X) = /3 2 T(X) and 
(3 G if* , it follows that 

T(D@,r)nK$) = T(P(D(j5,8)nK%)) = (3 2 f (D(6,s) n K$) 
(D.21) = /3 2 (^(0,s)n^) = D(6,\(3\ v r)nK9 . 
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Set R u = \\(3\ v and C u = \/3\ v . By (|L\20l) and (ILT211 . if < r < R u , then 

Tr Fu/Kv>s (D(6,r)nFi) D T(D(0,r)nK°) = D(0,C u r)nK°. 

This yields (|Dl9l) . D 

PROOF of Theorem ID.21 Fix a point a = (oi, . . . , a g ) G C$(C„) for which [ ] : C^ — >■ 
Pici is nonsingular at a. By Lemma ID. 101 such a are dense in C%(C V ) for the f-topology, 

and if F u is a complete field with K v Q F u Q C v such that C V {F U ) is nonempty, they are 
dense in Cv(F u ). 

The associated map J^ : C V (C V ) 9 — > Jac(C v ) given by Ja(x) = [x] — [a] is nonsingular at 
a, since the subtraction morphism —[a] in Pic(C^/C t ,) is an isomorphism. For a suitably 
small r > 0, let $^ : D(0,r) — > B C 9(S,r) be the isometric parametrization from (|D,1|) , 
Without loss, we can assume r is small enough that Jg($^(D(0, r))) C Bj(0, 1)~. Let 
^ : -D(0, 1)~ —> Bj(0, 1)~ be the isometric parametrization from (|D.2|) . and put 

H S (X) = tf" 1 o J 3 o <f> s (X) . 

Then H S (X) G C„[[X]]», and #s(X) converges on D(0,r). If a G C^u) 9 , with F u as above, 
then H^(X) G F U [[X]] 9 . Put L^ = HL(0), viewing it as a linear map L^ : C v — > C v . By our 
discussion, L^ is invertible, and if Hg(X) G F U [[X]] with F u as above, then Lg G GL 5 (F U ). 

Fix < rj < 1, and let i?i,i?2 > be the numbers given by Lemmas ID.8I and ID. 91 
applied to H^(X), L^ and ?]. Put R = min(l/2,i?i, R2). Suppose < n, . . . ,r g < R and 
r/maxj(rj) < min(rj). By Lemma ID. 91 Hg induces an analytic isomorphism from D(0, r)) 
onto L^(D{0,r)). In particular, iTg is injective on D(0, r), which means (since $g and VlJ 
are isomorphisms and Ja(x) = [x\ — [a]) that the balls Bc v (ai,r\), . . . ,Bc v (a g ,r g ) must be 
pairwise disjoint, and especially that the points ai, . . . ,a g must be distinct. 

By Lemma [D.81 L^(D(0,f)) (equipped with the addition law S(X,Y) and negation 
M{X)) is a subgroup of the formal group of Jac(C 1) ), denoted by T>l s {0, r). By Lemma 
ID~9l for each z£ D(6,r) 

(D.22) H d (z) = L d (z) (mod L S (D (6, rjr))) , 

and the map L^ : D(0,f) — > L^(D(0,f)) induces an isomorphism from the additive group 
D (0, r) /D(6, rjr) onto V L , (0, r ) /V Ls (0, r,r) . 

We now define an action +0 of T>l s (0, r) on the polydisc D(0,f) by setting, for w G 
L s (D(0,r)) and i*G £>(0,r), 

tf+o* = H^(S(w,H d (z))) . 

It is easy to check that for all wi,W2 G Lg(D(0,f)) we have u>i+o(u?2+o-?) = 5 , (^i ) i?2)+o-?- 
Thus, T>l s (0, r) acts on D(0, r). The action is transitive, since if Z\,Z2 G D(0, r) and 
w = S(H^(z2), M(H$(zx))) then w+qZ\ = i*2- It is simple, since if w±+z = W2+Z then 
S(wi,H^(z)) = S(w2,H^(z)), and hence wi = W2- Thus, -D(0, r) is a principal homogeneous 
space for T>i 3 (0, r) under + . 

If in addition a G C V (F U ) 9 where F u is as above, then by Lemma [D .91 H% maps D(0, r) n 
Fu isomorphically onto Lg(D(0,r)) n F£. Since 5(X,y) and M(X) are rational over ^, 
Vl s (0, r) (1 Fu acts simply and transitively on D(0, r) C\ F$. 
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We can now prove parts (A) and (B) of Theorem ID. 21 Given a and r as above, define 
Wa(f) C Jac(C^)(C„) by W$(r) = J^(B c a (a,r)). Since Vl/ o Hg = Jg o <3> s , we also have 

W s (r) = J s ($ s (D(6,r))) = V(H d (D(d,f))) = V(V Ls (6,r)) . 

Since T>L s (0,r)) is a subgroup of the formal group (D(Q,1)~ ,S(X,Y),M(X)), it follows 
that Wg(r) (equipped with the group operations +, — ) is a subgroup of Jac(C v )(C v ). Fur- 
thermore, by Lemma ID. 81 the map $oL^ induces an isomorphism 

(D.23) D(6,f)/D(0,r,r) S* W s (f)/W s ( V r) . 

For each zED(6,f), we have L s (z) = H s (z) (mod L^(D(0, rjr))), and ^ = $ _1 oJ^o <& s . 
Hence (|D.22p shows that 

(D.24) 3a(F d (z)) = *(L s (z)) (mod W^r)) . 

To prove (C), we define the action + of Wg(r) on B c g(a,r) = nf=i BCv( a i-> r i) by 
restricting the domain of Jg to B c a (a, r) and setting, for w G W"s(r) and i; G 5 c s (ti,r), 

(D.25) w+x = J^uH-J^f))) . 

Applying J^ to (jD.25h shows that [u;+x] — [a] = u>+ ([:?] — [a]), or equivalently that 

(D.26) [w+x] = w+[x] . 

Tracing through the definitions, one sees that if w = $?(w) and x = $g(z) with w G 
Lg(D(0,r)) and z G D(0,r), then w+x = ^(uJ+o-?). Thus, + is the pushforward of 
the action +q to C® and Jac(C„), using the maps $g and \l/. Since D(0,f) is a principal 
homogeneous space for T>l s (0, r)) under +o, it follows that Ylf = i Bc v (cii,ri) is a principal 
homogeneous space for Wfi(r) under +. 

To prove (D), given b G Y\f = i Bc v (ai,Ti), write 6 = $a(/3) with /? G D(0,r). Since the 
component functions of 3>g are isometric parametrization of the balls Bc v (cii,ri), for each 
z G D(0, f) we will have <&g(z) G Ilf=i Bc v (bi,V r i) if and only if z = (3 + 6 with 5 G D(0,rjr). 
Suppose * s (2) G nf=i^c„(^,^). Since Wgfjf) = ^(L s (D(6, V r))), by (fLT23l) and (TpT24l) 

Ja(^a(^)) = *(L S (S) + L S (^) = *(£*$) = J S (S) (mod W s ( V r)). 

Hence <&s(z) G Wg(?7r) + 6. Conversely, if $s(z) G Wg(r]r) + 6, then 

*(L s (z)) = J S ($ S (2)) = J 5 (6) = tt(L S ($) (mod W S faf)) , 

which means that £ — j3 G D(0,rjr), and hence that $s(z) G 11?= l B C v {^ii''l r i)- Thus 
W s (r/f) + 6 = n?=i #C, (&i, i7Ti). It follows immediately that Jg(]lf=i #C„ (k, Wi)) = W s {vf). 

Next, we prove (E). Let F u /K v be a finite extension in C v . If a G C V (F U ) 9 , then 
$5, Lj, Jg and ^ are i^-rational. Since $5 and ^ are isometric parametrizations, this 
means that $ S (I>(0, r) D i^) = ]l?=i (^K,^) D C„(F U )) and *(L 3 (D(0,r) D Fi)) = 
Ws(r) n J&c(C v )(F u ). Since J a is ^-rational, TTf=i ( B c v (ai,ri) C\ C V (F U )) is a principal 
homogeneous space for Wg(r) n Jac(C t ,)(F u ) under +. This implies (]D.8P and ()D.9[) . 

To prove (F), assume in addition that F u /K v is separable. Let (ctij) G M g (F u ) be 
the matrix of the linear map LZ , and let A = maxjj(|ajj| w ) be its operator norm. Write 
r = rninj(rj), and put s = (1/A)r. Then L^ l (D(Q,s)) C D(0,f), so D(0,s) C L s (D(0,r)), 
hence Bj(0,s) is contained in W^(r). Let < R U ,C U < 1 be the constants from Lemma 
|D~TT1 If s < R u , then by LemmaETTJ Tv Fu/Kv (W s (f)nJac(C v ){F u )) contains Bj(0,C u s)n 
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Jac(C v )(K v ). If s > R u , it contains Bj(0, C U R U ) n Jac(C v )(K v ). Put C = C u mm(l/A, i? u ). 
Since r < 1, in either case 

Tr K/ ^ (W s (r) n Jac(C„)(F u )) D B, r (0, Cr) n Jac(C 1) )(^) . 

This completes the proof. □ 

Finally, we give the proof of Proposition ID. 31 

Proof of Proposition EH Let W s (f) = 3s(U.i=i B c v {auri)) = L s (D(0,r)) be an 
open subgroup of Jac(C v )(C v ) with the properties in Theorem ID. 2\ and let E v C C V (C V ) be 
a nonempty compact subset. 

Next consider the map j x {y) = [(y) — (%)}, which takes C V (C V ) x <C V (C V ) to Jac(C„)(C„). 
We claim that for each t £ E v , there are an isometrically parametrizable ball Bq v {t,R t ) 
with j t (Bc v (t,R t )) C W^(r), such that if < e < R T then for all i,j/£ Bc v (t,R t ) with 
||x, 3/||„ < e, we have j x (y) G Wa((e/i2r) • r). 

To see this, let ip T : D(0,R T ) — > Bc v (r,R T ) be an isometric parametrization. Without 
loss we can assume that R T G |C^|„. Let g T {X) be the composite of the sequence of maps 

Z>(0, R T ) ^ B Cv (t, R t ) ±+ W a (r) *4 D(0, 1)- C C£ . 

Here <p T is an analytic map defined by convergent power series in C„[[X]], j T is an alge- 
braic morphism, and ^£>~ l is the inverse of the isometric parametrization \t : D(0, 1)~ — > 
Bj(0,l)~; it is given by projection on g of the coordinates (see ID.2() . Thus g T (X) = 
(g T i(X), . . . , g Ty g{X)) is a map whose coordinate functions are defined by convergent power 
series in C t ,[[X]]. 

Since j x (y) = jr(y) — jr(x) on B(t,R t ), and since the group operations +, — on Bj(0, 1)~ 
correspond to S(X,Y), M(X) in the formal group D(0, 1)~, when } x (y) is pulled back to 
Z}(0, Rt) x D(0, i? T ) using <^ T , it is represented by the power series map S(g T (X), M(g T (Y)). 
By hypothesis, j t (B(t,R t ) is contained in Wg(r) = Lg(D(0,r)), where Lg = (^ _1 oj^o 
^ > a)'(0) : Cf, — > Cf, is a nonsingular linear map. Since Wa(r) is a group the image of 
S(g T (X),M(g T (Y)) is contained in L s (D(0,r)). 

Now define h T (X,Y) : D(0,R T ) x D(0,R T ) -> Cg by 

The image of h T (X, Y) is contained in D(0,f) = FJ^ =1 -D(0, r^), so each h T j(X,Y) G 
CrLY, y]] is a map defined by power series converging on D(0,R T ) x D(0,R T ), with im- 
age contained in D(0,rj). Since ja;(x) = for each x, it follows that h T j(x,x) = for 
all x G D(0,R T ). It follows from Lemma ID. 31 that \h T j(x,y)\ v < \x — y\c • (rj/R r ) for 
all x,y G D(0,R T ). In particular, if < e < i? r and x,y G D(0,R T ) satisfy |x — y| t , < 
e, then h T (x,y) G D(0,(e/R T )r). Since </? r is an isometric parametrization, and since 
L s (D(0, (e/R T )r) = W s ((e/R T )r), for all x,y G B(t,R t ) with ||x,y||„ < e we have j^y) G 

iy 5 (( e /i? T ) • r). 

To conclude the proof, consider the nonempty compact set E v C C V (C V ). Cover E v 
with finitely many balls B(ti,R t1 ), . . . ,B(r n ,R Tn ) satisfying the conditions above. Put 
£o = uiini<j< n (i? Tj ), and put Co = 1/eo- Then for each < e < £o, and all x,y G E v with 

\\x,y\\ v < e, we have ] x (y) G W s (C e ■ f). □ 
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